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by Michele Ancona

I knew exactly what to do,
but in a much more real sense
I had no idea of what to do.

— Michael Scott

Introduction

Gromov—-Witten theory studies symplectic manifolds via maps from Riemann surfaces
into them. Counting such maps in a proper way produces rational numbers, called
Gromov-Witten (GW-) invariants, that are invariant by deformation of a symplectic
manifold. Let us give an informal definition of GW-invariants of a symplectic manifold
(X,w). One first fixes a generic almost-complex structure J on (X,w) such that w(-, J-)
defines a Riemannian metric. Such an almost-complex structure is called calibrated.
Gromov (1985) proved that the space of calibrated almost-complex structures is non-
empty and contractible. Then, for any non-negative integers g and k and any homology
class A € Hy(X,7Z), one considers the moduli space M, x(X, A) consisting of elements
[u, (3, 4), 21, ..., 2] where:

— Y is a genus g compact surface with at worst nodal singularities and j is a complex
structure on X (the pair (X, j) is called a Riemann surface);

— T1,...,x are marked points on ;

—wu: (X,7) = (X,J) is a map verifying J o du = du o j (such a map is called
J-holomorphic or pseudo-holomorphic) and such that the push-forward u,[X] of
the fundamental class of ¥ is A (one says that u realizes A);

— the group of automorphisms of (u, (X, j), 1, ..., xx) (that is, the biholomorphisms
@ of (3, 7) such that ¢(x;) = z; and uwo ¢ = u) is finite.

One then fixes cohomology classes aq, ..., a; of X such that

zk:deg(ai) =dim M, (X, A) = (1 —g)(6 — dim X) + 2(c1(TX), A) + 2k
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and counts the number of maps [u, (X, ), 1, . .., zx] € Myx(X, A) such that u(z;) € Y,
where Y; C X is a generic representative of the Poincaré dual of a;. The number of such
maps is then independent of the choice of J and of the representatives of the Poincaré
duals of the classes a; and is called the GW-invariant GW, a(aq, ..., o). For example,
the number Ny of degree d rational curves in P? passing through a collection of 3d — 1
generic points is a GW-invariant of P?, namely Ny = GW, 4(pt, ..., pt). The equalities
N; =1 and Ny = 1 are evident and N3 = 12 can be proved by counting the number
of singular fibers of the pencil of cubics passing through 8 generic points of P2. The
number Ny = 620 was obtained by Zeuthen (1873). We had to wait until the mid '90s
to obtain the value of Ny for any d. This was a consequence of the work of Kontsevich
who found the beautiful recursive formula

3d — 4 3d— 4
N, = N, N d2 d2 o d3 d
’ dA-FZd:B_d e ( 4 B<3dA - 2) AT <3dA — 1))

da,dp>1

which allows us to compute Ny for any d from the value N; = 1 (see Kontsevich and
Manin, 1994). Such a formula was indeed found thanks to the interpretation of the
numbers Ny as Gromov-Witten invariants and it actually expresses the associativity of
the product in the quantum cohomology ring of P2.

Remark. — Witten (1991) discovered that the coefficients of the quantum multiplication
in quantum cohomology could be defined mathematically using symplectic geometry, in
particular using intersection theory on the space of holomorphic curves in an algebraic
or symplectic manifold. It was Gromov (1985), some years before, who introduced
the notion of pseudo-holomorphic curves in symplectic geometry. For these reasons
the invariants we are talking about are called Gromov-Witten invariants. The first
mathematical foundations of Gromov-Witten theory are the works of Kontsevich and
Manin (1994) in the algebraic setting and of Ruan and Tian (1995) in the symplectic
one.

A real symplectic manifold is a triple (X, w, ox) where (X, w) is a symplectic manifold
and ox: X — X is an involution verifying oiw = —w, called the real structure. We
will always assume that X is compact. The main example is the complex projective
space P" equipped with the Fubini-Study form wgg and with the standard conjugation
conj : P* — P" sending [z9 : -+- : 2z,] to [Zo : -+ : Z,]. More generally, if a projective
manifolds X C P" is defined by real polynomial equations, then (X, wrg|x, conj v)isa
real symplectic manifold. The real locus of a real symplectic manifold is by definition
the fixed locus of ox and is denoted by RX. It is either empty or a finite union of
Lagrangian submanifolds of (X,w). A real Riemann surface (3,0,7) is a Riemann
surface (X,j) equipped with an anti-holomorphic involution . Given a calibrated
almost-complex structure J on (X,w) verifying o%J = —J, a real curve in (X,w,ox)
is a (0, ox)-equivariant J-holomorphic map from a real Riemann surface (X, 0, j) into
(X,0x,J). As for the complex case, one would like to extract invariants of (X,w,ox)
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from counting real curves inside it. However, the number of real curves realizing a
given class and passing through an appropriate number of cycles Y; C X depends on
the particular choice of the cycles, and not just on their (co)-homology classes. For
example, the number of degree d real rational curves u: (P!, conj) — (P2, conj) passing
through 3d — 1 generic points of RP? depends on the choice of such points. The first
breakthrough was made by Welschinger (2005a,b, 2007a) when he defined invariants
of real symplectic fourfolds and strongly semipositive sixfolds, now called Welschinger
invariants. The approach of Welschinger was to assign a sign +1 to each individual real
rational curve passing through a fixed real configuration of points (i.e. a collection of
r real points on a connected component RXy of RX and [ pairs of complex-conjugate
points in X) and by proving that the resulting signed count of such curves is invariant,
that is, it does not depend on the position of the points but only on the chosen connected
component RXy of RX, on r and on [. By their own definition, Welschinger invariants
give lower bounds for the number of real rational curves passing through a generic real
configuration of points. We will not define Welschinger invariants here, but refer the
reader to the Bourbaki seminar of Oancea (2012) for a gentle introduction to them.
Since the discovery of Welschinger invariants, many advances have been made on real
Gromov-Witten theory in genus 0, but essentially none in higher genus.

Remark. — The Welschinger sign of a real curve inside a real symplectic manifold makes
sense for real curves of any genus; however the resulting signed count is not invariant
in higher genus (see for example Welschinger (2005a) and Itenberg, Kharlamov, and
Shustin (2003, Theorem 3.1)).

Let us explain one of the main difficulties that occurs in trying to define real Gromov—
Witten invariants in general. For this, let us notice that the (complex) GW-invariant
GWy a(a, ..., ax) described above coincides with the integral

/7 eviog A - Aeviay
Mg,k:(XvA)

where ev;: [u, (2,7),21,...,21] € Myx(X,A) — u(x;) € X. For the integral to be
well-defined, one needs the space M, (X, A) to be oriented. Here is one of the main
problems in real Gromov—Witten theory: the moduli spaces of real J-holomorphic
curves in (X,w,ox) are in general not orientable, and when they are, there is not
a preferred orientation. The orientability problem is then a central question in real
Gromov-Witten theory. Welschinger invariants have been interpreted and studied in
term of orientability of moduli spaces of pseudo-holomorphic disks by Cho (2008) and
Solomon (2006) using the work of Fukaya, Oh, Ohta, and Ono (2009), in particular the
notion of relative spin structure (we will recall this notion later in the introduction).
Solomon extended the definition of these invariants to real symplectic sixfolds and
for real curves of higher genus but with fixed conformal structure. Later, Georgieva
(2016) defined a signed count of real genus 0 curves with conjugate pairs of arbitrary
constraints in arbitrary dimensions for strongly semipositive manifolds (X, w) verifying
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some additional topological properties which, in particular, implies the existence of a
relative spin structure on RX. Such invariants were further generalized by Farajzadeh
Tehrani (2016) who included also genus 0 real curves with empty real locus in the signed
count.

The main theorem we present in this note is a theorem by Georgieva and Zinger
(2018), which gives sufficient conditions on a real symplectic manifold (X,w, ox) for the
moduli spaces RM (X, A) of real maps from genus g real curves together with [ pairs
of complex-conjugate marked points to be oriented for any g,l and class A € Hy(X,Z).
The sufficient condition is given by the notion of real-orientation on (X,w, o) defined
below in the introduction. The main theorem (Theorem 3.4) then asserts that a real-
orientation on a real-orientable symplectic manifold (X, w,ox) of dimension 2n, with
n ¢ 2N, orients RM, (X, A). An orientation of RM, (X, A) can then be used to define
genus g real Gromov—Witten invariants of (X, w, ox) with conjugate pairs of contraints.

In order to introduce the notion of real orientability, we first need the following
definition.

DEFINITION. — A real bundle pair (E,or) over (X,ox) is a complex vector bundle
m: B — X equipped with an involution o which is complex anti-linear in the fibers and
such that mo o = ox om. Such involution is called a real structure of E.

An isomorphism of real bundle pairs is an isomorphism between the underlying complex
vector bundles which commutes with the real structures.

The fixed locus RE of (F,o0g) is then a real vector bundle over RX whose real rank
equals the complex rank of E. For example, the tangent bundle (TX,dox) of (X, o)
is a real bundle pair over (X, o). Tensor products, direct sums, duals and exterior
powers of real bundle pairs are again real bundle pairs.

DEFINITION (Real orientability). — A real symplectic manifold is real-orientable if
there exists a rank 1 real bundle pair (L,or) over (X,ox) such that

(1) wo(TRX) = wi(RL)?, where w;(-) € HY(RX,Z/2) denotes the i-th Stiefel-
Whitney class of a real vector bundle;
(2) AP(TX,dox) is isomorphic (as a real bundle pair) to (L, op)%?.

Here are some examples of real-orientable symplectic manifolds:

— The odd-dimensional projective space (P?"~! wgg, conj). In this case, one has
ALP(TP? 1 conj) = (Op2n-1(2n),09,) and (L, o) = (Opan-1(n), 0,,), where oy, is
the natural real structure of Opza-1(k) over (P?"~! conj).

— The projective space (P! wpg, 7) with empty real locus. Here, 7 maps a point
[To : @y : -+ Xyp_o : Typq] tO [T 1 —To -t Tan_1 @ —Tan_o]. In this case, we
have AZP(TP1 dr) = (Opin-1(4n), 74,) and (L, 1) = (Opan-1(2n), T, ), where
Tor, is the natural real structure of Opin-1(2k) over (P*"~1 7). Remark that the
line bundle Opsn-1(2k + 1) over (P~ 7) does not admit any real structure.
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— Complete intersections X C P" defined by n — 3 real polynomials of degrees
di,...,dp—3 with dy + -+ +d,_3 = n+ 1 (mod4). Indeed, the adjunc-
tion formula says that A{P(TX,doy) is isomorphic to (Ox(ng),0n,), with
ng:=n+1—dy —---—d,_3 and, under the previous assumption, the real bun-
dle pair (L,0r) = (Ox(na/2), 0y,/2) verifies the two real orientability conditions.
An example of such real symplectic manifold is a real quintic threefold in P*.

— Real compact Kéhler Calabi—Yau threefolds and, more generally, real compact
Kihler Calabi-Yau manifolds with spin real locus. In this case, A¢ZP(T X, doy) is
trivial so that the real bundle pair (L, o) = AZP(TX, dox) itself verifies the two
real orientability conditions.

Remark. — Recently, Georgieva and lonel (2021) have defined the notion of twisted real-
orientation, which is a slight generalization of the notion of real-orientation, and checked
that the proofs of the main theorems of Georgieva and Zinger (2018, 2019a,b) can be
adapted for twisted real-orientable symplectic manifolds of odd “complex” dimension.
For example, all odd-dimensional projective spaces (P?"~1 wpg, 7) with empty real locus
are twisted real-orientable, but they are not real-orientable. Very recently, Georgieva
and Zinger (2023) gave more details about this and also corrected some minor errors in
their previous articles.

Let us collect some remarks on the notion of real orientability. Let us start with the
second point of the definition. An isomorphism between AZP(T X, doy) and (L, op)®?
induces, by restriction to the real locus, an isomorphism of real line bundles over
RX between AP (TRX) and (RL)®2. Now, the line bundle (RL)%? is orientable, so
a necessary condition for a real symplectic manifold to be real-orientable is that its
real locus is orientable. Let us now comment on the first point in the definition of
real orientability. Recall that a real vector bundle V' over a topological space M is
orientable if and only if its first Stiefel-Whitney class w; (V) € H'(M,Z/2) vanishes
and that an orientable vector bundle V' admits a spin structure if and only if its second
Stiefel-Whitney class wo(V') € H?(M,7Z/2) vanishes, as discovered by Haefliger (1956).
If (X,w,ox) is real-orientable, then the bundle TRX & 2(RL*) is orientable because
both TRX and 2(RL*) := RL* @ RL* are so. The first condition in the definition of
real orientability then implies that TRX & 2(RL*) admits a spin structure. Recall that
a spin structure on an oriented real vector bundle V' of rank n > 3 over a topological
space M is an equivariant lift of the orthonormal frame bundle Pso (V') with respect to
the double covering Spin(n) — SO(n). If V' admits a spin structure, then the number
of spin structures is in bijection with H'(M,Z/2). If M admits a cell decomposition
or a triangulation, a spin structure on V' can be thought of as a homotopy class of
trivializations of V' over the 1-skeleton that extends over the 2-skeleton. For example, a
spin structure of an oriented real vector bundle V over S! is equivalent to a homotopy
class of trivializations of V.
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DEFINITION (Real orientation). — A real orientation on a real-orientable symplectic
manifold (X,w,ox) is a triple ((L,oy), [¢],s) satisfying the following three conditions:
(RO1): (L,oy1) is a rank 1 real bundle pair over (X, ox) with wy(TRX) = w; (RL)?
and such that AP (T X, dox) is isomorphic to (L,o1)%?;
(RO2): [¢] is a homotopy class of isomorphisms of real bundle pairs between
AEP(TX,doy) and (L,op)®?;
(RO3): s is spin structure on the real vector bundle TRX @ 2(RL*) over RX
compatible with the orientation induced by (RO2).

Remark that the real line bundle (RL)®? is canonically oriented, so the choice of
a homotopy class of isomorphisms between AZP(TX,doy) and (L,o)®? induces an
orientation of the real locus RX of X.

The notion of real orientation is a strengthening of the notion of relative spin structure
introduced by Fukaya, Oh, Ohta, and Ono (2009). Recall that a relative spin structure
on RX consists of an oriented real vector bundle F' — X and a spin structure on
TRX @ Frx. A real orientation ((L,oyr), [¢],s) on (X,w,0x) induces a relative spin
structure on RX: the real oriented vector bundle F' is given by the complex vector
bundle L*, and the spin structure on TRX & Lzy is the composition of the spin
structure s on TRX & 2(RL") and the isomorphism (v, w) € 2(RL*) = v +iw € L.
Fukaya, Oh, Ohta, and Ono (2009) proved that a relative spin structure on RX orients
the moduli space of pseudo-holomorphic disks with boundary in RX.

In general, Gromov—Witten invariants are not enumerative, meaning that the number
GWy a(aq, ..., ax) is not equal to the number of genus g smooth J-holomorphic curves
passing through Poincaré duals of ay, ..., a; and realizing the class A. Indeed, they
are generally rational numbers which also involve contributions from lower genus curves.
However, in some (rare) cases, Gromov—Witten invariants are enumerative. This is
the case for genus 0 Gromov—Witten invariants of semipositive symplectic manifolds
(for example for Fano projective manifolds). For convex projective manifolds, such as
homogeneous projective manifolds (P", for example), the integrable complex structure
is generic enough so that Gromov-Witten invariants actually count genus 0 holomorphic
curves. This implies for example that the Kontsevich (1995) enumerations of rational
curves in P" coincide with the respective Gromov—Witten invariants.

For real Gromov-Witten invariants one observes the same kind of phenomenon:
they are usually not enumerative. However, in some favorable cases, like for real
Fano threefolds, it is possible to define enumerative invariants W; 2 counting with a
sign smooth genus g real J-holomorphic curves passing through complex-conjugate
constraints (see Theorem 3.8). This was shown by Georgieva and Zinger (2019a) for
genus 1 real curves and Niu and Zinger (2018) for any genus. For genus 1 real curves
one can also impose the curves to pass through real points as well (see Theorem 3.7).
Such invariants thus give lower bounds in real enumerative geometry and then they
provide a higher genus analogues of Welschinger invariants. When defined, there is an
explicit relation between these higher genus Welschinger invariants W% and the real
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Gromov-Witten invariants GW;} (see Theorem 3.9). Such relation implies for example
that genus 1 Welschinger invariants are equal to genus 1 real Gromov—Witten invariants

and that genus 2 Gromov-Witten invariants are equal to GWy 3 = W% + 4 (fs) — Woi.

Organization of the text. — The aim of the text is to present the main ideas contained
in the article by Georgieva and Zinger (2018). In Section 1, we define some standard
objects in real Gromov-Witten theory, namely the moduli spaces of real curves and of
real stable maps, and the determinant line of real Cauchy—Riemann operators. This
section serves in particular to fix the notation. In Section 2, we study the notion of real
orientability and the consequences this has on the orientation of the determinant line
of real Cauchy—Riemann operators and of the moduli space of real curves. This is the
core of this survey. In this section, we try to sketch the proof of all the technical results,
following the original proofs of Georgieva and Zinger (2018). Finally, in Section 3, we
present some consequence of the orientability of the moduli space of real maps in real
Gromov—Witten theory and in real enumerative geometry.

Acknowledgments. — 1 would like to thank Vladimiro Benedetti, Erwan Brugallé, Penka
Georgieva, Ilia Itenberg, Jean-Yves Welschinger and Aleksey Zinger for useful discussions.
I would also like to thank Damien Gayet and Thomas Letendre for their patience and
generosity during our collaborations over the past year.

1. Main objects: real curves, stable maps and determinants lines of
Fredholm operators

In this section, we define the objects needed for the statements and proofs of the main
results. We define real curves and their moduli spaces in Section 1.1. Two references
for this topic are the articles of Seppéld (1991) and Natanzon (1999). In Section 1.2
we introduce the moduli space of real stable maps inside a real symplectic manifold. A
detailed description of these moduli spaces is given in the article of Liu (2020). Finally,
in Section 1.3 we introduce the determinant line associated with a real Cauchy—Riemann
operator. A standard introduction to these objects is the Appendix A of the book of
McDuff and Salamon (2012). A detailed description of the topology of the determinant
line bundles can also be found in the article of Zinger (2016).

1.1. The moduli space of real curves

A symmetric surface (X, 0) is a surface X (that is, a closed oriented manifold of real
dimension 2) equipped with an orientation-reversing involution o. The fixed locus of o
is denoted by R, (or simply by R if there is no ambiguity) and is called the real
locus of Y. It is a disjoint union of circles.

The set ¥\ RY has either one or two connected components. In the first case, we
say that (3, 0) is non-separating (in the literature, it is also called of type II); in the
second case, we say that (3, 0) is separating (or of type I). From a topological point of
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view, the symmetric surfaces are completely classified: two genus g symmetric surfaces
(3, 0) and (', 0’) are equivariantly diffeomorphic if and only if by(RX) = by(RY') and
bo(X\ RY) = bo(X \ RY'), where by(-) denotes the number of connected components
of a topological space. Moreover, given g € Z>, the realizable values of by(RY) and
bo(X\ RY) for a genus g symmetric surface (X,0) are 0 < by(RX) < g if (X \RE) =1
and 1 < by(RY) < g+ 1 with by(RY) = g+ 1 (mod 2) if by(X \ RY) = 2. There are
therefore a total of L%j topological types of genus g symmetric surfaces.

Given a genus g symmetric surface (3, o), we denote by R, 7 (%) the space of complex
structures j on % such that o*j = —j. These are the complex structures on ¥ for which
o is anti-holomorphic. A triple (X, 0, ) is called a real Riemann surface or also a real
curve. The last terminology comes from the fact that the typical example of such a
triple is given by projective curves defined by real polynomial equations.

The group R, Diff () of orientation-preserving diffeomorphisms of ¥ commuting with
the involution ¢ acts on R,J(X), and the quotient R, 7 (2)/R,Diff(¥) is the moduli
space R, M, of real curves of topological type (X, o).

It is often very useful (and it is crucial for Gromov—Witten theory) to add marked
points to a real curve. The marked points on (3,0) can be of two types: real
points, i.e. lying on R, or pairs of complex-conjugate points, i.e. pairs of points
exchanged by the real structure . We denote by R, M,; the moduli space of real
curves (X, 0, j, z) of topological type (X, o) together with [ pairs of complex-conjugate
points z = (21, 21,...,2,2 ). Here z; = o(2]"). We restrict ourselves to the case of
complex-conjugate marked points because they are those for which we will be able to
study the orientation of the moduli spaces of real marked curves in a real-orientable
symplectic manifold.

The union U, R,M,; of the moduli spaces R, M,; among all possible topological
type of orientation-reversing involutions ¢ on a genus g surface is the moduli space
RM,; of genus g real curves with [ pairs of complex-conjugate marked points.

Ezample 1.1. — Let us consider the moduli space Rey,j M2 of genus 0 real curves
(P!, conj) with non-empty real locus RP! and with 2 pairs of complex-conjugate points
(217, 27,29, 25 ). There are two possibilities: either the points z;” and 23 lie in the same
connected component of P! \ RP!, or they do not. Up to a unique automorphism of
(P!, conj), we can assume that 27 = i and z3 = ti with ¢t € (0,1) in the first situation
and ¢t € (—1,0) in the second one. We see then that Rgu,Mp2 is isomorphic to the
union of two open intervals (—1,0) U (0, 1).

The complex projective line P! has another topological type of involution, which is
defined by 7([xo : 1]) = [~Z1 : Zo). It has empty real locus. The moduli space R, M, of
real curves (P!, 7) of genus 0 with empty real locus and with 2 pairs of complex-conjugate
points (21, 21,25, 25 ) is diffeomorphic to an open interval, say (—1,1). Indeed, up to
a unique automorphism of (P!, 7), we can assume that z;” = i and that z35 = ti with
te(—1,1).
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Similar to the more classical case of complex curves, one can consider the Deligne and
Mumford (1969) compactification Rgﬂg,l of R, M,;. This compactification is obtained
by considering the real stable genus g curves with [ pairs of complex-conjugate marked
points. We recall that stable curve means a curve with at worst nodal singularities (a
node is a singularity which is locally isomorphic to {(z,w) € C? zw = 0}) and with
finite group of automorphisms. The nodes are not allowed to be marked points.

The main stratum of Rgﬂg,l \ Ry, M, is given by nodal real curves with one node,
denoted by 12. As described by Liu (2020), the node z15 can be of four different
natures:

(E) x12 is an isolated point of the fixed locus RY, that is, it is the intersection
point of two complex-conjugate branches.
(H) 215 is a non-isolated real node and, denoting by 7: 3 — ¥ the normalization
of ¥ and by RX;5 the component of RY containing x5, one has:

(H1) 7~ 1(RX5) is connected.

(H2) 77'(R%;) is not connected, but 3 is connected.

(H3) % is not connected.

Each codimension 1 boundary stratum of Raﬂw is either a hypersurface in Raﬂg,l
or is a boundary of the spaces R,M, for precisely two topological types of orientation-
reversing involutions o on . One can then glue together these common boundaries to
obtain the moduli space RM,,. Seppéld (1991) proved that the moduli space RM, is
a compact and connected orbifold. It is orientable if and only if g = 0.

Crossing a codimension 1 stratum of RM,; \ RM,; of type (E) or (H1) changes the
number of connected components of RY by exactly one, while crossing a codimension 1
stratum of type (H2) or (H3) does not change the number of connected components
of RX.

Ezxample 1.2. — In the previous Example 1.1, we identified the moduli space Renj Mo 2
with the union of the open intervals (—1,0) and (0, 1), and the moduli space R, My
with the open interval (—1,1).

The compactification Reonj Moz is diffeomorphic to a closed interval [—1,1]. The
point 0 corresponds geometrically to the points 25~ and z, collapsing into each other,
and thus the corresponding curves is isomorphic to a reducible genus 0 real curve
obtained by two (P!, conj) attached at a real point. Such node is then of type (H3).
Each irreducible component has two complex-conjugate marked points. The point —1
corresponds to z, collapsing into z;", while the point 1 corresponds to z3 collapsing
into 2;7. The corresponding stable curve for the point 1 is isomorphic to two P!
attached at a point, one P! contains the marked points z; and 2z and the other the
marked points z3 and z; . The two P! are exchanged by the complex-conjugation and
the node is the only real point. Such node is then of type (E).

The compactification R, M5 is also isomorphic to a closed interval [—1,1]. The
point —1 corresponds to z; collapsing into z; while the point 1 corresponds to 2z
collapsing into z;". The corresponding curves are isomorphic to two P! attached at a
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point. For the point —1, one P! contains the marked points 23 and z;, and the other
one the marked points 23 and z;; for the point 1, one P! contains the marked points 25
and 27", and the other the marked points z; and z7 .

The two extrema of the two closed intervals diffeomorphic to ]Rconjﬂo,g and RTH()’Q

parametrize isomorphic curves so that can be identified to each other. Thus we obtain
that RMg, = St

1.2. The moduli space of real stable maps

A real symplectic manifold (X,w,ox) is a symplectic manifold (X, w) together with
an anti-symplectic involution ox: X — X, meaning that cjw = —w, called the real
structure. The real locus of (X,w,ox) is the fixed locus of ox and is denoted by RX.
It is either empty or a finite union of Lagrangian submanifolds of (X, w).

Throughout the text, we will assume that X is compact.

FExample 1.3. — The complex projective space P equipped with the Fubini-Study sym-

plectic form and the standard real structure conj: P* — P, [z, ..., 2,] — [Z0,. -, Zn),
is a real symplectic manifold whose real locus is RP". If n = 2m 4 1 is odd, then the
map 7: P* — P", [20,21,..,2n-1,2n] & [—Z21, 20,y —2Zn, 2n—1] defines another real

structure on P" whose real locus is empty. Another important source of examples is
given by real projective manifolds: if a projective manifold X C P" is defined by real
polynomials then X is preserved by conj and so the restriction to X of the Fubini-Study
form and of conj defines a structure of real symplectic manifold on X.

Given a symmetric surface (3, o), we denote by R,C>(X, X) the space of equivariant
smooth maps (also called real maps) between (3,0) and (X, 0x), that are C*°-maps
u from ¥ to X verifying uo o = ox ou. We denote by R,B,,(X, A) the subspace of
R,C®(%, X) x ¥ of elements (u, z) consisting of an equivariant smooth map u realizing
the class A € Hy(X,Z) (that is, u.[X] = A) and of [ pairs of complex-conjugate marked
points z = (21, 21, ..., 4", 2 ).

The group R,Diff(X) acts on the product R,B,;(X, A) x R, J(X) and the quotient
is denoted by R, H (X, A).

We denote by R7(X,w) the space of calibrated almost-complex structure of X
that are compatible with ox, that is, such that o%J = —J. Welschinger (2005a)
showed that this space is always non-empty and contractible. Given J in R7 (X, w),
an equivariant map u: (3,0, ) — (X, 0x, J) verifying yu := L(du+ Joduo j)=0is
called a real J-holomorphic map or also real J-holomorphic curve. The moduli space
of maps [u,],2] € R,Hy (X, A) satisfying dyu = 0 is called the moduli space of real
J-holomorphic maps (from smooth domains of type (3, 0), realizing the class A and
with [ pairs of complex-conjugate real points). We will also be interested in real curves
verifying a perturbed equation d;u = v, for a small term v. Such equation is central
in Gromov—Witten theory as shown by Ruan and Tian (1997). For this reason such
inhomogeneous perturbation is often called a Ruan—Tian perturbation. Given J in
RJ(X,w), a real Ruan-Tian perturbation v is intuitively a family over R, M, of real
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(0, 1)-forms with values in T'X, that is, for any [(X, 0, j, 2)] € R,M,; one has an element
of R,I'(X, (T*%, j)OY @ (T X, J)). Actually, Ruan-Tian perturbations are defined on a
finite cover of R, M, ; over which there is a universal family of real curves. We will not
enter in the precise definition of them, but we refer the reader to the article of Ruan
and Tian (1997) and of Zinger (2017) for further details.

Given a real Ruan—Tian perturbation v, a real (J, v)-holomorphic map (or curve) is
an equivariant map u: (3, 0,j) — (X, 0x, J) verifying d;u = v. The moduli space of
real (J, v)-holomorphic curves in X with topogical type of involution ¢ and with [ pairs
of complex-conjugate points is denoted by RUM:;:Z”(X , A) or simply by R,M, (X, A).
The union of R, M, ;(X, A) among all possible topological types of involution on ¥ is
denoted by RM, (X, A).

The moduli space R, M, ;(X, A) can be compactified by considering stable maps from
nodal real Riemann surfaces. These are equivariant maps u from genus g nodal real
Riemann surfaces, together with [ pairs of complex-conjugate marked points (the nodes
are not allowed to be marked points), verifying d;u = v (where v is a real Ruan-Tian
perturbation over R,M,;) and having a finite group of automorphisms. One then
obtains the compact moduli space R, M, (X, A). The moduli space R, M,,;(X, A) has
a boundary whose main stratum is given by stable maps from one-nodal real Riemann
surfaces (i.e. real Riemann surfaces with exactly one node).

As for the moduli space of real curves, each codimension 1 boundary stratum
R, M, (X, A) is either a hypersurface, or is a boundary of the spaces R, M, (X, A) for
exactly two topological types of involution of ¥, and then they can be glued together two
by two to obtain a compact moduli space without boundary, denoted by RM, (X, A).
We refer the reader to the paper of Liu (2020) for the details of such gluing.

1.3. Cauchy—Riemann operators and determinant lines

Let (E,og) be a real bundle pair over a symmetric surface (3,0). We denote by
RT'(X, E) the space of real sections of E, that is, the global sections s: ¥ — FE such
that opos =soo0.

Given j € R,J (%), a real Cauchy—Riemann (CR) operator on (E,og) is a linear
map D: RI(X, E) — RI(E, E ®c (TX)*) of the form D = 0 + R where 0 is the
d-operator for some op-compatible holomorphic structure on E (i.e. for which op is
anti-holomorphic) and R € RT (X, Homg(E, (T2)% ®c F)) is a 0-th order perturba-
tion. Equivalently, once a compatible complex structure on (3, 0) and a compatible
holomorphic structure on (E,og) are fixed, a real CR-operator is a linear map from
RI(, E) to RT(E, E ®@c (TX)*!) verifying the Leibniz rule D(fv) = (0f)v+ f(Dv) for
any real-valued function f (while the standard CR-operators verify the Leibniz formula
for any complez-valued function).

It turns out that a real CR~operator is Fredholm (in some appropriate completion of
the space of global sections), and in particular it has finite dimensional kernel and finite
dimensional cokernel. The indez of a Fredholm operator D is by definition the integer
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indD = dimkerD — dimcokerD. A compact perturbation of a Fredholm operator is
still a Fredholm operator of the same index.

With any Fredholm operator D one can associate the correspondent determinant line,
defined as detD = AR®(kerD) ® (Aﬁgp(cokerD)) :

A short exact sequence of Fredholm operators

0 v v v 0
CO L ¢
0 W’ % W —— 0

induces a canonical isomorphism
(1) detD = (detD’) ® (detD").

A continuous family of Fredholm operators D; over a topological space U gives
rise to a line bundle detD over U, called the determinant line bundle, whose fiber
over t € U is detD,. Moreover, for a continuous family of short exact sequences of
Fredholm operators, the isomorphism (1) induces a canonical isomorphism between the
determinant line bundles.

The space of real CR-operators on a real bundle pair (E,og) over a symmetric
surface (X, 0) is contractible. This implies that there is a canonical homotopy class of
isomorphisms between any two real CR-operators on a real bundle pair (E, og). For this
reason, we denote any such real CR-operator by D(g,,). Remark that an orientation
of detD for one particular real CR-operator D on (F, o) induces an orientation on the
determinant line detD’ for any other real CR-operator D’ on (E, 0g).

Here are the two main examples of real CR-operators we will consider in the text.

Ezample 1.4. — Let (C,conj) — (3,0) be the trivial bundle pair of rank 1. Given
JeRT (3J), one has the standard real CR-operator dc induced by j. We denote by
detOc the associated determinant line.

Ezample 1.5. — Let (X,w,0x) be a real symplectic manifold of dimension 2n and
fix Jin RT(X,w). Let also fix a genus g symmetric surface (3,0). Any j € R, J (%)
induces a bundle over the space of equivariant morphisms R,B,;(X, A) (defined in the
Section 1.2) whose fiber over u is the space of (0, 1)-forms on (X, 0, j) with values in
uw*TX. The operator J; := %(du + Jodoj) is a section of such bundle (similarly, the
operator d; —v, for v a real Ruan-Tian perturbation). For any u, the linearization of the
operator 0; — v at u is a real CR-operator over w*T X, denoted by D,,. Its index is given
by the Riemann—-Roch formula and equals (1 — g)n + ¢1(A), where ¢1(A) 1= (c1(X), A).
Thus, the space R,B,,(X, A) is equipped with a natural determinant line bundle, whose
fiber over u is detD,,. If u verifies 0;u = v (that is, u is a (J, v)-holomorphic map from
(2, 0,7) to (X,w,0x)) and if 9y — v vanishes transversally at u, then cokerD, = {0} and
the tangent space of {5 ; —v =0} at u is given by kerD,. In this case, the determinant
of the tangent space of {9; — v = 0} at u is detD,.
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Similarly, given any family of morphisms from (eventually nodal) real Riemann sur-
faces to (X,w,0x, J), we have an induced determinant line bundle over this family. In
particular, RM, (X, A) is equipped with a natural determinant line bundle, which we
denote by detD — RM, (X, A).

2. Orientability of the moduli space of real maps

In this section, we give the main arguments needed to orient the moduli space
RM, (X, A), where (X, w, ox) is a real-orientable symplectic manifold of dimension 2n,
with n odd. The statement about the orientation of this moduli space is actually given in
Section 3 (see Theorem 3.4) but all the necessary material and main arguments involved
in its proof are given in this section. The idea to orient RM, (X, A) is as follows.
Assume that g + [ > 2. The moduli space RM,;(X, A) is equipped with a natural
forgetful map f: RM, (X, A) = RM,, mapping u = [u, (3,0, j,z)] to [X, 0, 7,2]. The
tangent bundle of RM, (X, A) at u then splits as a direct sum of the pullback of
TRM,, at f(u) and the tangent space kerD,, at u of the fiber §!(f(u)) (this fiber is
the space of real J-holomorphic maps from a fixed real Riemann surface (3,0, 7); see
Example 1.5). Taking the determinant of this direct sum one obtains the isomorphism
of real lines

ARPPTRM, (X, A) 2 detD, @ f* AP TiwyRM,
where D,, is as in Example 1.5. In order to orient AﬁspTuRﬂg,l(X , A) we will need to
orient detD,, and AgPTiwRM, ;. However, RM,; is never orientable if g > 1. We will
prove the following:

(1) a real orientation orients the line detD, ® (detde)®";

(2) the line Ag® T RM,,; ® detdc is naturally oriented.
These two points imply that detD,, ® §* AP TjwyRM,; @ (detde)®™ Y is oriented. If n
is odd, (detdg)®™*+V is canonically oriented (since it is a square of a line), and then in
this case detD, ® f*AEgpj}(u)ngJ is oriented, which proves what we want.

Points (1) and (2) are proved respectively in Sections 2.2 and 2.3. Both are proved in
a similar way. We first orient detD, ® (detdc)®" and AE)pr(u)]Rﬂg,l ® detde when the
domain (X, 0, j) of w is smooth. This is done respectively in Propositions 2.4 and 2.10.
This orients RM,;(X, A) when g + 1 > 2; the other cases are obtained by adding
auxiliary complex-conjugate marked points and by remarking that the fibers of the
natural forgetful morphism RM, .., (X, A) = RM, (X, A) are canonically oriented.

After this, we then have to prove that such an orientation can be extended across
the codimension 1 strata of RM, (X, A), that are the strata which are formed by
stable maps from one-nodal domains. The orientation of detD, ® (detdg)®™ induced by
the real orientation of (X,w,ox) extends across the codimension 1 strata without any
big issues. The extension of the orientation of Aﬁg PTRM,; ® detde — RM,; is more
delicate. Indeed, the natural orientation of AKPTRMg,l@@deté@ — RM,,; constructed in
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Propositon 2.10 extends across the codimension one boundary of RM,; corresponding to
one-nodal real curves of type (H2) and (H3) but does not extend across the codimension
one boundary corresponding to one-nodal real curves of type (E) and (H1). Now the
main remark is that passing through a boundary component of RM,; corresponding
to a node of type (H2) and (H3) does not change the number of connected components
of the real locus of ¥, while passing through a boundary component corresponding
to a node of type (E) and (H1) changes this number by exactly one. This implies
that the orientation of the line bundle AgPTRM,; ® detdc — RM,, extends to an
orientation of APTRM,; ® detde — RM,; after multiplication by (—1)*®>) that
is, after reversing it on any component R, M,; for which by(R,X) is odd.

All these orientation results are in one way or another consequences of Proposition 2.3,
which is the result where the real orientability condition is exploited.

2.1. Orientability of the moduli space of real maps from smooth curves

2.1.1. Real orientations and induced homotopy class of trivializations. — Given a
symmetric surface (X, 0), we denote by (C*, conj) the rank k trivial real bundle pair
(X x C*, o x conj). The real part of this real bundle pair is denoted by R*, which is the
rank k trivial real vector bundle RY x R* over RY.

We now give the definition of real orientation of a real bundle pair over a topological
space equipped with an involution.

DEFINITION 2.1. — Let (E,0g) be a real bundle pair over a topological space equipped
with an involution (M,oy). A real orientation on (E,og) is a triple ((L,oyr),[1],$)
satisfying the following three conditions:
(RO1): (L,oy) is a rank 1 real bundle pair over (M, o) such that A&P(E, op)
is isomorphic to (L,or)®? and verifying wy(RE) = wy(RL)?;
(RO2): [¢] is a homotopy class of isomorphisms of real bundle pairs between
AZP(E o) and (L,op)®%;
(RO3): s is a spin structure on the real vector bundle RE & 2(RL*) over RM
compatible with the orientation induced by (RO2).

A real bundle pair admitting a real orientation is called real-orientable.

Remark 2.2. — An isomorphism 1) between AZP(E, op) and (L, 07)®? induces a homo-
topy class of isomorphisms
(2) AEP(E @ 2L*, 0 ® 201-) = (C, conj).

Indeed, one has the following chain of isomorphisms
AZP(B@2L", 0p®20,-) = AP (B, 0p)@(L*, 01-)%* = (L, o) **®(L", 0,,-)* = (C, cony)

where the first isomorphism is canonical, the second one is given by an isomorphism in
the homotopy class of (RO2) and the last isomorphism is given by the canonical pairing.
We call the homotopy class of the isomorphism (2) induced by an isomorphism v as in
(RO2) the homotopy class determined by (RO2).
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PROPOSITION 2.3. — Let (E,0g) be a real-orientable bundle pair over a symmetric
surface (3,0). Fiz a real orientation ((L,oyr), [¢],s) on (E,og). Then there exists an
isomorphism : (E @ 2L*, op ® 207-) — (C"2, conj) such that:

(1) the isomorphism Ry: RE @ 2RL* — R™"? between real vector bundles over RY
induces the spin structure s on RE & 2RL*;

(2) the isomorphism ASP: AFP(E @ 2L*, o5 @ 201+) — (C, conj) induced by ¢ is in
the homotopy class of the isomorphism determined by (RO2) (see Remark 2.2).

Moreover, if ¢ is another isomorphism between (E & 2L*, 05 ® 201-) and (C""2, conj)
verifying the previous two properties, then ¢ and  are in the same homotopy class of
isomorphisms.

Proof. — We will first prove the first part of the proposition and then the “moreover”
part. The first part of the proof will be divided into three parts. First we will construct
an isomorphism between (E @ 2L*, 05 @ 207-) and (C"*?, conj), then we will modify
it so that it verifies property (1), and later we will modify it so that it also verifies
property (2).

First step: construct an isomorphism. First we use a result of Biswas, Huisman,
and Hurtubise (2010) saying that a real bundle pair (F,or) over a symmetric surface
(3, 0) is determined, up to isomorphism, by three invariants: the rank of F', the first
Chern class of F' and the first Stiefel-Whitney class of RF'. By hypothesis, we have that
ci(E®2L*) =0 and wi(RE @ 2RL*) = 0. So the real bundle pair (E @ 2L*, 05 ® 20+ )
has the same rank and the same Chern and Stiefel-Whitney classes as the trivial real
bundle pair (C"*?, conj). This implies that the real bundle pair (E @ 2L*, op @ 207-)
is isomorphic to (C""2 conj). Let ¢': (E @ 2L*, 0p ® 201-) — (C""2 conj) be an
isomorphism. Of course, there is no reason why ¢’ should verify the two properties
required by the proposition, so the idea is to modify this isomorphism to find one that
does the job. This is the topic of the next two steps.

Second step: modify the induced spin structure. Let RYq,...,RY,, be the connected
components of RY and let RE; @ 2RL} and R?" be respectively the restrictions of
RE ¢ 2RL* and of the trivial real vector bundle of rank n + 2 over RY;. We denote by
Ry): RE; @ 2RL — R?*? the induced isomorphism. For any i € {1,...,m}, one can
find an automorphism g; of the trivial bundle R?* (that is, a map g;: RY; — GL,2(R))
so that g; o Rp!: RE; @ 2RL; — R identifies the standard orientation and spin
structure of R?" with the desired orientation and spin structure on RE; @ 2RL?. Now,
using that the inclusion GL,;2(R) < GL,2(C) induces trivial homomorphisms from
the fundamental group of each of the components of GL,;2(R) to m (GL,12(C)), one
can extend g; € Aut(R?"?) to an automorphism of real bundle pair G; € RAut(C"*?)
which is the identity outside a small tubular neighborhood of RY};. By construction, the
isomorphism ¢” := Gy o---0G,, 0¢": (E® 2L, 05 P 20.-) — (C"*?, conj) induces the
chosen orientation and spin structure on RE @ 2RL*. This means that the first point
of the statement of the proposition is satisfied by ¢”. However, we do not know yet if
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the second point is satisfied, that is we do not know if AE’pgo” lies in the homotopy class
of the isomorphism determined by (RO2). This will be the topic of the next step.

Third step: modify the top-wedge without changing the spin structure. Let F be an
isomorphism between AgP(E @ 2L*, 05 ® 201+) and (C,conj) lying in the homotopy
class of the isomorphism determined by (RO2). We then have the equality F' = f A(tCOpgo” ,
for some function f € RAut(C). Remark that, as ' and ¢” induce the same orientation
on RE @& 2RL*, the restriction Rf of f to RY is a strictly positive function.

Let p = M/ o " be the composition of ¢” with the automorphism M; of (C"2, conj)
given by the diagonal matrix Diag(f,1,...,1). By construction, ¢ is an isomorphism
verifying the two conditions in the statement of the proposition. This proves the first
part of the proposition.

The “moreover” part is a direct consequence of the following more general principle: if
¢ and v are two isomorphisms between a rank k real bundle pair (E, o) and (C¥, conj)
such that:

— the isomorphisms R¢ and R between RE and R are homotopic;
— the isomorphisms AgP¢ and AFPi) between (AE’pE,aA(tCopE) and (C, conj) are

homotopic;

then so are the isomorphisms ¢ and 1. This fact is itselt essentially a direct consequence
of the fact that if f € RC>(X, SL,C) is such that Rf € C>°(R3, SL;R) is homotopic to
a constant map, then f is homotopic to the identity through maps in RC*(%, SL;C).
Details about this last part can be found in Corollary 5.5 of the paper of Georgieva and
Zinger (2018). O

2.2. Orientation of the determinant line bundle

2.2.1. Orientation of the determinant lines. — Let us briefly recall why the deter-
minant line bundle over the space of morphisms from a surface ¥ to an almost-
complex manifold (X, J) is orientable, and even canonically oriented. This follows
from the fact that the determinant line of a CR-operator on a complex vector bundle
E — ¥ always has a canonical orientation. A CR-operator on F is an R-linear map
D:T(%,E) = T(%, E®c (TX)"!) of the form D = 0 + R where 0 is the d-operator for
some complex structure 7 on X and some compatible holomorphic structure on £ and
R €T (X, Homg(E, (TY)* ®¢ E)) is a 0-th order perturbation.

The two spaces I'(X, F) and T'(X, E ®c (TX)%!) are complex vector spaces, but the
operator D is not C-linear, so in particular kerD and cokerD are not complex vector
spaces and they do not have a natural orientation (and therefore, a priori, neither the
determinant line has one). The key observation is that one can consider a homotopy D,
of CR-operators between D; = D and Dy = 0 by deforming the 0-th order term R to zero.
This deformation induces a homotopy class of isomorphisms between the determinant
lines detD and detD;. The determinant line detDy has a natural orientation induced
by the orientations of kerDy and cokerDy, which are complex vector spaces since D,
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is C-linear. The homotopy class of isomorphisms of determinant lines detD; and the
orientation on detDy then induces an orientation on detD.

This does not apply to the determinant line of a real CR-operator on a real bundle
pair. Indeed, in that case the vector spaces involved in the previous argument are all
real vector spaces and thus they do not have a preferred orientation. The point of this
section is to show that if (X, w, ox) is real-orientable, then a real orientation orients the
line bundle detD ® (detdg)®™ on the space of real maps to (X,w,ox).

PROPOSITION 2.4. — Let (E,0g) be a rank n real-orientable bundle pair over (3, 0)
and let D(g oy be a real CR-operator on (E,og). Then a real orientation on (E,op)
induces an orientation on detD g o,y ® (detdc)®™.

Proof. — Let ((L,o0p),[1],s) be a real orientation on (F, o). The short exact sequence
of real bundle pairs

0— (2L*,201+) = (E®2L",0p ®201+) = (E,0) = 0
induces a canonical homotopy class of isomorphisms between determinant lines

®2
detD(paorr op@2o,) = detD(g ) @ (detD(L*,aL*)) ,

®2
Since the line (detD( L*ﬁm)) is canonically oriented, so is the line
(3) detD(EEB2L*,oE@20L*) X detD(E’UE).

By Proposition 2.3, the real orientation on (F,op) gives rise to a homotopy class of
isomorphisms (E @ 2L*, o5 @ 207+) = (C"*?, conj) which in turn induces a homotopy
class of isomorphisms of determinant lines detD(paor+ opa2o,.) = (detdc)®™*+2) . Such
homotopy class of isomorphisms determines an orientation on

detD(E@QL*,O'E@QO'L*) ® (det((;@)®(n+2),

which combined with the canonical orientation of the line (3) gives an orientation on
detD(g o) @ (detOc)®". O

Recall that given a real symplectic manifold (X, w, ox) one can construct a family of
real CR-operators D over families of morphisms from real Riemann surfaces to (X, w, ox)
whose fiber over u is given by D,,, see Example 1.5. The next corollary orients the line
bundle detD ® (detdg)®" over the moduli space of real maps from real Riemann surfaces
to (X,w,o0x).

COROLLARY 2.5. — Let (X,w, 0x) be a 2n-dimensional real-orientable symplectic man-
ifold. Let g,1 € Z>o and let (X,0) be a genus g symmetric surface. Fiz a homology
class A € Hy(X,Z). Then a real orientation on (X,w,ox) induces an orientation on
the real line bundle

detD ® (detde)®™ — R,M, (X, A).
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Proof. — For any [u, (X2, 0,j,2)] € R, M (X, A), we apply Proposition 2.4 to the real
bundle pair v*(T'X,doy) to obtain an orientation on detD, ® (detdc)®™ which varies
continuously with . O

2.2.2. Ertension of the orientation of detD ® (detdg)®™. — Let R, M, (X, A) be the
moduli space of real maps from genus g real Riemann surfaces (3, o, j) with topological
type of involution . In Corollary 2.5, we have seen that a real orientation on (X, w, ox)
orients the determinant line bundle detD ® (detde)®” — R, M, (X, A). The next
problem is then to see if this orientation extends across the boundary in the full moduli
space

RM, (X, A) = | R, M,(X, A).

The codimension one boundary of RM, (X, A) \ RM, (X, A) is the one formed by
elements representing maps from one-nodal real Riemann surfaces. The node of such one-
nodal real Riemann surfaces is necessarily real, and can be of type (E) or (H) as defined
in Section 1.1. By analyzing what happens when passing through these singularities
one shows that the analogue of Proposition 2.3 is true for one-nodal symmetric surfaces.
Actually Georgieva and Zinger (2016) proved that this is true for any nodal symmetric
surface:

PROPOSITION 2.6. — Let (E,0g) be a rank n real-orientable bundle pair over a nodal
symmetric surface (¥,0). Fiz a real orientation ((L,oy),[1],s) on (E,og). Then there
exists an isomorphism p: (E @ 2L* o5 ® 20-) — (C""2, conj) such that:

(1) the isomorphism Ry: RE @ 2RL* — R™"? between real vector bundles over RY
induces the spin structure s on RE @ 2RL*;

(2) the isomorphism AZP: AFP(E @ 2L*, 0p @ 201+) — (C, conj) induced by ¢ is in
the homotopy class of the isomorphism determined by (RO2) (see Remark 2.2).

Moreover, if ¢ is another isomorphism between (E @ 2L*, op ® 201+) and (C"2, conj)
verifying the previous two properties, then ¢ and ¢ are in the same homotopy class of
isomorphisms.

Let C — (—1,1) be a flat family of real Riemann surfaces, that is, the fiber over
t € (—1,1) is a (eventually nodal) real Riemann surface C; = (X4, 0v,j:). Suppose
that Cj is nodal and the other fibers are smooth. Let (£,0¢) — C be a rank n real
bundle pair that we can see as a family of rank n real bundle pairs (Fy, og,) — (3¢, 0y).
Taking the determinant of the real CR-operators of these real bundle pairs, we obtain
the determinant line bundle detD ¢ ,.) — (—1,1), whose fiber over t is detD(g, o, ). If
(€,0¢) is real-orientable and we fix a real orientation, then the latter restricts to a real
orientation on any fiber (E;, op,). Thus, by Proposition 2.4, we obtain an orientation
on the line bundle detD g, o, ) ® (detdc)®", for any t # 0. The following proposition
says that this orientation extends across t = 0.
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PROPOSITION 2.7. — A real orientation on (£,0¢) orients the real line bundle
detDig o) ® (detde)®™ — (=1,1). Moreover, the induced orientation of a fiber
detD(g, op,) @ (detdc)®™, fort # 0, is the orientation induced by the restriction of the
real orientation of (€,0¢) to (Ey,0p,) as in Proposition 2.4.

Proof. — Let ((L,0r),[¢],8) be a real orientation of (£,0¢), where (£,0,) — C is
a real bundle pair of rank 1 that we see as a family of rank 1 real bundle pairs
(L¢,or,) — (24, 0¢). Thus, the real orientation ((£, o), [¢],s) restricts to a real orienta-
tion ((Lo, o1,), [V0], 50) on (Ey, 0, ). By Proposition 2.6, this determines an isomorphism

Yo (EO D 2L87 OE, 20L6) - (Qn+27 conj).

Remark that any real bundle pair (F,0x) — C retracts to the real bundle pair in the
central fiber (Fy,or,) — (X0, 00). This implies that the isomorphism ¢, extends to an
isomorphism

©: (ED2L* s ®20,+) — (C"2 conj).

By taking the determinant of the real CR-~operators on both sides, we see that such
isomorphism induces an orientation on the line bundle detD(g o) ® (detd)®™ — (—1,1).
We now have to prove that the restriction of such orientation to a fiber detDg, 4, ) ®
(detdc)®" is the orientation given by the restriction of the real orientation of (£, o¢) to
(E:, 0p,) given by Proposition 2.4.

The homotopy class of the extension ¢ is uniquely determined by the homotopy
class of ¢g which, in turn, is uniquely determined by the conditions (1) and (2) of
Proposition 2.6. These conditions are topological conditions and so the isomorphism
@1 = QB also verifies conditions (1) and (2) of Proposition 2.3 with respect to
the real orientation ((L¢, or,), [t4],s:). By Proposition 2.3, if an isomorphism verifies
conditions (1) and (2), then it is in the homotopy class of isomorphisms induced by the
real orientation ((L¢, 01, ), [1¢],:). Thus, the restriction of the orientation of det D¢ 5,y ®
(detdc)®" to detD (g, op,) ® (detOc)®" is the orientation induced by the restriction of the
real orientation of (£, 0¢) to (Ey, 0p,). O

Proposition 2.7 implies that the orientations of the line bundle detD ® (detdc)®”
over R, M, (X, A) for each topological type of involution o are compatible and can
be extended to an orientation of the line bundle detD ® (detdc)®" over the compact
moduli space RM,;(X, A). This is resumed by the following result.

COROLLARY 2.8. — Let (X,w, 0x) be a 2n-dimensional real-orientable symplectic man-
ifold. Let g,1 € Z>¢ and fiz a homology class A € Ho(X,Z). Then a real orientation on
(X,w,o0x) induces an orientation on the real line bundle

detD ® (detde)®" — RM, (X, A).
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2.3. Orientation of the moduli space of real stable curves

2.3.1. Orientation of the moduli space of smooth real curves. — In this section, we
prove that the real line bundle AﬁspTRgMgJ ® detde over R, My, is orientable, and
even canonically oriented. For this, we need the following result which is a consequence
of Proposition 2.3.

COROLLARY 2.9. — Let (L,o1) be a rank 1 real bundle pair over a real Riemann
surface (X,0). If RL — RY is orientable, then there exists a canonical homotopy
class of isomorphisms between (L®? @ 2L*, 002 @ 0ar+) and (C?,conj). If RL — RY
is not orientable, then an orientation of each component RY; of RX over which RL 1is
non-orientable determines a canonical homotopy class of isomorphisms between the real
bundle pairs (L®? @ 2L*, 0122 © 0a1+) and (C*,conj). Changing the orientation over
such a component RY; changes the induced spin structure, but not the orientation, of
RL®? @ 2RL* over RY;.

Proof. — We want to apply Proposition 2.3 for (E, o) = (L,07)®?. For this, we have
to fix a real orientation on (F, o). This can be done as follows. The rank 1 real bundle
pair realizing the condition (RO1) is (L, o), while the homotopy class of isomorphisms
between (E, o) and (L, 0r)®? required by (RO2) is the homotopy class of the identity.
Thus conditions (RO1) and (RO2) are ensured; we now have to choose a spin structure
of RL®? @ 2RL*.

If the real part of (L,oy) is orientable, then both RL®? and 2RL* have a canon-
ical homotopy class of trivializations which then induces a canonical spin structure
Sean ON RL®? @ 2RL*. Thus, in this case, (L,o)®? has a canonical real orientation
((L,oL), [id], 8can) and then Proposition 2.3 gives the result.

If RL is not orientable on some connected component of RY, then 2RL* does not have
a canonical homotopy class of trivializations on that connected component (however,
RL®? still does). In this case, an orientation of each of these components gives an
identification between the restriction of RL* to each component and the tautological
line bundle Ogpi(—1) over RP!. One can explicitely construct a homotopy class of
trivializations of 20gpi1 (—1) which then induces a trivialization of RL®? & 2RL*, and
a spin structure 5. Thus, we obtain a real orientation ((L,oy), [id],s) of (L, o)®? and
then Proposition 2.3 gives the result also in this case.

In the explicit construction of a trivialization of 20gp1 (—1), one checks that changing
the orientation of one of the components over which RL is not orientable does not change
the induced orientation of RL®? @ 2RL* but does change the induced spin structure of
RL®? @ 2RL* over this component. O

PROPOSITION 2.10. — Let g,l € Z>o be such that g+1 > 2. For any topological type o
of orientation-reversing involutions the real line bundle

AFP(TR,M,,) @ detde — R, M,

is canonically oriented.
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As will also be emphasized during the proof of the proposition, it is crucially used

here that the marked points are pairs of complex-conjugate points and that there are
therefore no real marked points.
Proof. — We denote by [C, z] an element of R, M,;, where C is a real curve (£, 0, j)
and z = (2, 21,...,2,2 ) denotes the [ pairs of complex-conjugate marked points.
Let TC(—z) and T*C(z) be the real holomorphic line bundles of holomorphic tangent
vectors vanishing at the marked points and of meromorphic one-forms with at most
simple poles at the marked points respectively. We denote by RH*(C,TC(—z)) and
RH'(C,T*C(z)) the cohomology groups of real sections (i.e. sections invariant by the
real structures) of these real holomorphic line bundles.

Instead of directly orienting the line bundle Ag®(TR, M, ;) ® detde, we will orient
its dual, that is AgP(T*R,M,;) ® detdc. For this, recall that the cotangent bundle
of R, M, at a real marked curve [C, z] is naturally identified with RH° (C, T*C%?*(z)).
Indeed, the Kodaira—Spencer map provides a canonical isomorphism between the tangent
space of R, M, at the point [C, z] and the cohomology group RH! (C,TC(—z)), while
Serre duality provides a canonical isomorphism

RH' (C,TC(~2)) 2 RH (C,T"C*(2)) .
For any real marked curve (C, z), we then have to orient the line
APRAO (C, T*C%2 ( g)) ® detde = det Dy-cez(,y @ detde,

where the equality follows from RH! (C, T*C®? (z)) = 0. We will do it in two steps.
First step: orienting detDy«ce2 ® detde. Remark that the real locus T*RC' of the
cotangent bundle over RC' is always orientable. We can then apply Corollary 2.9
to (L,or) = T*C to obtain a canonical homotopy class of isomorphisms between
T*C®? @ 2TC and the trivial rank 3 real bundle pair (C* conj). Any choice of an
isomorphism in this homotopy class induces an isomorphism of determinant lines

deté((ﬁ = detDT*(;@z ® dethTc,
which then induces an isomorphism
(4) det Dp-cer @ detdes = (det Dyp-ge2)®? @ det Dyge.

Now, one has detDyre = (detDpe)®? while detdes = (detde)®? @ detde. We remark
that the lines (detDp)®2, (detDpece2)®? and (detdc)®? are canonically oriented (as
square of lines). These canonical orientations together with the isomorphism (4) induces
an orientation on the line

(5) det Dpsce2 ® deté(c.

Hence, the first step is proved.

Second step: orienting det Dp«cez(,) @ detdc. Let ST (resp. S7) be the skyscraper
sheaf @!_, T.C (vesp. ®._, T C). Note that ST and S~ are not defined over R (i.e.
there is no natural anti—holomo}phic involution acting on them), but their direct sum
Ste S is.
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An easy but fundamental remark is that there is an explicit isomorphism between
RH(C,ST®S™) and H(C,S™T). This isomorphism is given by the natural identification
between RH(C, ST @& &™) and the space (H°(C,S8%) & H°(C,87))? of o-invariant
sections (that is, sections (s,,s_) € H*(C,8") @ H°(C,S8™) such that s, = o%s_)
followed by the projection to the first factor (H°(C,S*) & H°(C,87))° — H°(C,ST).
The space H°(C,S%) is a complex vector space isomorphic to @!_; T, C, so it has a
natural orientation: we can then equip RH?(C, ST & &™) with the orientation induced
by the previous isomorphism. Note that in this point we have used that the marked
points are pair of conjugate points in a crucial way; we could not have done this trick
with the presence of a real marked point (in the presence of marked points, the statement
of the proposition is false in general).

The short exact sequence of real bundle pairs
0T CRTC—-TCRTC(z)—»S"a8 =0

induces an exact sequence

0 — RH® (C,T°C®*) - RH" (C,T"C** (2))
—RH'(C,8" ©87) = RH" (C,T"C**) - 0,
where we used that RH! (C,T*C®?(z)) = 0. The last exact sequence gives an iso-

morphism between the tensor product detdr-ce: ® Ax®? (RH(C,S8* @ S™)) and the
line

det Drecen(s) = AE? (RHC (C, T"C**(2))) .

The orientation that we fixed on RH?(C,S8* @ &™) then induces an orientation on the
line

(6) detDT*C@)Q (E) ® detDT*C®2.

Now, this orientation, together with the canonical orientation of (detdg)®?, induces
an orientation of

detDT*Cm(g) ® deté(c ® det Dp«ce2 ® detac.

The latter, together with the orientation obtained in the first step, proves the second
step and hence the result. [

Remark 2.11. — Crétois (2013a,b) achieved very similar results to those of Proposi-
tions 2.4 and 2.10 but with very different methods of a more analytical nature, based
on the study of the action of automorphisms of real bundle pairs on the determinant
lines of real CR-operators.
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2.3.2. Extension of the orientation. — Let R, M, ; be the moduli space of real genus ¢
Riemann surfaces (X, 0, 7) with topological type of involution o together with [ pairs of
complex-conjugate marked points on (X, ). In Proposition 2.10 we have seen that the
line bundle AﬁspTRaMg,l ® detde — R,M,; is naturally oriented for any topological
type of involution o on X. The disjoint union RM,; = U, R,M,; of the moduli spaces
of real curves of given topological type of involution has a natural compactification: the
Deligne-Mumford compactification RM,; given by adding genus g stable real curves
with [ pairs of complex-conjugate marked points. The codimension-one stratum of
the boundary RM,; \ RM,, is formed by one-nodal stable real curves. The only
node is necessarily real and can be of type (E), (H1), (H2) or (H3), as described in
Section 1.1. The line bundle AT RMg; ® detde — RM,; extends to a line bundle
Aﬁng]ngJ ® detde — Rﬂgyl. The question now is: does the natural orientation
of the former extend to an orientation of the latter? Asked as it is, the answer to
the question is no. Indeed, we will prove that, along a path of real Riemann surfaces
passing through a one-nodal real Riemann surface with a node of type (E) or (H1),
the canonical orientation of the line bundle AE{’pT]RUMgJ ® detde does not extend. On
the contrary, along a path of real Riemann surfaces passing through a one-nodal real
Riemann surface with a node of type (H2) or (H3), the canonical orientation of the line
bundle AfRf)pT]Rg/\/ng ® detdc always extends. The main remark now is that passing
through a degeneration of type (H2) or (H3) does not change the number of connected
components of the real locus of the real Riemann surfaces, while passing through a
degeneration of type (E) or (H1) changes the number of connected components of RY
by exactly one. If one multiplies the canonical orientation of Ay PTR, M, ® detdc by
(—1)%®s®) " then one obtains an orientation on AgPTRM,,; ® detdc that extends over

RM,.

Remark 2.12. — The actual choice of Georgieva and Zinger is to multiply the canonical
orientation AgPTR,M,; @ detde by (—1)%E=)+9+1: in this way the orientation of the
line bundle AEJPT]RMM ®detde over the real Riemann surfaces of separating type is the
canonical one. Remark that real Riemann surfaces of separating type play an important
role in open Gromov—Witten theory of real symplectic manifolds, that is, in the study
of Riemann surfaces with boundary in RX.

Let us recall how we oriented the line bundle AﬁngRUM gl ® detdc over an element
[C, 2] of R,M,, (where C' denotes a real curve (,0,7) and z = (21, 21,..., 2, 2)
denotes the [ pairs of complex-conjugate marked points). This can be resumed in two
steps:

(1) We oriented det Dp+ce2®@detde using Corollary 2.9. This induced an orientation on
ARPRHO(C, T*C®?(z)) @ detdc. We call this orientation the canonical orientation.

(2) We identified RH(C, T*C®?(2))* with RH'(C,TC(-z2)) using Serre duality,
and then RH'(C,TC(—z)) with TjcyR,M,,; using the Kodaira-Spencer iso-
morphism.
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Let us explain how the line bundle on RM,; whose fiber over [C, z] € RM,,; equals
ARPRHO(C, T*C®2(z)) extends to a line bundle on RM, ;. For this, let us first introduce
the relative dualizing line bundle. Let I := (—1,1) and C — I be a family of (eventually
nodal) real Riemann surfaces. Over the family C there is the relative dualizing line
bundle we/r, which restricts over the fiber C; to a line bundle denoted by we,. If C; is
smooth, then wg, is isomorphic to T%C;. If C; is nodal, then wg, is isomorphic to the
line bundle whose sections are holomorphic 1-forms on the normalization C, = C, of C,
with at most a simple pole on the preimage of the nodes, and such that if two points
of C, are mapped to the same node of C}, then the residues of the holomorphic 1-forms
at these points are opposite. The dual w} = Teyr of the relative dualizing line bundle
is the line bundle over C which restricts to a line bundle 7¢, to any fiber Cy. If C is a
smooth fiber, then 7, is isomorphic to the tangent bundle of C; and, if C} is a nodal
fiber, then 7T¢, is isomorphic to the line bundle whose sections are holomorphic vector
fields on the normalization of C; vanishing at the preimages of the nodes and such that
the covariant derivatives of these vector fields at the preimage of a node are opposite.

Let (C,z) — I be a family of (eventually nodal) stable real Riemann surfaces with
[ pairs of complex-conjugate points. By this, we mean that the fiber of (C,z) over
t € Iis (Cy,z,) where C; = (X4, 04, 7j¢) is a real Riemann surface and z, are [ pairs of
complex-conjugate marked points on ¥;. Over the family (C,z) we consider the line
bundles wC/I( z) and T¢/r(—z) whose restrictions to (Cy, z,) equal w&?(z,) and Te, (—zy).
These two line bundles induce two real vector bundles of rank 3g — 3 + 2l over I,
that are Row*wcﬂ(z) and R'm,7¢/;(—z). The fiber over ¢ of the first vector bundle is
RH(Cy, wE?(z,)), while the fiber over ¢ of the second one is RH(Cy, To, (—z,)).

We now study what happens to the orientation on AFPRH(C,T*C%®%(z)) ® detdc
given by Corollary 2.9 when we cross the boundary of RM, .

For this, let C — I be a flat family of real Riemann surfaces such that Cj is a one-nodal
real Riemann surface and the other fibers are smooth. We denote by detDw?f, ® detdc

the line bundle over (—1,1)\ {0} whose fiber over ¢ is given by detDy. o2 ® detOc.

PROPOSITION 2.13. — The canonical orientation on detD, & ®detde over (—1,1)\{0}
extends over (—1,1) if and only if the node of Cy is of type (E) or (H1).

Proof. — 1If Cy is of type (E) or (H1), then the real locus of the line bundle we, is
orientable. By Corollary 2.9, one obtains a canonical homotopy class of isomorphisms
between wg?f @ 2wg, and (C?, conj) which induces an isomorphism between the deter-
minant lines of such bundle pairs, and thus an orientation on detD g ® det@c. Since
the line bundle wc T C retracts to the line bundle of the central ﬁber wE? — Cp, an
isomorphism between wco ® 2wg, and (C?, conj) extends to an 1som0rphlsm between
w?fl ® 2w, and (C?, conj). By taking the fiberwise determinant of such bundle pairs,

one obtains an orientation of each fiber detDwgz ® detde. Using the same arguments
t
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as in Proposition 2.7, one shows that this orientation coincides with the canonical ori-
entation. This shows that if the node of Cj is of type (E) or (H1), then the canonical
orientation on detDw?/z ® detdc over (—1,1) \ {0} extends over (—1,1).

I

If Cy is of type (H2) or (H3), then the real locus of the line bundle wg, is not orientable
over the connected component Y of the real locus containing the node. In order to apply
Corollary 2.9, one has to orient this connected component. The latter is diffeomorphic
to two St attached at the node. There are then four choices of orientation for this: two
for each S*. For each one of the four orientations of Y, Corollary 2.9 gives a homotopy
class of isomorphisms between w$, @ cho and (C?, conj), which in particular induces
a homotopy class of tr1v1ahzat10ns of Rw&? co @ 2Rwg, over Y. As before, this can be
extended to an isomorphism between w?fl D 2we ) and (C?, conj) over the whole family.
Let us denote by ¥ such an isomorphism. We claim that, for each one of the four
orientations of Y, the restriction W; of the isomorphism ¥ to a fiber w&? & 2wy, lies in
the canonical homotopy class of isomorphisms given by Corollary 2.9 for ¢ belonging to
one and only one connected component of I \ {0} and does not belong to the canonical
homotopy class if ¢ belongs to the other connected component of 7\ {0}. More precisely,
for this other connected component, the homotopy class of ¥, differs from the canonical
one by the induced spin structure of Rw% ® 2Rwg, over Yy, where Y; the smoothing
of Y over t € I (that is, the connected component of RC; that degenerates to Y when ¢
goes to 0). Thus, for ¢ in one connected component of 7\ {0}, the induced orientation of
detD g2 ® detdc is the canonical one, while, for ¢ in the other connected component, a

result of Fukaya, Oh, Ohta, and Ono (2009) says that the induced orientation of the line
detD, g2 ® detdc is the opposite one. Thus, if C is of type (H2) or (H3) the canonical

orientation on detDw?/gj ® detde over (—1,1)\ {0} does not extend over (—1, 1), proving
the result.

Let us now give an idea about the proof of the claim. Recall that Y is homeomorphic
to two circles, say S, and Sy, attached at a point. Consider two intervals [a_, ay] and
[b_,by] so that S, and S, are identified with respectively [a_,a] and [b_,b,] with the
two extrema glued together (so that Y obtained by gluing together the four extrema of
the intervals). Let us fix an orientation o, of S, and an orientation o, of S,. For the sake
of clearness, suppose that such orientation is the one obtained by orienting the intervals
l[a_,a;] and [b_, b | from left to right. Suppose that, for this choice of orientation, the
induced spin structure of Rw§? & 2Rwy, over Y, is the canonical one for ¢ > 0. We now
see that it cannot be the canonical one for t < 0. For this, remark that the circle Y;
for t > 0 is obtained by identifying a, with b, and a_ with b_, while Y; for t < 0 is
obtained by identifying a, with b_ and a_ with b,. Thus, passing from Y; with ¢ > 0
to Y; with ¢t < 0 is equivalent to flipping the orientation of the interval [b_,b,]. Thus
the trivialization over Y; with ¢ < 0 with respect to the given orientations o, and o, is
the same as the trivialization over Y; with ¢ > 0 but with respect to the orientations o,
and —o,. By Corollary 2.9, changing the orientation on one circle does change the spin
structure of the bundle Rwé? & 2Rwy, over Y, and then does change the spin structure
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on the nearby fibers. In particular, as we supposed that for ]Rw - @ 2Rwg, over Yy, with
t > 0, the spin structure is the canonical one, then for ¢t < 0 the spin structure is not
the canonical one. O

Let (C,z) — I be a flat family of stable real Riemann surfaces with [ pair of complex-
conjugate points such that Cj is a one-nodal real Riemann surface and the other fibers
are smooth. Recall that the canonical orientation on AZPRH(C, T*C%®?(z)) ® detdc is
induced by the canonical orientation on detDy«cs2 @ detde and by the second step of
the proof of Proposition 2.10. By repeating the reasoning of this second step and by
Proposition 2.13 one immediately gets the following corollary.

COROLLARY 2.14. — The canonical orientation on AtOPROW*wC/I( z) ® detde over
(—1,1) \ {0} extends over (—1,1) if and only if the node of Cy is of type (E) or (H1).

We now study how Serre duality and the Kodaira—Spencer isomorphism extend to a
family of nodal real curves. This is resumed by the following proposition.

PROPOSITION 2.15. — Suppose that the interval I = (—1,1) is embedded on RM,,; so
that 0 is in the main stratum of RMy; \ RM,; and t is in RMgy, for t # 0. Suppose
that (C,z) is the universal family over I. Then the orientation on the line bundle
AtOPROW*wC/I( z) @ AgPTRM,; over (—1,1)\ {0} induced by the composition of Serre
duality and the Kodaira—Spencer isomorphism does not extend over (—1,1).

Proof. — Serre duality extends to families without any issues, that is one has the
isomorphisms of vector bundles over I between Rlwf /1( z)* and R;7c//(—z), which
restricts to the classical Serre duality on each fiber.

Let us now study the Kodaira—Spencer isomorphism for the elements on I. First,
one writes the tangent space of RM,; along I as a direct sum of the normal bundle N/
of I in RMg,; and of the tangent space of I, that is TRM,;; = N @ TI. For any
t € I'\ {0}, we write RHl(Ct, TC(—z)) = A[Ct,gt} <) B[Ct,zt}a where A[Ct,gt] and B[Ctvzt}
are the images by the Kodaira—Spencer map of -/\[[Ct,gt] and Tic, ;) I. In particular, for
any t € (—1,1) \ {0}, one obtains the splitting

(7) AE)pRH1<Ct7TCt(_§t))* ® Aﬁé)pﬂct 2] Rﬂgl =
AtopA[Ct 2] ® AItR?p'/V’[Ctvét] ® BEka,,zt] ® T[Ctvét]l'

One shows that the restriction to N of the Kodaira—Spencer isomorphism can be
extended along the whole interval /. By this we mean that the vector spaces Ajc, . can
be put in family as a vector bundle A over I and that the Kodaira—Spencer map extends
to an isomorphism of vector bundles over I between N and .A. This extension of the
Kodaira-Spencer isomorphism orients the line bundle Ag? A* @ AxP N over I. We now
show that the orientation on B[*Ct,ét] ®Tc, £, 1 given by the Kodaira—Spencer isomorphism
does not extend across ¢ = 0. For this, denote by 6; € Big, . C RHl(Ct,TC’t) the
image by the Kodaira—Spencer isomorphism of the tangent vector —4; € Ti¢, .11 it t <0
and of the tangent vector % € T,z if t > 0. One can use the Concrete descrlptlon
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in Cech cohomology of the Kodaira-Spencer isomorphism to prove that the elements
0, = |t|6, € Bic, 2, can be put in family as an element 6 eI, R'm.Te/1(—z)). On the
contrary, the vector field defined by —% € Tic, 2,1 for t <0 and % € Tic,z I for t >0
cannot be extended to a vector field on I. Thus, since the positive direction of the line
B[*Ct&t} ®Tic, 2,1 is given by the element éj ® % if t > 0 and by éf ® (—%) if t <0, one
obtains that this orientation does not extend across t = 0.

Hence, we have that the induced orientation on Aﬁg’pArCt 2] ®ARPNe, 2, extends across
t = 0, while the orientation on Big, 2 ® Tic,,z) 1 does not extend across t = 0. The
splitting (7) then implies that the orientation on AfPRH(Cy, TCy(—z;))* @ AgPTRM
does not extend across ¢t = 0, which proves the result. O

COROLLARY 2.16. — The line bundle AEQPTRMQ,Z ® detde — ]RMQJ is canonically
oriented. Moreover, the canonical orientation of AﬁspTRﬂg,l ® detdc over R, M,
coincides with (—1)°®%) times the orientation given by Proposition 2.10.

Proof. — In Proposition 2.10, the orientation of AxPTR,M,; ® d?téc over [C, z] was
given by the canonical orientation of AyPRH(C,T*C%?%(z)) ® detdc followed by Serre
duality and the Kodaira—Spencer isomorphism which gives

AFPRH(C,T*C®?(2))* = ARPRHY(C,TC(~2)) = ARPTR,M,,.

By Corollary 2.14, the canonical orientation of AfPRH(C, T*C®?(z))®@detdc extends
if one crosses an element of the boundary of RM,; whose node is of type (E) or (H1)
and flips if one crosses an element of the boundary whose node is of type (H2) or (H3).

By Proposition 2.15, the orientation on AfPTR, M,,; ® AgPRH(C, T*C®%(z)) 2 R
given by Serre duality and the Kodaira—Spencer isomorphism flips every time we cross
an element of the boundary.

Hence, the induced orientation on AfprT R, Mg, & detdc flips every time we cross
an element of the boundary of type (E) or (H1) and extends otherwise. Crossing a
singularity of type (E) or (H1) changes the number of connected components of RY by
exactly one, while crossing a singularity of type (H2) or (H3) does not change the number
of connected components of RY.. Hence, the orientation of AiyPTRM, ;@detde — RM,,
extends to an orientation of AfPTRM,; ® detdc — RM,, after multiplication by
(—1)be®2) " that is, after reversing it on any component R, M, for which by(R,Y) is
odd. O

3. Real Gromov—Witten theory and real enumerative geometry

In this section, we describe some consequences of the results given in Section 2. In
particular, we define genus g real Gromov-Witten invariants with complex-conjugate
constraints for real-orientable symplectic manifolds of dimension 2n, with n odd, as well
as enumerative invariants for some real symplectic sixfolds. We restrict ourselves to the
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case of strongly semipositive real symplectic manifolds where a geometric definition of
Gromov—Witten invariants can be done. In the general case, one should introduce the
virtual fundamental class machinery to define GW-invariants, but this goes beyond the
scope of this introductory text.

3.1. Real Gromov—Witten theory

Recall how Ruan and Tian (1997) have constructed Gromov-Witten invariants for
compact semipositive symplectic manifolds. First consider a generic pair (J,v), where
J is a calibrated almost complex structure and v is a Ruan—Tian perturbation. One
then considers the space of simple (J, v)-holomorphic maps M, (X, A)* from smooth
domains, that is, maps u: (X, j) — (X, J) that do not factor through multiple covers
and solve the equation d;u = v. For generic (J,v), this moduli space is a smooth
manifold of the expected dimension 2¢;(A) + (2 — 2g)(n — 3) + 2k. The moduli space
M, (X, A)* is naturally oriented, essentially for the reasons we explained at the begin-
ning of Section 2.2.1. When X is semipositive (a condition similar to but weaker than the
one in Definition 3.5 below), the evaluation map ev: M, (X, A)* — X* is a so-called
pseudocycle. This informally means that the image of this map can be compactified by
adding the image of a smooth map from a manifold of dimension dim M, (X, A)* — 2.
In this case, ev (M, (X, A)*) defines a homology class in H,(X"*,Q) that turns out
to be independent of the choice of the generic (J,v). The product of the evaluation
map ev and the forgetful map § is also a pseudocycle that defines a homology class
in H,(X* x Mg, Q) which can be used to define mixed GW-invariants. A gentle
introduction to pseudocycles can be found in the book of McDuff and Salamon (2012).

Remark 3.1. — The reason why we use rational coefficients in the homology of X
instead of integer coefficients is because the Ruan—Tian perturbation v is in fact defined
on a finite cover of M, over which there is a universal family of curves, so one should
actually divide the class of ev (M, (X, A)*) by the degree of this cover, in order for
the homology class to be independent of the choices of v and the finite cover.

For real GW-invariants, one can do a similar construction as soon as the moduli
space of real maps is orientable and the evaluation map (or the product ev x § of the
evaluation map and the forgetful map) is a pseudocycle. The first condition is assured
by the real-orientability condition on X, and the second one by the strongly semipositive
condition given in Definition 3.5.

DEFINITION 3.2. — A J-holomorphic map u from P! to (X,J) is simple if it is not
multiple covered, that is it cannot be written as u = v o @, where p: P* — P! is a degree
d > 2 branched covering.

Let g,1 € Z>q be such that g+1 > 2. A real (J,v)-holomorphic map u from a genus g
real nodal curve (3,0,7) with | pairs of complex-conjugate marked points is simple
if the restriction of u to each non-stable irreducible component (which is necessarily
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a smooth P') of ¥ is simple and the images of any two such non-stable components
under u are distinct.

Let (X,w,0x) be a real symplectic manifold. As throughout the text, we assume that
X is compact. Let RM (X, A)* = Rﬂi;’(X, A)* be the subspace of RM, (X, A)
consisting of simple (J, v)-holomorphic real maps from domains with at most one node.
It turns out that, for (J, ) generic enough, RM, (X, A)* is a smooth manifold of di-
mension ¢;(A)+(1—g)(n—3)+2l, where dim X = 2n. The smoothness of RM,,;(X, A)*
follows from standard transversality arguments, which essentially use the Sard—Smale
theorem on the genericity of regular values for Fredholm maps between Banach manifolds.
The idea is as follows. One defines a universal moduli space consisting of elements of the
form (u, (J,v)) with u = [u, (X, 0, j, 2)], where u is a simple (J, v)-holomorphic real map
defined from a real Riemann surface (3,0, j) with at most one node and with [ pairs
of complex-conjugate marked points z and realizing the class A. This universal moduli
space is a Banach manifold which admits a natural map to the space of pairs (J,v). It
turns out that this map is a Fredholm map, and thus by the Sard—Smale theorem the
regular values form a Baire subset. The preimage of (J,v) is exactly Rﬂ;f(X A,
which then is smooth for (J,v) generic. The dimension ¢;(A) + (1 — g)(n — 3) + 20 is
an index computation and follows from the Riemann—Roch theorem.

Remark 3.3. — If we had removed the “simple” condition in the previous argument, the
associated universal moduli space would not have been a Banach manifold, and therefore
we could not have used the Sard-Smale theorem. This is not only a problem in the proof,
though, but a serious problem in the theory of moduli spaces of .J-holomorphic curves:
it is known that transversality fails if one includes multiple covers, that is RM, (X, A)
is highly singular in general, and contains components of dimension bigger than the
expected one.

We now collect the main results proved by Georgieva and Zinger (2018) and comment
on them.

THEOREM 3.4. — Let (X,w,0x) be a real-orientable symplectic manifold of dimension
2n, with n odd. Let A € Hy(X,Z) and g, € Z>o with g +1 > 2. Then, for (J,v)
generic enough, the moduli space RM, (X, A)* is an orientable manifold of dimension
c1(A) + (1 —g)(n—3)+2l. Moreover, the choice of a real orientation of (X,w,ox)
orients RM, (X, A)*.

Proof. — The smoothness of RM, (X, A)* was treated in the previous paragraph and,
as mentioned, is a standard argument in the theory of moduli spaces. Zinger (2017)
gave all the necessary details. Let us now study the orientability question. Consider
an element u = [u,(3,0,7,2)] in RM, (X, A)*, where z is a collection of [ pairs
of complex-conjugate marked points. Assume that (X, 0,7, z) is stable. Then, the
forgetful map f: RM, (X, A)* — RM,, gives an isomorphism between the tangent
space of RM, (X, A)* at u and the direct sum of the tangent space at u of the fiber
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f~1(f(u)) (which is isomorphic to kerD,; see Example 1.5) with {*TjRM,;. Taking
the determinant of these vector spaces one gets an isomorphism

ARPTRM (X, A) = detD,, @ F* AP Tiw) RM .

In order to orient RM,;(X, A)* at u, one needs to orient detD, @ F* AP TjwRM,,.
By Corollary 2.8, a real orientation of (X,w,ox) orients detD, ® (detdc)®", while by
Corollary 2.16, f*Aﬁngf(u)Rﬂg’l ® detdc is canonically oriented. In particular, a real
orientation orients detD,, ® J*AgPTiwRM,; @ (detde)®™ . If n is odd, (detdg)®"+Y)
is canonically oriented. This proves the result when the source f(u) = (%,0,j,2) is
stable. The remaining case is proved by adding auxiliary complex-conjugate marked
points (in order to have a stable source) and by remarking that the fibers of the natural
forgetful morphism RM ;4. (X, A) — RM, (X, A) are canonically oriented O

DEFINITION 3.5. — A symplectic 2n-manifold (X,w) is strongly semipositive if, for
any spherical class A € Hy(X,Z) (i.e. a class realized by a smooth map u: S* — X)
such that (w, A) > 0 and ¢;(A) > 2 —n, one has ¢c;(A) > 1.

The main example of strongly semipositive symplectic manifolds are smooth Fano
projective manifolds. For strongly semipositive real symplectic manifolds equipped
with a real orientation, one obtains that the evaluation map ev: RM, (X, A)* — X'
mapping u = [(u, (3, 0,7),2)] to (u(z]),...,u(z")) is a pseudocycle. This intuitively
means that dim(ev(RM, (X, A) \ RM, (X, A)*) < dim(ev(RM,, (X, A)*)) — 2 and
then that the image ev(RM, (X, A)*) defines a homology class of X' whose intersection
with cohomology classes of X! defines real Gromov—Witten invariants.

COROLLARY 3.6. — Let (X,w,0x) be a strongly semipositive real-orientable symplectic
manifold of dimension 2n, with n odd. Let A € Hyo(X,Z) and g,1 € Z>o with g +1 > 2.
Fix a real orientation of (X,w,ox). Then for any (J,v) generic enough, the evaluation
map from RM, (X, A)* (resp. the product of the evaluation map with the forgetful map)
is a pseudocycle, and thus defines a class in H.(X', Q) (resp. in H.(X' x RM,,;,Q)) of
degree ¢1(A) + (1 — g)(n — 3) + 21, which is independent of the choice of generic (J,v).
Intersecting cohomology class of X' (resp. X' x RM,,;) with the previous pseudocycles
defines real Gromov—Witten invariants of X.

As mentioned in Remark 3.1, one should actually divide the homology class of
ev(RM, (X, A)*) by the degree of the covering of RM,,; used to define the real Ru-
an—Tian perturbation v. That is, if b is the degree of this covering, then the real
Gromov-Witten invariant GW ;% (v, ..., a) is defined as

(3 [ev (BMy (X, A))], 01 -+ X au).

Proof. — By Theorem 3.4, for generic (J,v), the space RM, (X, A)* is a smooth
manifold of dimension ¢;(A) + (1 — g)(n — 3) + 21 which is oriented by a real-orientation
of (X,w,0x). The condition that (X,w,ox) is strongly semipositive ensures that
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ev(RM, (X, A) \ RM, (X, A)*) (resp. (ev x f)(RM (X, A) \ RM, (X, A)*)) has
dimension strictly smaller than ¢;(A)+ (1 —g)(n—3)+ 20— 1, and thus that one obtains
a pseudocycle. Moreover, given a generic family (J;, 1) of almost-complex structures
and of real Ruan—Tian perturbations, one can show that there is a cobordism between

the correspondent family of pseudocycles, and thus that the homology class in H, (X!, Q)
(resp. in H.(X' x RM,,,Q)) is independent of the generic choice of (J,v). O

For certain real symplectic sixfolds, it is also possible to define real GW-invariants
with real points insertions as well, as described by the following result.

THEOREM 3.7. — Let (X,w,0x) be a strongly semipositive real-orientable symplectic
manifold of dimension 6. Suppose that c1(A) = (c1(X), A) is a multiple of 4, for any
A€ Hy(X,Z). Then for any (J,v) generic enough, for any A € Ho(X,Z) and l and k
in Zso with l+k > 1, a real orientation of (X,w,ox) determines a real Gromov—Witten
invariant GWT% (pt!; pt*), which is a signed count of genus one real (J,v)-holomorphic
maps passing through | pairs of complex-conjugate points and k real points in X .

For example, (P3, conj) verifies the hypothesis of the previous theorem. The moduli
spaces involved in the proof of Theorem 3.7 are the moduli spaces RM; (X, A)*
of genus one real (J, v)-holomorphic maps together with [ pairs of complex-conjugate
marked points and k real marked points. These moduli spaces are not orientable in
general, so the evaluation map in this case is not a pseudocycle (for a pseudocycle, one
needs smooth oriented manifolds). The proof of Theorem 3.7 is obtained by showing
that a divisor Z representing the first Stiefel-Whitney class of RM ; (X, A)* (which is
responsible for the non-orientability) is not crossed by the preimage by the evaluation
map of a generic path of [ pairs of complex-conjugate points and k real points. In
this part of the proof, the condition (c¢;(X), A) € 4Z is crucial. This preimage is
then always included in the complement of the divisor Z, which is oriented by a real
orientation of (X,w,ox). Such orientation then defines a signed count of genus one real
(J,v)-holomorphic maps passing through a generic configuration of [ pairs of complex-
conjugate points and k real points, which is independent of the generic choice of the
configuration of points as well as the generic choice of (J, v).

3.2. Applications to real enumerative geometry

The invariants we have discussed in the previous section can be used to define enu-
merative invariants for sufficiently positive real-orientable symplectic sixfolds, as shown
by Georgieva and Zinger (2019a) for the genus one case and by Niu and Zinger (2018)
for the higher genus case (see Theorem 3.8). Such enumerative invariants give lower
bounds in real enumerative geometry, and thus they can be seen as a higher genus
analogue of Welschinger invariants. Let us see how these invariants are defined.

Let (X,w,ox) be a strongly semipositive real-orientable symplectic manifold of di-
mension 2n = 6. Fix A € Hy(X,Z). Let a,...,q; be cohomology classes of X such
that 3!, dega; = ¢;(A) 4+ 2l. Let h;: Y; — X be a pseudocycle representative of the
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Poincaré dual of o;. Fix J € RJ(X,w) generic. Let RM (X, A h) be the set of
J-holomorphic real maps u: (3,0,j) = (X,0x,J) from smooth real Riemann surfaces
(3,0,7), that do not factor through multiple covers (i.e. that can not be written as
u=wvop, with p: (X,0,j) = (¥',0',5) of degree > 2), with [ pairs of conjugate marked
points z = {(z;", 2, ) }i=1...; such that u(z) € hi(Y;). A real orientation on X endows
RM; (X, A)* with an orientation and thus, if the set

~ ()

is finite and regular (that is, the map ([u,z], (v;):) — (u(zj),hz(yz)) € X! x Xlis
transverse to the diagonal in X! x X!), it gives an orientation s(u) € {—1,+1} to
any curve u = (u,z) € RM; (X, A h). For generic J and a generic choice of the
pseudocycle representative h;, the previous set is indeed finite and regular. Denote by

Woa(hy, - e, J) = 2uerM! (x.Am S(u).

RMJ (X, A, h) = {([u,z] (vi):) € RMY,

THEOREM 3.8. — Let (X,w,0x) be a strongly semipositive real orientable symplec-
tic manifold of dimension 6 equipped with a real orientation. If c¢1(A) > 0 then
WiA(hy, -+ hy, J) does not depend on the generic choice of J and of the represen-
tatives of the Poincaré duals of the «;’s.

As a consequence, the number W% (hy, - -+, hy, J) can be denoted by W% (a1, . .., ay).
By construction, such invariants are signed counts of genus g real J-holomorphic curves
passing through generic representatives of the Poincaré duals of the constraints «;.
Their absolute value gives lower bounds in real enumerative geometry, that is it bounds
from below the number of genus g real J-holomorphic curves passing through generic
representatives of the Poincaré duals of the constraints «;.

The next theorem gives an explicit relation between the higher genus Welschinger
invariants and the real Gromov—Witten invariants of the previous section. Remark
that the latter are signed counts of real (J,v)-holomorphic curves, and not of real
J-holomorphic curves.

THEOREM 3.9. — For any A € Hy(X,Z) with ¢1(A) > 0, the genus g real
G W-invariants and the genus g W-invariants verify the following relation

GWA(Oq,..., Z C/A<g2g>W/A(CY1,...,CYl)

0<g’'<g
g—g' €27

where the coefficients Cy o (Q_Tg/) are rational numbers defined by the formula

sinh(¢/2) ) blter(4)/2

ZC” a)t™ = ( t/2

for any positive integer b € Zxy.
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For example, Cy 4 (0) = 1, which implies that the genus one real GW- and W-
invariants are equal. In particular the genus one real Gromov-Witten invariants of a

29’ —2+ci1 (A)
48

real-orientable Fano threefold are enumerative. The value of Cy 4 (1) is and

so the genus two real GW-invariants verify GWy 3 = W73 + Cl(fg 2 Woi

In Theorem 3.9, the formula relating the two invariants is invertible, in the sense
that, from that, one can obtain a formula expressing the genus g Welschinger invariant

W74 from the real Gromov-Witten invariants GWj%, with g" < g. Theorem 3.8 is
then a consequence of Theorem 3.9 and of the invariance of the real Gromov—Witten
invariants.

Theorems 3.8 and 3.9 also apply for the genus one real Gromov-Witten invariants
of Theorem 3.7 and thus they allow one to give lower bounds for genus one real
J-holomorphic curves passing through a real configuration of points (pairs of complex-
conjugate points as well as real points) as soon as we are in the hypothesis of Theorem 3.7,
for example for the projective space (P?, conj).

Theorems 3.8 and 3.9 are proved by Georgieva and Zinger (2019a) in genus one
and by Niu and Zinger (2018) in the general case. They are the real analogues of a
theorem by Zinger (2011) in the complex/symplectic setting in which he confirmed the
Gopakumar—Vafa prediction for Fano classes in symplectic sixfolds, as conjectured by
Pandharipande (1999).

One advantage of Theorem 3.9 is that one has an explicit formula to compute the
enumerative W-invariants from the real GW-invariants. In some good situations (like in
projective spaces) the latter can be computed using the equivariant localization formula.
The equivariant localization formula of Atiyah and Bott (1984) informally says that
the integral of a closed differential form over a manifold on which there is an action
of a torus can be computed in terms of an integral over the fixed locus of the action.
To formalize this, one should use equivariant cohomology. In GW-theory, this formula
was first used by Kontsevich (1995) to enumerate rational curves in projective spaces.
Indeed, the natural action of the torus (C*)"™ on P" induces an action on My 1 (P", d)
and then GW-invariants can be computed in terms of the fixed locus of the induced
action. In higher genus, the moduli space of stable maps are highly singular, and then
one needs to use the virtual localization formula of Graber and Pandharipande (1999)
to compute higher genus GW-invariants of P". Georgieva and Zinger (2019a) have done
all the necessary computations for the equivariant localization formula in the case of
(P*"~1 conj) (and of some complete intersections), that is, they computed the fixed
loci of the induced action of the torus on RM, (P**~! d) as well as the equivariant
Euler classes of their normal bundles. Explicit calculations of some real GW-invariants
of P3 for genus g < 5 and degree d < 8 were made by Niu and Zinger (2018). Such
computations, together with Theorems 3.8 and 3.9, imply that in P? there are at least:
4 genus 1 degree 6 real curves passing through 6 general pairs of conjugate points, 10
genus 2 degree 7 real curves passing through 7 general pairs of conjugate points and 40
genus b degree 8 real curves passing through 8 general pairs of conjugate points. These
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computations join the list of existence results in real algebraic geometry given by the
calculation of a Gromov-Witten or Welschinger invariant. For example, by computing
Welschinger invariants of (P2, conj), Itenberg, Kharlamov, and Shustin (2003) proved
there are at least d!/2 real rational curves of degree d through any 3d — 1 generic points
in RP2. Before the discovery of Welschinger (2005a,b, 2007a) and the computation of
his invariants it was not known whether a degree d real rational curve always passes
through any generic 3d — 1 points in RP? (even for degree 4).

These enumerative invariants are then a powerful way to show the existence of curves
passing through given constraints. However, their computation is often a challenging
problem. In dimension 4, Welschinger invariants have been extensively studied. For
example, they have been computed for all real algebraic rational surfaces, as a conse-
quence of the work of many people (see the papers of Itenberg, Kharlamov, and Shustin
(2003, 2013b,a, 2015), Welschinger (2007b), Brugallé and Mikhalkin (2009), Chen (2022)
and Brugallé (2015, 2020), and references therein). Recently, Chen (2022) proved a real
Witten-Dijkgraaf-Verlinde-Verlinde (WDVV) relation for Welschinger invariants in real
symplectic fourfoulds, as predicted by Solomon (see Horev and Solomon (2012)).

In dimension greater than or equal to 6 much less is known. The invariants W 4
of (P?"~1 conj) and of (P!, 7) with complex-conjugate constraints were computed
respectively by Georgieva and Zinger (2017) using a real WDV'V relation by pulling a
relation on RM 3 and by Farajzadeh Tehrani and Zinger using the localization formula
(see the appendix to the paper of Farajzadeh Tehrani (2016)). Recently, Chen and
Zinger (2021) proved a real WDVV relation for Welschinger invariants for some real
symplectic sixfolds.

For (P3 conj), Brugallé and Georgieva (2016) computed the degree d genus 0
Welschinger invariants where the constraints are real configurations of points with
at least two real points. These invariants were known to vanish in even degree d for
symmetric reasons, as firstly remarked by Mikhalkin. In this case, one can ask if there
exists a real configuration of points for which there are no degree d real rational curves.
Kollar (2015) showed that such a configuration indeed exists and its construction was
actually the starting point for the result of Brugallé and Georgieva. Recently, Nguyen
(2023) generalized the methods of Kollar and of Georgieva and Brugallé to compute
genus 0 Welschinger invariants of many Fano threefolds and proved a sharpness result in
such cases. By sharpness of a Welschinger invariant, we mean that the lower bound in
real enumerative geometry given by it is sharp, that is, there exists a real configuration
of points such that the number of real rational curves passing through it and realizing
a given homology class is equal to the absolute value of the correspondent Welschinger
invariant. Remark also that Welschinger (2007b) already proved a sharpness result for
his invariants in dimension four. This raises the question if the higher genus Welschinger
invariants defined by Georgieva and Zinger (2018, 2019a) and by Niu and Zinger (2018)
and presented in this section are also sharp.
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Another natural question comes from a result of Brugallé¢ (2020) in which he proved
a strong invariance property for the Welschinger invariants in dimension 4. It may
be intriguing to investigate such strong invariance for the higher genus Welschinger
invariants presented in this section.

Finally, we observe that Welschinger invariants have been computed or estimated
using very different methods than those mentioned in this text. As a guise of example,
Welschinger (2007b) and Brugallé and Puignau (2015) used symplectic field theory;
[tenberg, Kharlamov, and Shustin (2003, 2013b), Brugallé and Mikhalkin (2009), Arroyo,
Brugallé, and Medrano (2011) used tropical geometry. It would be interesting to use
such techniques to study or compute the real Gromov—Witten invariants discussed in
this text.
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