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TWO PROOFS OF THE P =W CONJECTURE
[after Maulik—Shen and Hausel-Mellit—-Minets—Schiffmann)|

by Victoria Hoskins

INTRODUCTION

For a smooth projective complex algebraic curve C', non-abelian Hodge theory of
Hitchin (1987b) and Donaldson (1983, 1987), Corlette (1988) and Simpson (1994a, 1988,
1992) provides a real analytic isomorphism

(1) MR(C) = M4 (C)

where MP9(C) is the Dolbeault moduli space of rank n degree d semistable Higgs
bundles (E,0: E — E ® wc) on C and M} ;(C) is the Betti moduli space of d-twisted
n-dimensional representations of the fundamental group m(C).

These moduli spaces are complex algebraic varieties, and are smooth when n and d
are coprime; however, the above isomorphism is transcendental and does not preserve
the complex structures on these moduli spaces. In particular, the Dolbeault moduli
space depends on the complex structure of C', whereas the Betti moduli space only
depends on the topology (i.e. the genus) of C. The Betti moduli space is affine via its
construction as an affine geometric invariant theory quotient, while the Dolbeault moduli
space contains many compact subvarieties that appear as fibres of the Hitchin map. The
Hitchin map is a proper morphism h: M}%(C) — A, to an affine space which records
the coefficients of the characteristic polynomial of the Higgs field 6: F — EF®w¢ viewed
as a twisted endomorphism of the vector bundle E. By the spectral correspondence
(Beauville, Narasimhan, and Ramanan, 1989; Hitchin, 1987b; Schaub, 1998), the general
fibres h'(a) are abelian varieties isomorphic to the Jacobian of an associated spectral
curve C, C T*C := Tot(w¢), which is a degree n cover of C.

The homeomorphism (1) induces an isomorphism on cohomology, but this does not
preserve mixed Hodge structures. Assume from now on that n and d are coprime. Then
the Hodge structure of the Dolbeault moduli space is pure, as there is a G,,,-action which
scales the Higgs field and provides a deformation retract onto its fixed locus, which is a
smooth projective subvariety. The mixed Hodge structure on the Betti moduli space is
genuinely mixed and does not see the complex structure of C'; in fact, it turns out to
be of Hodge-Tate type. Consequently, one can ask if the non-trivial weight filtration
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on the cohomology of the Betti moduli space has a geometric interpretation on the
Dolbeault side via non-abelian Hodge theory.

Hausel and Rodriguez-Villegas (2008) spotted a symmetry in the Hodge numbers
of Betti moduli spaces and formulated a Curious Hard Lefschetz conjecture relating
opposite graded pieces of the weight filtration; they proved this in rank 2 and Mellit
(2019) recently proved this in higher ranks. This lead de Cataldo, Hausel, and Migliorini
(2012) to formulate (and prove in rank n = 2) the P = W conjecture: the weight filtration
W on the cohomology of the Betti moduli space should correspond to the perverse Leray
filtration P associated to the Hitchin map on the Dolbeault moduli space. This would
imply that the Curious Hard Lefschetz property is explained by the Relative Hard
Lefschetz Theorem for the Hitchin map. In 2022, two independent proofs of the P = W
conjecture were given by Maulik—Shen (MS) and Hausel-Mellit—-Minets—Schiffmann
(HMMS).

Although these two proofs are very different, they share a common starting point:
the cohomology of the Dolbeault moduli space is generated by certain tautological
classes obtained from Kiinneth components of the Chern classes of the universal Higgs
bundle & — M9 x C' by work of Markman (2002). If these tautological classes are
appropriately normalised, their weights are known by work of Shende (2017). Since
the weight filtration is multiplicative (i.e. the cup product adds weights), the P = W
conjecture can be studied entirely on the Higgs moduli space as a question about the
interaction between products of tautological classes and the perverse filtration. One key
challenge is that the perverse filtration is not in general multiplicative.

Maulik and Shen reduce the P = W conjecture to a sheaf-theoretic property they
call strong perversity for cup products with tautological classes in the derived category
of constructible sheaves over the Hitchin base. To prove that the Chern classes of the
universal bundle have the predicted strong perversity, they work with parabolic moduli
spaces appearing in Yun'’s global Springer theory (Yun, 2012, 2011). The parabolic
structure is given by a full flag in a fibre and induces certain tautological line bundles
which have the desired strong perversity over an open in the Hitchin base by work of
Yun. Using the decomposition theorem (Beilinson, Bernstein, and Deligne, 1982), this
would automatically extend to the whole Hitchin base if the parabolic Hitchin map had
full supports. Unfortunately, this is not the case, but previous work of Maulik and Shen
(2021) that builds on work of Ng6 (2006, 2010) and Chaudouard and Laumon (2016)
offers a solution: instead of classical Higgs bundles, consider D-twisted Higgs bundles
(E,0: E — E ®wc(D)) for an effective divisor D. Maulik and Shen prove a parabolic
support theorem for D of sufficiently high degree and then pass from D-twisted Higgs
bundles to classical Higgs bundles via a vanishing cycles argument as in Maulik and
Shen (2021). Consequently, they deduce the image of the weight filtration under non-
abelian Hodge theory is contained in the perverse filtration and conclude they are equal
using the Relative and Curious Hard Lefschetz Theorems.
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Hausel, Mellit, Minets and Schiffmann approach the P = W conjecture by con-
structing Lie algebras acting on the cohomology using two natural operations on the
cohomology of Higgs moduli spaces (or rather their stacks): cup products with tauto-
logical classes and Hecke correspondences that modify a vector bundle at single point
in C'. By the Relative Hard Lefschetz Theorem for the Hitchin fibration, a choice of
relatively ample divisor class provides an identification between opposite graded pieces
of the perverse filtration and defines a nilpotent operator on the associated graded
vector space that can be extended to an sly-triple (e, f, h) whose h-graded pieces are the
perverse graded pieces. The idea is to find a lifted sly-triple acting on the cohomology
(rather than the associated graded object for P) where the first two operators come
from tautological and Hecke operators respectively, the third induces the perverse filtra-
tion and the tautological classes are h-eigenvectors in order to describe the interaction
between tautological classes and the perverse filtration. The desired sly-triple is found
by considering an action of a much larger Lie algebra Hy of polynomial Hamiltonian
vector fields on the plane and by using the spectral correspondence to instead work with
sheaves on surfaces and their cohomological Hall algebras as in Mellit, Minets, Schiff-
mann, and Vasserot (2023). In this story, there is again a technical problem to overcome:
Hecke correspondences do not preserve semistability and so first a result is shown on
the elliptic locus, where the spectral curves are integral, and then parabolic bundles
are used to pass from the elliptic locus to the whole moduli space. This proof actually
shows the perverse and weight filtrations both coincide with the filtration induced by
this sly-triple and also gives a new proof of the Curious Hard Lefschetz Theorem.

Recently, a third proof due to Maulik, Shen, and Yin (2023) appeared, which offers
a new perspective; we do not include the details due to lack of time and space but
merely mention the main results. A key theorem is that the elliptic locus is a twisted
(self)-dualisable abelian fibration satisfying Fourier vanishing; this builds on Arinkin’s
work on compactified Jacobians of locally planar integral curves (Arinkin, 2013). For
any such fibration, Maulik, Shen, and Yin (2023) prove a (motivic) decomposition
and show that the perverse filtration is multiplicative; hence the tautological operators
have the expected perversity and the Chern filtration (see §2.4.1) is contained in the
perverse filtration, which suffices to conclude the equality P = W using the Curious
Hard Lefschetz Theorem.

Although the methods of proofs are very different, they involve similar moduli spaces
(for example, parabolic Higgs bundles and elliptic loci appear in all three proofs). The
third proof (Maulik, Shen, and Yin, 2023) may come closer to relating to the approach
in (HMMS) as follows. As a consequence of the semi-classical limit of the geometric
Langlands correspondence, the Hitchin fibration is expected to be self-dual, in the
sense that there is a derived equivalence which should exchange Hecke operators and
certain tautological operators. This expectation is realised over the regular locus by
Donagi and Pantev (2012) and over the elliptic locus by Arinkin (2013). Furthermore,
Polishchuk (2007) produced actions of sly (and #5) on the rational tautological Chow
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ring of the Jacobian of a curve using the Fourier transform, which suggests a possible
deeper relation between Maulik, Shen, and Yin (2023) and (HMMS).

The goal of this report is to give an overview of the main ideas in the proofs of
Maulik—Shen (MS) and Hausel-Mellit-Minets—Schiffmann (HMMS), and the relevant
background.

Many of the techniques and ideas in the proofs play an important role in the study
of moduli spaces more generally: operators constructed from tautological classes and
natural correspondences generate actions of interesting algebras in various contexts,
such as Hilbert schemes (Nakajima, 1997; Grojnowski, 1996), infinite symmetric powers
(Kimura and Vistoli, 1996), Jacobians (Polishchuk, 2007) and CoHAs (Mellit, Minets,
Schiffmann, and Vasserot, 2023). Furthermore vanishing cycles, support theorems and
duality for abelian varieties are important tools for studying (Higgs) moduli spaces.

0.1. Structure of the paper

In §1, we introduce the moduli spaces and recall non-abelian Hodge theory, then
provide some background on mixed Hodge structures and perverse sheaves in order to
state the P = W conjecture. In §2, we introduce the tautological classes and state
Markman’s result on tautological generation and Shende’s computation of the weights
of the tautological generators; this leads to various reformulations of the P = W
conjecture purely in terms of the interaction of the perverse filtration with tautological
classes on the Dolbeault side. Finally in §3 and in §4 respectively, we discuss the proofs
of Maulik—Shen (MS) and Hausel-Mellit—Minets—Schiffmann (HMMS).

0.1.1. Acknowledgements. — 1 am grateful to Junliang Shen, Olivier Schiffmann,
Alexandre Minets and Anton Mellit for answering various questions related to their
proofs. I would like to thank Simon Pepin Lehalleur for many helpful discussions,
and Ariyan Javanpeykar, Mirko Mauri, Alexandre Minets, Ben Moonen, Simon Pepin
Lehalleur and Junliang Shen for comments on a preliminary version.

1. MODULI SPACES AND THE P =W CONJECTURE

Throughout, we let C' denote a smooth projective geometrically connected algebraic
curve of genus g over a field k, which will often be the complex numbers.

1.1. Moduli spaces and non-abelian Hodge theory

The terminology non-abelian Hodge theory is used to indicate a generalisation of
classical Hodge theory, which relates various cohomology theories with coefficients in the
abelian group C, to a version taking values in the non-abelian coefficient group GL,,(C)
and leads to diffeomorphism of various moduli spaces related to these cohomology
theories.
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For a smooth complex projective variety X, the de Rham isomorphism and Hodge

decomposition give isomorphisms
HE(X™, C) ~ Hip (X*,C) ~ P H(X)
p+q=Fk

between the (topological) Betti cohomology of singular cochains on the underlying
topological space X" the (differential geometric) de Rham cohomology groups and
the (holomorphic) Dolbeault cohomology groups, which can be expressed as sheaf co-
homology groups via the Dolbeault isomorphisms H??(X) ~ H(X,Q%). The Hodge
decomposition involves relating both cohomology theories to harmonic operators; simi-
larly, harmonic metrics also play a central role in the non-abelian version of this story.

Let us focus on the case of a smooth complex projective curve C. We have

HE(C™, C) ~ Hir(C*™,C) ~ H™(C)® HY(C) ~ HY(C,0¢) ® H°(C, we).

The idea of non-abelian Hodge theory is to replace the abelian coefficient group C with
the non-abelian coefficient group GL,(C). For n = 1, on the Betti side we have

Hy(C,C*) ~ Hom(7,(C), C*) = Rep(m.(C), C*)

characters of the fundamental group and on the Dolbeault side we have pairs consisting
of a holomorphic line bundle parametrised by H*(C, OF) ~ Pic(C) and a holomorphic
1-form parametrised by H°(C,wc). For n > 1, the Betti moduli space Mg (C)
parametrises representations 7 (C)) — GL,(C) and the Dolbeault moduli space MR¢(C)
parametrises certain rank n degree 0 holomorphic vector bundles on C' equipped with a
Higgs field, which is a bundle endomorphism twisted by the canonical line bundle we.
We formally introduce these moduli spaces below. The non-abelian Hodge theorem gives
a real analytic isomorphism between the Dolbeault and Betti moduli spaces, which is
not compatible with their complex structures. The proof uses the existence of certain
harmonic metrics and a third de Rham moduli space of holomorphic bundles with
connections appears; however, we will not introduce the de Rham side, as the P = W
conjecture relates only the Betti and Dolbeault moduli spaces.

Non-abelian Hodge theory can be viewed as a complexification of the Narasimhan—
Seshadri Theorem, which relates irreducible unitary representations of the fundamental
group with stable vector bundles. The notion of stability appearing here was introduced
by Mumford to construct moduli spaces of (semi)stable vector bundles as geometric
invariant theory quotients. We begin by introducing moduli spaces of vector bundles
and the Narasimhan—-Seshadri theorem, before proceeding to non-abelian Hodge theory.

1.1.1. Moduli of semistable vector bundles. — In this section, we can work over an
arbitrary field k. The slope of a vector bundle FE on C' is u(F) := deg(F)/rk(E) and
we say F is semistable (respectively stable) if for every proper subbundle E' C E, we
have p(E') < u(E) (respectively a strict inequality). Any semistable vector bundle E
has a (non-unique) Jordan—Hélder filtration 0 = Ey C Ey C -+ E; = E by subbundles
whose successive quotients are stable of the same slope as E; the associated graded
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object gr(E) = ®l_,E;/E;_; is unique and is polystable (that is, it is a direct sum of
stable vector bundles of the same slope). Two semistable bundles are S-equivalent if
their Jordan—Holder graded bundles are isomorphic. Every vector bundle has a unique
maximally destabilising subbundle, which is a maximal subbundle of maximal slope;
this inductively gives rise to a unique Harder—Narasimhan filtration whose successive
quotients are semistable with decreasing slopes. If k is not algebraically closed, then
stability is not an open property, but by also asking for the base change to an algebraic
closure to be stable, we obtain a notion of geometrically stable, which is open in families;
we will mostly suppress this subtlety as we are primarily concerned with the case
when k = C. We will also focus on vector bundles of coprime rank and degree, where
semistability is equivalent to (geometric) stability.

Consider the moduli functor N ;,(C): Schy — Sets that sends a k-scheme T' to
the set of vector bundles on C' x T which are fibrewise geometrically stable of rank n
and degree d modulo the relation £ = F @ m.L for a line bundle £ on T (we allow
tensoring by pullbacks of line bundles on 7" to make this a Zariski sheaf). This moduli
functor is coarsely represented by a scheme N, = Ny ,(C), which we refer to as the
moduli space of stable vector bundles. By deformation theory, T[E]J\/',id ~ Extl(E, E)
and the obstructions to smoothness (of the stack) lie in Ext? and so vanish on a
curve. Since (geometrically) stable bundles £ only have scalar automorphisms, we have
X(E,E) = Yis0(-1)'dimExt’(E, E) = 1 — dimExt'(E, E). Hence, N}, is smooth
and, for g > 1, we have by Riemann—Roch

dim(N3 ) = —x(E,E)+1=n*(g—1) + 1.

Over k, stable bundles exist for all n and d provided g > 1; thus /\/id is non-empty.

The stable moduli space has a compactification, the moduli space N, 4 = N, 4(C) of
(S-equivalence classes of) semistable vector bundles, which is constructed via geometric
invariant theory as a projective variety (Mumford, Fogarty, and Kirwan, 1994; Newstead,
1978; Seshadri, 1967). Its geometric points parametrise polystable vector bundles of
rank n and degree d on C. Over the complex numbers, N, ;4 can also be constructed
as a (real) symplectic reduction of a gauge group acting on the space of holomorphic
structures on a fixed smooth complex vector bundle (Atiyah and Bott, 1983).

If n and d are coprime, semistability and stability coincide and N,f’d = N, is a
smooth projective variety. If also C'(k) # (), then N, 4 is a fine moduli space, as there
is a universal family & — N7, x C obtained via pullback from the stack of stable
rank n and degree d bundles, which is a neutral G,,-gerbe over N, 4 (see Heinloth, 2010,
Corollary 3.12). Conversely, if n and d are non-coprime, N ; does not admit a universal
family (Ramanan, 1973).

1.1.2. The Narasimhan—Seshardi correspondence. — Assume now that k = C. Given
a unitary representation p: m1(C) — U(n) (or equivalently a unitary local system), one
can construct an associated rank n degree 0 vector bundle

E, =€ x"C"
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from the representation p and the 71 (C)-bundle given by the universal cover C' — C'.

THEOREM 1.1 (The Narasimhan-Seshadri Theorem (Narasimhan and Seshadri, 1965))
A degree O holomorphic vector bundle on a smooth projective curve C' of genus g > 2
is stable if and only if it arises from an irreducible unitary representation.

Although this statement concerns an individual vector bundle, its proof uses moduli
spaces: the (harder) forward direction involves showing that the natural map from the
moduli space of irreducible unitary representations to the moduli space of stable vector
bundles is a surjective real-analytic submersion by a deformation theory argument.

Narasimhan and Seshadri moreover proved for arbitrary d that N,, 4(C') is real analyti-
cally isomorphic to a moduli space of twisted unitary representations of the fundamental
group, which can be viewed as unitary representations of the fundamental group of a
punctured curve with prescribed monodromy at the puncture depending on d. The
analogue of these moduli space of twisted unitary representations obtained by replacing
U(n) with GL,(C) are the twisted Betti moduli spaces (see §1.1.3) appearing in the
non-abelian Hodge correspondence.

Let us outline a gauge-theoretic proof of the Narasimhan-Seshadri Theorem due to
Donaldson (1983), as similar ideas are used in the non-abelian Hodge correspondence.
Donaldson proved that a vector bundle is polystable if and only if it admits a Hermitian
metric whose associated unitary Chern connection is projectively flat (such connections
are called Hermitian—Finstein). For a vector bundle with such a Hermitian—Einstein
connection, one can use the Chern—Weil description of the degree to prove the inequality
needed for (poly)stability. Conversely, to find such a Hermitian—FEinstein connection
on a (poly)stable vector bundle, Donaldson considered the Yang—Mills flow and used
Uhlenbeck compactness and stability to show the limit lies in the same gauge orbit.

1.1.3. The Betti moduli spaces of representations. — By replacing the unitary group
U(n) with its complexification GL,(C), we can take an algebro-geometric quotient of
the conjugation action on the space of representations m (C') — GL,(C) using geometric
invariant theory (Mumford, Fogarty, and Kirwan, 1994). The resulting quotient is an
affine complex variety and is known as the Betti moduli space or character variety.
Similarly to Betti cohomology, it forgets the complex structure on C' and only depends
on the underlying topological space.

We can define the Betti moduli space over an arbitrary field k and may replace
GL, with any reductive Lie group G over k (and one can also replace C' with a higher
dimensional variety). For the conjugation action of G on the affine variety

Rep(m(C),G) == {(A1,..., Ay, By, ..., By) € G* : [[[Ai, B;] = I},
i=1
there is an associated affine GIT quotient Mg = Mg(C') := Rep(m1(C), G)//G given by
taking the spectrum of the k-algebra of G-invariant functions on Rep(m(C), G), which
is finitely generated as G is reductive. The notation for the GIT quotient indicates
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that this is not an orbit space and orbits are identified if their closures meet. Conse-
quently the Betti moduli space parametrises closed orbits or equivalently semisimple
G-representations. To avoid these GIT identifications, we can instead consider the
Betti stack of G-representations which is the quotient stack of representations modulo
conjugation

Me = MG(C) = [Rep(mi(C), G)/G.

The Betti moduli stack classifies G-local systems on C', or equivalently G-bundles with
a flat connection by the Riemann—Hilbert correspondence. For G = GL,,, the existence
of a flat connection implies that the corresponding vector bundle has degree 0.

To obtain twisted Betti moduli spaces in non-zero degrees, one considers the space
of representations of a punctured curve C'\ {z} with prescribed diagonal monodromy
at = as follows. For G = GL,, or SL,,, the degree d twisted Betti moduli space is the
quotient Mg ;(C) = Repy(m1(C), G)//G, where

Repd(m(c),G) = {(Al, 7Ag,Bl7 .. ,7Bg) c GQQ H[A“B] 27rzd/n] }

=1

We note that this moduli space only depends on the value of d modulo n. If n and d
are coprime, then M(B;Lmd is smooth by Hausel and Rodriguez-Villegas (2008, Theorem
2.2.5), as Rep,(m(C),GL,) is smooth and the GL,-quotient coincides with the free
quotient by PGL,,.

If we now replace GL,, with PGL,,, then the prescribed monodromy becomes trivial
and so we get an honest representation p: m(C) — PGL,, of the fundamental group.
The obstruction to lifting p to GL,, is given by a Schur multiplier d(p) arising from the
exact sequence

— H'Y(m,(C),Gy) — H'(m1(C), GL,) — H'\(m(C), PGLy) % H2(m1(C), ).

The PGL,,-representations whose image under ¢ vanishes lift to GL,, and otherwise they
lift to a twisted GL,-representation. Consequently, we can stratify the PGL,,-moduli
space using Schur multipliers

PGLn |_| MPGLn,

deZ/nZ

where
MEGLn,d = M(B}Ln d/(C*)Zg = MSLn,d/uig'
For G = GL,, we will simply write MP ; = Mg , for the Betti moduli space and
M, 4 = [Repy(m1(C), GL,) /GLy]

for the Betti moduli stack.
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1.1.4. The Dolbeault moduli space. — In non-abelian Hodge theory, the complexified
version of the moduli space of (semi)stable vector bundles appearing in the Narasimhan—
Seshadri Theorem is the Dolbeault moduli space M, 4 := MR9(C) of (semi)stable
Higgs bundles introduced by Hitchin (1987b).

We can also define the Dolbeault moduli space over an arbitrary field k (and also in
much greater generality over a higher-dimensional base or in fact in families). A Higgs
bundle on C'is pair (E,0 : E — E®w¢) consisting of a vector bundle F on C' and a Higgs
field 6, which is an endomorphism of E twisted by the canonical bundle. Semistability
of Higgs bundles is given by verifying an inequality of slopes for all Higgs subbundles
(that is, subbundles which are invariant under the Higgs field). There is a moduli space
Mupa = MPY(C) of (S-equivalence classes of) semistable Higgs bundles which can be
constructed as a quasi-projective variety using geometric invariant theory (Nitsure, 1991;
Simpson, 1994a) (see also Remark 1.3 below) or as a hyperkahler reduction via gauge
theory (Hitchin, 1987b). The moduli space M;, ; of (geometrically) stable Higgs bundles
is a smooth open subvariety. If n and d are coprime, then M; ; = M, 4 is smooth and
is a fine moduli space which admits a universal family. If additionally C'(k) # 0, the
stack of stable rank n degree d Higgs bundles is a neutral G,,-gerbe over M .

From an algebraic perspective, M; ; naturally arises as an algebraic symplectic
analogue of N ;, as it contains TN} ; as a dense open set: by deformation theory and
Serre duality we have

T3y Nz, = Ext'(E, B)* = Hom(E, E ® wo)

which is the space of Higgs fields on E. The algebraic symplectic form on this cotangent
bundle extends to M;, ; and moreover it admits a Lagrangian fibration to an affine
space given by the Hitchin fibration (see §1.2 below). In particular, for g > 2, we have

dim(M,, 4) = 2dim(N,,4) = 2(n*(g — 1) + 1).

Tensoring a Higgs bundle by a line bundle L € Pic®(C') preserves (semi)stability and
determines an isomorphism M,, 4 — M,, 44n.; hence, over k, the Higgs moduli space
up to isomorphism only depends on the value of d modulo n. Moreover, there is a
X-independence phenomena: various cohomological invariants of M,, 4 are independent
of d. Non-abelian Hodge theory gives an isomorphism on cohomology for different d’s
coprime to n, and in this coprime setting, Kinjo and Koseki (2021) and de Cataldo,
Maulik, Shen, and Zhang (2021) prove the isomorphism on cohomology preserves the
perverse filtration and the cup product respectively, whereas Groechenig, Wyss, and
Ziegler (2020) show the point counts of M,, 4 over finite fields are independent of d.

Similarly to the Betti moduli spaces, for any complex reductive group G, one can
define moduli spaces of semistable G-Higgs bundles M (C') which are given by a
principal G-bundle P — C with a section § € H°(C,ad(P) ® we) of the associated
adjoint bundle of P twisted by the canonical bundle that satisfy a natural notion of
semistability.
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For G = SL,, we can realise Mgy, = Mg, (C) as the closed subvariety of M,
consisting of GL,-Higgs bundles (£, 0) such that det(E£) ~ O¢ and tr(f) = 0. Since
M, o and Mgy, are in general singular, due to the existence of strictly semistable Higgs
bundles for non-coprime invariants, it is convenient to replace the SL,-Higgs moduli
space by twisted versions in non-zero degrees as follows. For a line bundle L € Picd(C' ),
consider the closed subvariety

MSLn,L C Mn,d

consisting of GL,-Higgs bundles (£, #) such that det(E) ~ L and tr(f) = 0. We shall

refer to this as a (twisted) SL,-Higgs moduli space, which is smooth if n and d are

coprime. If k is algebraically closed, different choices of degree d line bundles gives

isomorphic twisted SL,-moduli spaces, as we can multiply by a root of their difference.
The PGL,-Higgs moduli spaces can be described as the following quotients

MPGLn,d = MSLn,L/ JaCO(C)[n] = Mn,d/T* Jac(C’),

where Jac”(C)[n] denotes the group of n-torsion points acting by tensorisation. Even
for n and d coprime, this moduli space may acquire singularities from quotienting by
the non-free action of the finite group Jac”(C)[n]. However, for n and d coprime, it is
smooth when viewed as a Deligne-Mumford stack:

mPGLmd = [MSLn,L/ JaCO(C) [n]] = [Mmd/T* Jac(C’)]

Let us briefly introduce stacks of Higgs bundles, as we will sometimes need them later
on. The stack of rank n degree d Higgs bundles $iggs,, ,; is a singular Artin stack which
contains the stack 9, 4 of semistable Higgs bundles as a finite type open substack. The
substack 917, ; of (geometrically) stable Higgs bundles is smooth and is a G,-gerbe over
M, as every endomorphism of a (geometrically) stable Higgs bundle is given by a
scalar multiple of the identity. There is a natural map 9, ; — M,, 4 which is a good
moduli space (Alper, 2013) if the characteristic of k is zero (and an adequate moduli
space in positive characteristic).

1.1.5. Non-abelian Hodge theory. — Over k = C, the Dolbeault moduli space M}%(C)
of semistable Higgs bundles on C' and the Betti moduli space M} ;(C) of twisted
representations of the fundamental group of C' are both complex algebraic varieties,
which are smooth when n and d are coprime.

THEOREM 1.2 (Non-abelian Hodge Theory (Hitchin, 1987b; Donaldson, 1987; Corlette,
1988; Simpson, 1988))
There is a real analytic isomorphism

MRG(C) = M 4 (C).

This isomorphism is transcendental and is proved by relating both moduli problems to
moduli of harmonic metrics. In the degree d = 0 case, the Betti moduli space classifies
complex vector bundles with flat connections and by work of Donaldson (1987) and
Corlette (1988) such a flat connection admits a harmonic metric if and only if it is
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completely reducible. This harmonic metric splits the connection into a skew-Hermitian
and Hermitian part, which respectively give a holomorphic structure on the bundle
and an endomorphism valued 1-form. The existence of such a harmonic metric on a
Higgs bundle can be interpreted in terms of polystability by work of Hitchin (1987h)
and Simpson (1988), analogously to Donaldson’s proof of the Narasimhan—Seshadri
Theorem. For further details, we refer to Simpson (1997, 1994b) and the Bourbaki
seminar of Le Potier (1991).

The complex structures on the Betti moduli space and Dolbeault moduli space are
very different; for example, only the Dolbeault moduli space sees the complex structure
on C. In fact, these two different complex structures appear as part of the hyperkahler
structure on the smooth locus coming from the construction of moduli space of solutions
to Hitchin’s equations as a hyperkéhler reduction (Hitchin, 1987h).

In rank n = 1, the Betti moduli space

M,(C) = (C)*
of a genus g curve C' is diffeomorphic (but not biholomorphic) to
MPH(C) = Pic’(C) x H(C,we) = CI/A x C7,

as via polar coordinates we have a (non-holomorphic) diffeomorphism C* ~ S x R. The
diffeomorphism given by non-abelian Hodge theory depends on the complex structure
of C; for an explicit coordinate description, see (Goldman and Xia, 2008, §7.4).

The above statement admits many variants and generalisations. Simpson (1994b)
proved a non-abelian Hodge correspondence for any smooth complex projective variety.
For punctured non-compact curves, Simpson (1990) also worked out a correspond-
ing non-abelian Hodge correspondence via harmonic bundles which uses filtered (or
parabolic) Higgs bundles with certain tameness or regularity conditions at the bound-
ary. In higher dimensions, this has been extended to quasi-projective varieties with a
smooth completion with smooth boundary by Biquard (1997) and with normal crossings
boundary by Mochizuki (2009). The case of wild singularities was studied by Biquard
and Boalch (2004) and Mochizuki (2011). Simpson (1992) showed one can replace the
general linear group with another complex reductive group G (or even a real reductive
group) to obtain non-abelian Hodge theory with values in G. Non-abelian Hodge theory
has been developed in positive characteristic by Ogus and Vologodsky (2007) and over
p-adic fields by Faltings (2005) and Lan, Sheng, and Zuo (2019), among others.

The Dolbeault and Betti moduli spaces have alternative generalisations which have
no analogue under non-abelian Hodge theory. On the Dolbeault side, one can consider
D-twisted Higgs bundles (also known as meromorphic Higgs bundles), which are pairs
(E,0: E - E ® we(D)) for an effective divisor D on C. The moduli space M},
of D-twisted Higgs bundles only admits a Poisson structure rather than an algebraic
symplectic structure. These D-twisted Higgs moduli spaces play a key role in Maulik
and Shen’s proof of the P = W conjecture and have played a prominent role in the study
of Higgs bundles since their use by Ngd (2006). There is no Betti analogue of these
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D-twisted Higgs moduli spaces. On the Betti side, one can consider character varieties
where the fundamental group is replaced by any finitely generated group (Lawton and
Sikora, 2017; Lubotzky and Magid, 1985).

1.2. The Hitchin map and the spectral correspondence

A regular semisimple endomorphism of a finite dimensional complex vector space
is uniquely determined by its eigenvalues and their (1-dimensional) eigenspaces. The
Hitchin map on the moduli space M,, 4 of Higgs bundles on C' records the eigenvalues (or
rather the coefficients of the characteristic polynomial) of the Higgs field and the spectral
correspondence describes the fibres in terms of families of 1-dimensional eigenspaces (or
more precisely rank 1 torsion-free sheaves on certain spectral covers of C).

1.2.1. The Hitchin map. — Viewing a Higgs field : F — F ® we as an we-twisted
endomorphism of a rank n vector bundle £, we can consider its characteristic polynomial
whose coefficients are given by a;(6) = (—=1)"tr(A)) € H°(C,wg"). The assignment
(E,0)— a(0) = (a1(0),...,a,(0)) defines the Hitchin map

h: Myg— A, = H(C,w).
i=1
Alternatively, the Hitchin map can be described as the affinisation morphism for the
Higgs moduli space. Since T*/\/',f,d C M, q is a dense open subset with complement of
codimension at least 2 (Hitchin, 1987a, Proposition 6.1 iv) and the Higgs moduli space
is normal (Simpson, 1992, Corollary 11.7), the rings of regular functions on T*A/? ; and
M., q coincide. The Hitchin map coincides with the affinisation morphism

h: My.a — Spec O(M,,q) = Spec O(T*N; ;) = A,

One of the most intriguing and intensively studied fibres is the fibre h~1(0) which is
called the nilpotent cone. We will see in Proposition 1.7 that there is a G,,-action on
M,, 4 which induces a deformation retract onto the nilpotent cone.

1.2.2. Spectral curves. — Let m: T*C' — (' denote the projection; then there is a
tautological section A € H(T*C,*w¢). For a = (ay,...,a,) € A= A,, consider

N+ T N 4w, € HY(THC, mwg™)

whose vanishing locus C, C T*C' is the spectral curve over a € A. The projection 7

restricts to a degree n cover 7,: C, — C'. The spectral curve C, may singular, although

the singularities are locally planar as C, C T*C, and moreover may be non-reduced (e.g.

for a = 0). We obtain a family of spectral curves C/ A with C — T*C x A — C x A.
Since the projection from the cotangent bundle

m: T"C = Spec,, (Sym* T¢) — C

is affine, we have m,Or«c = Sym® 7¢ and 7, induces an equivalence of categories between
quasi-coherent Orp«c-modules F' and quasi-coherent Sym*®(7¢)-modules 7, F' such that
7. F' is coherent if and only if supp(F) < T*C — C' is finite. Restricting 7 to a spectral
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curve 7,: C, — C, the O¢-algebra (m,).Oc, is isomorphic to the quotient of Sym*(7¢)
by the ideal generated by the image of u,: 75" — Sym®*(7T¢) given by summing the
maps 72" 25 TS < Sym®(T¢). Thus (7,).0c, = Oc D Tc © -+ ® 7};®("_1) and the
arithmetic genus of C, is ¢(C,) = 1 — x(Cq, O¢,). By adjunction, we compute

X(Ca, Oc,) = x(C, (74)+O¢,) zijx C,T%) = (2 - 29) (nz_—: z) +n(l —g) =n*1—g)

and so the arithmetic genus is given by ¢(C,) = 1 +n?(g — 1).

1.2.3. The spectral correspondence. — Via a type of abelianisation procedure described
by Hitchin (1987b) for smooth spectral curves, and by Beauville, Narasimhan, and
Ramanan (1989) for integral spectral curves, and by Schaub (1998) in general, Higgs
bundles on C' can be related to certain rank 1 torsion-free sheaves on spectral curves C,.
Given a Higgs bundle (E,0: F — E ® w¢), we obtain from 6 a homomorphism

Sym*(T¢) ® E — E

thus there is an Or:c-module F' such that 7, (F) = E and the support of F' is a
finite cover of C'. Let a = h(F,#); then by the Cayley—Hamilton Theorem, we have
0" + a;0" ' + -+ a, = 0 and thus supp(F') = C,. Furthermore, since F is torsion-free,
the restriction of F to its support C, is torsion-free (as the sheaf of rational functions
on C, is obtained from that of C' by tensoring over O¢ by Oc,). Let n; be generic points
on the irreducible components C,; of Cyeqa and write O,, := O¢ y,; then

Zlo = deg(m,) = 1k(E) = lo.., (Ecny) = Zlo

and since lo, (F,) < lo, (O,,), this inequality must be an equality on each connected
component, which means F' has rank 1 (in the sense of Schaub, 1998, Définition 1.2).

Conversely, given a rank 1 torsion-free sheaf F' on a spectral curve C,, its pushforward
E = (m,)«F to C is torsion-free (and thus locally free, as C' is smooth) of rank n by
the above computation. The O, -structure on F' gives a Sym®(7¢)-module structure on
E, which in particular gives a homomorphism 7¢ — End(E) determining a Higgs field
0: E — E®wc. The degree of F' and E = (7,).F are related as follows:

deg(F) := X(Ca, F) —rk(F)x(Ca, Oc,) = X(C, E) —n*(1—g) = deg(E)+ (n—n?)(1—g).

If C, is smooth, then the torsion-free sheaf F' is a line bundle and so there is a bijection
between rank n Higgs bundles on C with characteristic polynomial specified by a and
line bundles on C,.

We outlined the idea behind the spectral correspondence above; let us briefly explain
its interaction with families and semistability (see Theorem 1.4 below for a concise
summary). The above correspondence works functorially in families and respects iso-
morphisms, so we obtain an isomorphism over A between the stack of rank n degree d
Higgs bundles on C' and the stack of torsion-free rank 1 degree d + (n — n?)(1 — g)
sheaves on C/A. By a result of Schaub (1998), the spectral correspondence respects
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semistability of Higgs bundles (F, ) and a natural notion of semistability for the corre-
sponding torsion-free rank 1 sheaf F' = (m,).E on the spectral curve C,, which involves
testing an inequality for all torsion-free rank 1 quotients of F' restricted to subcurves
of C, (see Chaudouard and Laumon, 2016, Remarque 4.2). In particular, if C, is integral,
all torsion-free sheaves are stable and the corresponding Higgs bundles over a € A are
automatically stable.

Remark 1.3. — Viewing F' = m,FE as a pure 1-dimensional sheaf on T*C' or its compact-
ification P(O¢ @ T¢), Simpson proved that slope semistability of (E,#) corresponds to
Gieseker semistability of F' on P(O¢ @ T¢) with respect to an appropriate polarisation.
Consequently, one can construct the moduli space of semistable Higgs bundles on C' as
the open subscheme of the moduli space of Gieseker semistable 1-dimensional sheaves
on P(O¢ @ T¢) whose support is disjoint from the boundary. Since the moduli space of
Gieseker semistable sheaves on P(O¢ @ T¢) (with fixed Hilbert polynomial) is projective,
one immediately deduces that the moduli space of Higgs bundles is quasi-projective.

To succinctly summarise the above discussion, we need to introduce the smooth (or
regular) and elliptic loci in the Hitchin base; the latter acquires its name from Ngo’s
work on the fundamental lemma and endoscopy, where the word elliptic is used in
analogy with elliptic elements in reductive groups. Let A (resp. A"™) denote the
locus in A such that the spectral curve C, is integral (resp. smooth and connected)
and let h: M — Al denote the restriction to the elliptic locus (and similarly
h: M — AS™). By Beauville, Narasimhan, and Ramanan (1989, Remark 3.5),
A A ¢ A are non-empty open subsets. For a projective flat family of curves X'/.S,
we let P.(X'/S) denote the relative Picard scheme of degree e line bundles on X' /S and,
if the fibres of X' /S are integral, we let P.(X'/S) denote the relative compactified Picard
scheme of torsion-free sheaves of rank 1 and degree e. Finally, let P; (X) be the good
moduli space representing S-equivalence classes of semistable (in the sense of Schaub)
torsion-free sheaves of rank 1 and degree e on a projective curve X.

THEOREM 1.4 (Spectral correspondence (Hitchin, 1987b; Beauville, Narasimhan, and
Ramanan, 1989; Schaub, 1998))

Let h: M, q4(C) — A= @ H(C,ws") denote the Hitchin map and C/A denote
the spectral curve and write e == d + (n — n?)(1 — g). Then we have the following
isomorphisms.

(i) As stacks over A, we have an isomorphism
$i98,,4(C) = Cob{ (C/A),

where the right side is the stack of torsion-free rank 1 degree e sheaves on C/A.
(i) As schemes over A™ and A®, we have isomorphisms

wa(C) = Pe(CP/A™)  and ,/\/lild(C) ~ P (CN /A,
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(iii) For any a € A, we have an isomorphism
h=a) ~ P (C,).

More generally, we can consider pairs (F, E — E ® L) where w¢ is replaced by a line
bundle L; these pairs have an analogous Hitchin map and spectral description.

1.2.4. Properness of the Hitchin map. — As the properness of the Hitchin map is used
to define the perverse filtration, we sketch the proof via the spectral correspondence.

PROPOSITION 1.5. — The Hitchin map h: M, 4(C') — A is proper.

Proof. — Let R be a DVR with fraction field K. For a diagram
Spec(K) —— M, 4(C)

| J

Spec(R) ——— A,

the top morphism corresponds to a Higgs bundle (Fk,6fk) on Ck. By the spectral
correspondence (Ek,0) corresponds to a semistable 1-dimensional sheaf Fx on Sk
where S = P(O¢ & T¢). By Langton’s proof (Langton, 1975) of the valuative criterion
for properness of semistable sheaves on S, the semistable sheaf Fx on Sk extends to a
semistable sheaf F'r on Si. To show that Fr corresponds to a family of semistable Higgs
bundles over R extending (Fy, ) it remains to show that the support of Fj is disjoint
from the boundary of T*C' C S. However, as the map Spec(K) — M, 4(C) — A
extends to Spec(R), we know that the spectral curve Cx extends to Cg, which is the
support of Fr (see §1.2.3), and so is disjoint from the boundary. O

1.3. Hodge theory

The Hodge decomposition for a smooth complex projective variety X equips its ith
cohomology groups with a pure Hodge structure of weight i: we have a decomposition
H'(X,C) = @Hp’q

p.q

satisfying HP¢ = H?P and HP? = 0 whenever p + ¢ # i. We define an associated
decreasing Hodge filtration F/H'(X,C) = ¥;~; H*"~* such that

H'(X,C)=F'H'(X,C)® Fi-it!Hi(X,C)

for any 0 < j < i. We say the Hodge structure on the cohomology of X is of pure
Hodge—Tate type if H?? = 0 whenever p # ¢. In particular, this implies that the odd
cohomology groups of X must be trivial. For example, the cohomology of projective
spaces is of pure Hodge—Tate type.

Deligne showed that this can be extended to singular and non-compact varieties via
the notion of a mixed Hodge structure.
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THEOREM 1.6 (Deligne). — The cohomology H*(X, Q) of a complez algebraic variety X
admits a mized Hodge structure (MHS) consisting of an increasing weight filtration
W,H(X,Q) and a decreasing Hodge filtration F*H(X,C) for all i such the Hodge
filtration induced by F'* on the graded pieces of the weight filtration Ger H(X,Q) isa
pure Hodge structure of weight l. Furthermore, the following properties hold.

(i) Mized Hodge structures are functorial with respect to algebraic morphisms and
compatible with the cup product and Kiunneth isomorphism.
(i) H(X,Q) has weights contained in [0, 2i]; that is, it stabilises outside of this range

W,1 = 0 C Wo c---C WZZHl(X,@) - HZ(X,Q)

(iii) If X is proper, H'(X,Q) has weights in [0,1]; that is, W;H(X,Q) = H(X, Q).

(iv) If X is smooth, H'(X,Q) has weights in [i,2i]; that is, W;_1H'(X,Q) = 0.

(v) If X is smooth, then W;H'(X,Q) = Im(5*: H'(X,Q) — H'(X,Q)) for any smooth
compactification j: X — X.

We say a class v € H*(X, Q) has weight j if y € W, H*(X,Q), but v ¢ W,_; H*(X,Q).
We define the Hodge subspace by

(2) MHod'(X) := Wy H (X,C) N F*H' (X, C).

We say that the MHS on H*(X,Q) is of mized Hodge—Tate type if the induced pure
Hodge structure on each Gr}/v H'(X,Q) is of pure Hodge-Tate type.

1.3.1. Purity. — The MHS on H*(X,Q) is pure if the weight filtration is trivial with

weight equal to the cohomological degree; that is, 0 = W, H (X, Q) C W;H (X,Q) =

HY(X,Q) so that H(X,Q) = Gr}” H(X,Q) has pure Hodge structure of weight 1.
For example, via the compactification G,, — P!, the MHS on H'(G,,, Q) is

W HY(G,,,Q) = Im(H'(P',Q) — H'(G,,,Q)) = 0 c WL,H'(G,,,Q) = H'(G,,,Q)

which has weight 2 in cohomological degree 1, and so the MHS is not pure, but it
is of mixed Hodge—Tate type. This can be confusing, as we have an isomorphism
HY(G,,,Q) = H?(P', Q) of abstract mixed Hodge structures: for G,, the weight does
not match the cohomological degree, whereas for P! it does.

From the final statement of Theorem 1.6, for a smooth variety X and a smooth
compactification X, we can define the pure part of the cohomology of X as follows

H}o(X,Q) == Im(H*(X,Q) — H*(X,Q)),

whose induced MHS is pure. The pure part of the cohomology is preserved under
pullbacks and proper pushfowards. As explained in (HMMS, §2.2), the restriction map
H*(X,Q) = H,..(X,Q) factors as

pure
HY(X,Q) ™% B (X x X,Q M 5 (X x X,Q) ™ H*(X,Q)
where A C X x X denotes the diagonal. Hence the pure cohomology H* (X, Q) is

pure
spanned by the classes in any Kiinneth decomposition of A. Later, for certain smooth
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moduli spaces with natural tautological classes, we will use this to deduce that the
tautological and pure cohomology rings coincide.

1.3.2. Purity on the Dolbeault side. — There is a G,,-action on the Dolbeault moduli
space of Higgs bundles given by scaling the Higgs field. The Hitchin map is G,,-
equivariant for the G,,-action on A with weight i on H°(C,w$'). We will use this action
to show that the cohomology of M,, 4 = M, 4(C) is pure when n and d are coprime.
Hitchin (1987b) used this G,,-action to compute the Betti numbers of Mo ;.

ProprosITION 1.7. — If (n,d) =1, then H*(M,,4,Q) has a pure Hodge structure.

Proof. — Since G,, acts on A with positive weights, every point a € A flows to 0 € A
under the G,,-action as ¢t — 0. Thus, as h: M, 4 — A is G,,-equivariant and proper,
the limit of the G,,-action on all points in M,, 4 exists as ¢t — 0 and lies in h~*(0).
Since M,, 4 is smooth, the G,,-fixed locus is smooth (see Fogarty, 1973) and the fixed
locus is proper, as it is closed in the proper scheme h~1(0). By work of Biatynicki-Birula
(1973), the downward G,,-flow is a deformation retract M,, 4 — (M, 4)® and the MHS
on H*(M,,4,Q) is pure, as it is a direct sum of (pure Tate twists of) cohomology groups
of smooth proper varieties (namely the connected components of the fixed locus). [

In contrast, the MHS on the Betti moduli space is genuinely mixed. For example,
M]13,0 ~ (G,,)* has non-pure Hodge structure, as we explained for G,, above.

1.4. The decomposition theorem and perverse filtrations

In this section, we will introduce the necessary results needed from the theory of
perverse sheaves (Beilinson, Bernstein, and Deligne, 1982); an excellent reference for
this material is the survey of de Cataldo and Migliorini (2009), as well as the Bourbaki
seminar of Williamson (2017).

For a complex variety X, we let D’(X,Q) be the constructible derived category
of sheaves of Q-vector spaces. This category has a six operation formalism given by
the four operations f~', Rf., Rfi, f* for a morphism f of complex varieties, as well as a
tensor product and internal homomorphism RHom. Moreover, there is a Verdier duality
DK := RHom(K,wx), where wx = m'Q is the dualising complex for the structure map
7m: X — Spec(C). Verdier duality gives H'(DK) ~ (H_"K)* which recovers Poincaré
duality when X is smooth, as then wy ~ Qx[2dim X].

For a morphism f: X — Y of complex varieties, the cohomology sheaves of the
complex Rf.Qx € D%(Y,Q) compute the higher direct images H'(Rf.Qx) = R f.Qx.

THEOREM 1.8 (Deligne’s Decomposition Theorem). — Let f: X — Y be a smooth
projective morphism of smooth complex varieties. Then there is a decomposition

2d
=0

and the sheaves R'f.Qx[—i| are semisimple local systems on Y .
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In particular, H*(X,Qx) ~ @, H* (X, R'f.Qx). In general, one can compute
the cohomology of X from the Leray spectral sequence associated to f and Deligne
showed that this degenerates on the E, page if f is smooth and projective. To generalise
Deligne’s decomposition theorem to the singular case, one must replace cohomology
with intersection cohomology and work with perverse sheaves.

1.4.1. Perverse sheaves. — The category P (X, Q) of perverse sheaves on X is the full
subcategory of D%(X,Q) consisting of complexes K such that

dimsupp H'(K) < —i and dimsupp H'(DK) < —i

for all ¢ € Z. These conditions are known as the support and cosupport conditions
and determine subcategories pD)S(0 and pD)Z(0 respectively which define the perverse t-
structure on D°(X, Q) whose heart is P(X, Q). In particular, this is an abelian category
and the perverse cohomology sheaves PH’ :=P 1 of T[] can be computed in terms of
the perverse truncation functors

pTSZ'_llc — pTSiIC — pHZIC[—Z] +—1> .

The category P(X,Q) of perverse sheaves is Noetherian and Artinian with simple
objects given by intersection cohomology complexes associated to local systems on
locally closed irreducible subvarieties. For a local system L on a locally closed smooth
subvariety S < X, the intersection cohomology complex is defined as

ICx (S, L) = i,j, L[dim S]

where i: S < X is the closed embedding of the closure of S in X and j: S < S is
the open embedding and j., K := Im("H° ;K —F Hj.K) is the intermediate extension of
Goresky-MacPherson. By definition j**ZCx (S, L) = L[dim S]. The scheme S is called
the support of this intersection cohomology complex.

The intersection cohomology complex of X is defined as ZCx := ZCx (Xyeg, Qx..,)-
The intersection cohomology groups I H*(X,Q) are the (shifted) cohomology sheaves

of ZCx. If X is smooth of dimension dx, we have ZCx (X, Q) = Qx|dx].

1.4.2. Decomposition theorem. — Deligne’s decomposition generalises as follows.

THEOREM 1.9 (Beilinson—Bernstein-Deligne-Gabber Decomposition Theorem
(Beilinson, Bernstein, and Deligne, 1982))
For a proper morphism f: X — Y of complex varieties, there is a decomposition

(3) RfICx ~ P "H'(Rf.ICx)[—1].

i€Z
The perverse sheaves on the right are semisimple, so are sums of intersection complezes
ICx(Sa, Ly) for simple local systems Lo, on locally closed smooth subvarieties S, .

In particular, TH*(X,Q) = @, H* % (X,ZC(S,, L)) where the sum ranges over
finitely many local systems L, over locally closed subset S, C X. The decomposition
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theorem over the complex numbers was originally deduced from a corresponding decom-
position over finite fields in the derived category of ¢-adic sheaves (Beilinson, Bernstein,
and Deligne, 1982); see also de Cataldo and Migliorini (2009, §3.3) for a geometric proof
in the complex setting.

The supports of Rf,ZCx are by definition the supports S, of the simple summands in
the decomposition theorem for f. We say f has full supports, if these supports S, are all
equal to Y. In this case, "H!(Rf.ZCx) is determined by its restriction to a dense open
subset: if j: U < Y is a dense open, then "H'(Rf.ZCx) = ji.j*("H'(Rf.ZCx,)). If f is
a small morphism (see de Cataldo and Migliorini, 2009, Remark 4.2.4; for example, the
Grothendieck—Springer resolution of a semisimple Lie algebra is small), then Rf.Q[dx]
is the intersection complex of a semisimple local system with full support Y.

If X is smooth and f has relative dimension d, then the Goresky—MacPherson in-
equality states that any support Z of Rf.Qyx has codimension at most d and if equality
is achieved, then R*!f,Qx has a direct summand over Z. A key idea of Ngb is that this
inequality can be improved when f is a weak abelian fibration in the sense of Ngo (2010,
Section 7), which in particular means there is a smooth commutative group scheme
P/Y acting on f such that f is generically a P-torsor. If f is a weak abelian fibration,
the idea is to bound the codimension of a support by the minimal value of a d-function
on that support and if equality is achieved and f has irreducible fibres, then this support
is a full support. Ngo6 uses this d-inequality to prove a support theorem for d-regular
abelian fibrations and we will explain in §3.3.1 how he applies this to show the Hitchin
fibration restricted to the elliptic locus has full supports (for both classical G-Higgs
bundles and D-twisted G-Higgs bundles).

1.4.3. Perverse filtrations. — The decomposition (3) is not canonical (see de Cataldo
and Migliorini, 2009, §1.4.2), but there is a canonical perverse Leray filtration for
f: X — Y whose graded pieces describe the cohomology of the perverse sheaves in the
decomposition theorem.

For any K € DY X,Q), we can define (up to a choice of shift) a perverse filtration
P/H(X,K) by taking the images of H*(Y,’1<.Rf.K) — H*(X,K). We will make a
shift so that the perverse filtration is graded only in non-negative degrees, so we can
naturally compare it with the weight filtration. For a proper morphism f: X — Y
between smooth quasi-projective varieties, the decomposition theorem gives

2ry

Rf.Qxldx —rf] = @ "H'(Rf.Qx[dx — /][]

1=0

where ry = dim X xy X — dim X is the defect of semismallness; see de Cataldo and
Migliorini (2009, Definition 4.2.2) for the definition of a semismall morphism. The
perverse filtration of f is defined by

P/ (X, Q) = Im (HI=*" (Y Pre; RE.Qx[dx — 1)) — H/ (X, Q))
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which is supported in degrees [0, 27| and whose graded pieces compute the cohomology
of the summands in the decomposition theorem:

Gr! H'(X,Q) = P/ H"(X,Q)/PL H' (X, Q) = H' (Y H ' (R£.Qx[dx —1/])).
We say a class v € H*(X, Q) has perversity i if v € P/ H*(X,Q) and v ¢ P/ | H*(X,Q).

In the case where the target is an affine space (as, for example, is the case for the
Hitchin map), de Cataldo and Migliorini (2010) proved that the perverse filtration is
given by a flag filtration:

PUHI(X,Q) = ker (H'(X,Q) = H'(f ' (A7),Q))

where A7="1 C Y is a general affine subspace of dimension j — i — 1. However, this
concrete description does not seem helpful to tackle the P = W conjecture in general.

Ezample 1.10. — We have M, 4(C) ~ Pic*(C) x H°(C,w¢) and the Hitchin map is
identified with the projection onto the second factor. Consequently the perverse filtration
coincides with the Leray filtration and is trivial:

0= Pl—lHl<M1,da Q) C PZHZ(MM,Q) = HZ(Ml,da Q).

1.4.4. Relative Hard Lefschetz. — The final ingredient that we need concerning per-
verse sheaves is the relative Hard Lefschetz Theorem. For a smooth projective manifold
and an ample class n € H?*(X,Q), the classical Hard Lefschetz theorem states that
n: HXH(X) — H¥*%(X) is an isomorphism. This extends to the relative setting
and can also be generalised to allow singular fibres provided one works with perverse
cohomology sheaves as follows.

THEOREM 1.11 (Relative Hard Lefschetz). — Let f: X — Y be a projective morphism
of smooth complez varieties and w = ¢1(L) € H*(X,Q) be a relatively ample class. Then

(R Qxldx]) “5 PHI(RS.Qx|dx])

is an isomorphism for all i > 0.

In terms of the perverse filtration associated to f, which we shifted to be concentrated
in degrees [0, 2r], the Relative Hard Lefschetz Theorem gives isomorphisms

W Grol (X, Q) = G HY (X, Q).

ry—t reti

Remark 1.12. — The cup product with the relatively ample class w defines a Lef-
schetz operator, which we also denote by w. On the associated graded vector space
CGr” H*(X,Q) := @, Gr¥ H*(X,Q) = H*(X,Q), the Lefschetz operator is nilpotent of
degree 2 and so, by the Jacobson—-Morozov Theorem, extends to an sly-triple (e, f, h) act-
ing on Gr”” H* (X, Q) such that e equals the Lefschetz operator w and the h-graded pieces
are the P-graded pieces Grl’ H*(X, Q) up to a shift in indices (see HMMS, Proposition
8.2 which gives a more abstract formulation in terms of Lefschetz structures).
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1.4.5. Functoriality of perverse filtrations. — In this section, we briefly state (without
proof) the results of (HMMS, §8.2) concerning the compatibility of perverse filtrations
with cup products, pullbacks, Gysin maps and correspondences.

PROPOSITION 1.13. — Assume we have a commutative diagram of quasi-projective
smooth complex varieties

X, x - X,
\Jf/
f f2

Y

where f and f; are projective. Then the following statements hold.

(i) The cup product with o € H' (X)) shifts the perverse filtration by i:

pure

aUPfH* (Xv@)CPIgC—HH* (Xv@)

pure pure

In particular, o has perversity bounded by i.
(ii) The pullback map for m; satisfies

*Ple;ure(X“Q) Ch k+dX —dx pure(X Q)
(iii) The Gysin map for m; satisfies
Moo P Hyoo (X, Q) € Pliyy g Howe ™ (X0, Q).
iv) The correspondence [ X1y given by a — mo, (75 (a) U [X]') satisfies
# 1
[X]ePIH (X0, Q) C Py, —say s 725X, Q),

where [ X" € H2 (X)) is the virtual fundamental class (see HMMS, §2.4). If X,
are algebraic symplectic and X C X, x Xy is Lagrangian (so 2dx —2l = dx, +dx, ),

then [ Xy respects the perversity.

1.5. Statement and history of the P = W conjecture

We can now state the P = W conjecture of de Cataldo, Hausel, and Migliorini (2012).
Recall that the weight filtration W,H*(M}};, Q) is concentrated in weights [0,2N]
where N = dim MB o and satisfies Wy, = Wy, 1, whereas the perverse Leray filtration
PlH*(MR9, Q) is concentrated in degrees [0, 2r),] where r, = dim M9 —dim A, = 5

THEOREM 1.14 (P = W Conjecture for GL,,). — For n and d coprime, the perverse
filtration for the Hitchin map h: ./\/lDO1 — A, on the Dolbeault moduli space coincides
with the weight filtration on the cohomology of the Betti moduli space Mf,d under the
isomorphism on cohomology induced by non-abelian Hodge theory:

PIH* (M, Q) = Wo H* (M} 4, Q) = Way HY (M, 4, Q).
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This was proved in rank 2 by de Cataldo, Hausel, and Migliorini (2012) and in
arbitrary rank independently by Maulik and Shen (MS) and Hausel, Mellit, Minets,
Schiffmann (HMMS). More recently an alternative proof was given by Maulik, Shen,
and Yin (2023).

1.5.1. History of the P = W conjecture. — The origins of the P = W conjecture
can be traced back to work of Hausel and Rodriguez-Villegas (2008) on computing the
mixed Hodge structures of twisted GL,,-character varieties by point counting over finite
fields. As well as writing down a conjectural formula for the mixed Hodge polynomials
of character varieties, they observed that the E-polynomials of character varieties are
palindromic and thus satisfy a curious Poincaré duality-type symmetry. This symmetry
is traced back to Alvis—Curtis duality for the character theory of the general linear group
over a finite field. Based on this, Hausel and Rodriguez-Villegas formulated a curious
Hard Lefschetz conjecture for character varieties and proved this in rank n = 2 (Hausel
and Rodriguez-Villegas, 2008); this is now a theorem of Mellit (2019) in arbitrary rank
and coprime degree.

THEOREM 1.15 (Curious Hard Lefschetz (Hausel and Rodriguez-Villegas, 2008; Mellit,
2019))
For n and d coprime, there is a class o € HZ(Mﬁd,Q) such that o' induces an
isomorphism
Gr%ﬁi H; (Mf,d? C) — Gr%/wi H:Hi(ME,da C)
where N = dim MJ ;.

The name Curious Hard Lefschetz points to two surprising features: i) the Betti
moduli space is affine and ii) the Lefschetz operator « is a type (2,2) class rather than
a (1,1) class as in the classical Hard Lefschetz Theorem, so all indices are doubled and
the cup product with « increases the cohomological degree by 2 and the weight by 4.
We give an outline of the methods in Mellit’s proof in §1.5.2.

The curious Hard Lefschetz conjecture lead de Cataldo, Hausel, and Migliorini (2012)
to propose the P = W conjecture, as it would explain the curious Hard Lefschetz sym-
metry for the Betti moduli space as coming from the relative Hard Lefschetz Theorem
for the perverse Leray filtration for the Hitchin map.

One fundamental obstruction to proving this conjecture in general is that although the
weight filtration is multiplicative (i.e. compatible with the cup product), the perverse
Leray filtration is not in general. In rank 2, de Cataldo, Hausel, and Migliorini (2012)
prove the P = W conjecture for GLy, PGLs and SLs by restricting to a dense open in
the Hitchin base over which they prove the perverse Leray filtration coincides with the
Leray filtration, which is multiplicative. This enables them to describe the perversity
of generators of the cohomology (see §2.2.2 below).

Let us mention a few other cases of the P = W conjecture that were established
before the general case for GL,, was proved by Maulik and Shen (MS) and Hausel, Mellit,
Minets, and Schiffmann (HMMS).
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There is a class of parabolic Higgs moduli spaces labelled by the affine Dynkin dia-
grams which are Hilbert schemes of points over elliptic fibrations described by Groechenig
(2014). For these parabolic Higgs moduli spaces, Shen and Zhang (2021) provea P = W
conjecture by showing tautological generation of the cohomology and proving that the
perverse filtration is multiplicative.

The topology of Lagrangian fibrations on compact hyperkahler manifolds was studied
by Shen and Yin (2022) and Harder, Li, Shen, and Yin (2021), where they prove a
numerical P = W statement. Subsequently, de Cataldo, Maulik, and Shen (2022a)
study the P = W conjecture by considering an embedding j: C — A of C' in an
abelian surface in order to realise the Hitchin fibration as a degeneration of a family
of Lagrangian fibrations on moduli spaces of sheaves on abelian surfaces, which are
compact hyperkédhler manifolds. They study the specialisation map on cohomology
associated to this degeneration, which in general loses a lot of information, but they
can describe the behaviour of tautological classes lying in the image of the restriction
map j*. By the Abel-Jacobi map, a genus 2 curve can be embedded in its Jacobian,
so that the restriction on cohomology is surjective; consequently, they deduce that the
P =W conjecture holds in genus g = 2. Since j* always contains the even part of the
cohomology of C', they deduce that P = W holds for the subring of even tautological
classes.

1.5.2. Mellit’s proof of curious Hard Lefschetz. — Since Maulik and Shen use the
Curious Hard Lefschetz Theorem in their proof of the P = W conjecture, we will give
an outline of the ideas involved in this section.

In fact, Mellit proved a Curious Hard Lefschetz Theorem for GL,-character varieties
with several punctures provided the monodromies around these punctures are diago-
nalisable and ‘generic’ in the sense of Mellit (2019, Definition 4.6.1). His proof can be
divided into the following steps:

(i) Describe the form w € H*(M,} ;,C) explicitly to show it has type (2,2).

(ii) If one local monodromy is regular semisimple, find a homotopy replacement given by
a unipotent character variety, which is cellular, and deduce curious Hard Lefschetz
from the corresponding statements on the cells.

(iii) Deduce the general case (which includes the case of M} ; for n and d coprime)
from the previous case by adding an extra puncture and varying the monodromy at
that puncture to produce a family of character varieties such that the cohomology
of the fibres can be related via a natural Weyl group action.

For (1), Mellit uses the evaluation map for the character stack
ev': H*(BGL,) = H* (M, ; x C)

and considers w = o ev*(war,) € H*(M;} ) for a class war,, € H*(BGL,) constructed
from certain differential forms on the bar construction of GL,, (Mellit, 2019, Proposition
4.5.1). For (2), let us assume for simplicity of exposition that we consider a character
variety MP® for a curve with one puncture and fixed regular semisimple monodromy,



1213-24

so the eigenvectors can be used to construct a basis. The homotopy replacement is a
unipotent character variety which is a fibre bundle MB — M® with fibre the group
U, of upper triangular unipotent matrices, where MB is constructed as a quotient of
the space of tuples (Ay,..., Ay, B1,...,By) € GLig such that the difference between
the commutator [/ [A;, B;] and the monodromy is strictly upper triangular. The
cellular decomposition on MB is induced by the Bruhat decomposition and it suffices
to show the corresponding statement on each cell by Mellit (2019, Proposition 2.6.4).
For (3), by allowing the monodromy to vary at an additional puncture, Mellit shows
the cohomology of Mgd (which corresponds to the fibre where the monodromy at the
extra puncture is trivial) is the sign component of the cohomology of a character variety
where the extra puncture has regular semisimple monodromy. This involves relating
these character varieties to the Grothendieck—Springer resolution for GL,,.

Since w € F2H?(M®B,C), the cup product with w gives a nilpotent operator whose
associated filtration coincides with the Hodge filtration and splits the weight filtration.
Moreover, for n and d coprime, the mixed Hodge structure on the twisted GL,,-character
variety M} ; splits (Mellit, 2019, Corollary 1.5.4).

In fact, Mellit shows Curious Hard Lefschetz holds for any ‘log-canonical’ non-
degenerate 2-form w on a torus and moreover the Lefschetz operator w has an adjoint,
which together with w forms part of an sly-triple. This is a shadow of the idea employed
in (HMMS) to prove the P = W conjecture.

1.5.3. Other versions of P = W. — Since non-abelian Hodge theory holds after replac-
ing GL,, by any complex reductive group G, one can also predict a version of P = W
in these cases. We discuss the groups PGL,, and SL,, and their relation with GL,, in
further detail in §2.4. One reason the case of GL, (and PGL,) is accessible is that
H*(M,, 4,Q) is tautologically generated when n and d are coprime (see §2.2.2).

Non-abelian Hodge theory also extends to parabolic Higgs bundles, which are Higgs
bundles with flag structures in some fibres that are compatible with the Higgs field, and
so one can also formulate a version of P = W in the parabolic case.

Returning to GL,, but in the non-coprime case, the Betti and Dolbeault moduli spaces
are singular, but still homeomorphic via non-abelian Hodge theory. In this case, Relative
Hard Lefschetz fails in general and the Curious Hard Lefschetz property fails for the
Betti moduli spaces, as their E-polynomial are no longer palindromic. Instead one can
either formulate P = W on the isomorphism between intersection cohomology groups
given by non-abelian Hodge theory (as in de Cataldo and Maulik, 2020, Question 4.1.7)
or consider P = W on a resolution of singularities by lifting the non-abelian Hodge
isomorphism (as in Felisetti and Mauri, 2022). When the character variety admits a
symplectic resoluton, Felisetti and Mauri (2022) prove the intersection cohomology (or
equivalently resolution) version of P = W.

There is no natural lift of the non-abelian Hodge isomorphism to the level of stacks
(except in genus 0), as the non-abelian Hodge isomorphism relies on the polystability of
the Higgs bundle in an essential way. However Davison (2023) and Davison, Hennecart,
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and Schlegel Mejia (2023) show that the stack of n-dimensional representations of 7 (C)
and the stack of semistable degree 0 rank n Higgs bundles have isomorphic Borel-Moore
homologies (with appropriate coefficients), by using the theory of cohomological Hall
algebras to express both sides in terms of a BPS algebra, which is a free algebra encoding
the intersection cohomology of the good moduli spaces. Davison (2023) also formulates a
stacky version of the P = W conjecture (provided the perverse filtration is appropriately
defined), which via the above Hall algebra result is equivalent to the intersection P = W
conjecture.

One can also replace the curve C' by a higher-dimensional smooth projective variety,
where non-abelian Hodge theory applies and thus one can also ask whether P = W
holds. In the case of an abelian variety, where the topology of the Hitchin map is much
simpler and both filtrations P and W are trivial, this has been verified in Bolognese,
Kironya, and Ulirsch (2023). Moreover, P = W phenomena have been studied on
generalisations of the Dolbeault and Betti moduli spaces over a curve, such as cluster
varieties (Zhang, 2021) and hyperkdhler manifolds (Harder, Li, Shen, and Yin, 2021).

A geometric P = W conjecture of Katzarkov, Noll, Pandit, and Simpson (2015) aims
to understand the cohomological P = W phenomena by giving a geometric description
of neighbourhoods of infinity in natural compactifications of the Dolbeault and Betti
moduli spaces up to homotopy. Under certain technical assumptions, the geometric
P =W conjecture implies the cohomological P = W conjecture at the highest weight
(Mauri, Mazzon, and Stevenson, 2022, Theorem A).

2. TAUTOLOGICAL CLASSES

The aim of this section is to reduce the P = W conjecture to statements entirely on
the Dolbeault side about the interaction of the perverse filtration with cup products of
tautological classes, constructed from the universal bundle.

2.1. Universal families

For a general complex reductive group G, the Dolbeault and Betti moduli stacks
naturally come with universal families, which are given by a universal G-bundle that
is equipped with a universal Higgs field in the Dolbeault case and a universal flat
connection in the Betti case. The non-abelian Hodge correspondence only concerns the
corresponding moduli spaces, which only admit universal families if they are fine moduli
spaces, and moreover these universal families may be non-unique.

On the Betti stack 93 of G-local systems there is a universal flat G-bundle

(PG,Ag) — Sﬁg x C

where Pg = [C x Rep(m(C),G) x G/m(C) x G] and C is a universal cover of C.
Forgetting the flat structure Ag, the topological G-bundle P& determines a classifying
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map
v (ME)™ x C* — BG™.
On the Dolbeault side, for G = GL,, and a coprime degree d, the Higgs moduli space
MEE} is a fine moduli space. In particular, there is a universal Higgs bundle

(£,0: & = E@mpwe) - MUY x C.

that is unique up to tensoring with pullbacks of line bundles on ME‘C}I. The non-

uniqueness of the universal family on Mﬁ‘g} can be dealt with in several different ways:
i) by passing from GL,-Higgs bundles to PGL,-Higgs bundles which have a unique
universal family, ii) by projectivising the universal bundle as in Hausel and Thaddeus
(2004, §5), iii) by considering universal families twisted by a cohomology class with
appropriately normalised first Chern class as in de Cataldo, Maulik, and Shen (2022a,
§0.3), or iv) by using a normalised (virtual) universal family similarly to Atiyah and
Bott (1983, p. 582). All these perspectives are closely related: the PGL,-bundle P(£)
on ./\/lgfjll x (' is isomorphic to the pullback of the universal PGL,-Higgs bundle Epqr,,
on MPE, 4 x C via the quotient map ¢: MPY — MBAL 4.

The non-abelian Hodge correspondence for PGL,, gives a diffeomorphism of orbifolds

B ~ Dol
Mpar,.a = MpéL,

and an isomorphism of the underlying universal PGL,-bundles Ppgy,, ~ Epar,. For
GLy, the diffeomorphism M9 ~ M} ; gives an isomorphism of universal PGL,-bundles
P(&) ~ (¢p x Id¢)*Ppar, where qg: ME; — MPq, 4 is the quotient map (see Hausel
and Thaddeus, 2004, §5 for further details).

2.2. Cohomology of Higgs moduli spaces and tautological generation

For the general linear group GL, and d coprime to n, the cohomology of the Higgs
moduli space M,, 4 is generated by certain tautological classes constructed from the
universal bundle. We will see that the same is also true for the PGL,-Higgs moduli
space, whose cohomology differs from that of M,, 4 by a tensor factor of the cohomology
of the Jacobian of C. However, for SL,,, the tautological ring is a proper subring of the
cohomology of the SL,-Higgs moduli space.

2.2.1. Relating the cohomology of Higgs moduli spaces for different groups. — Let us
begin by describing the relationship between the cohomology of the moduli spaces Mg 4
of G-Higgs bundles for G = GL,, SL, and PGL, of degree d coprime to n. First,
as the PGL,-moduli space is the quotient of the SL,-moduli space by the action of
I' = Jac(C)[n], we have

H*(Mpcr,.a,Q) = H*(Mpar, .a, Q) = H*( Mgy, 4, Q)F,

as MpgL, .a = [MsL,.a/T] is a Deligne-Mumford stack.

We note that the I'-action on the cohomology of Mgy, 4 is non-trivial, as was already
observed by Hitchin (1987b) in rank n = 2. The corresponding endoscopic decomposition
associated to this [-action plays an important role in topological mirror symmetry for
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SL, and PGL,-Higgs bundles (Groechenig, Wyss, and Ziegler, 2020; Maulik and Shen,
2021) and was carefully described by Maulik and Shen (2021). The variant part of
the cohomology is related to the cohomology of endoscopic moduli spaces attached to
non-trivial characters of I' which can be described as Higgs moduli spaces on a Galois
cover of C' determined by the character of T'.

On the geometric level, we have an isomorphism of varieties

MSLn,d XF T Jac(C’) — MGLmd

and thus the cohomology of My, 4 is the I'-invariant cohomology of Mgy, 4 xT™* Jac(C).
Since the I'-action on the cohomology of Jac(C') is trivial, we obtain isomorphisms of
Q-algebras

(4) H*(MGLn,d) = H*(MSLmd)F X H*<JaC(O)) = H*<MPGLn,d> (9 H*(Jac(C’))

In particular, to provide generators for the cohomology of Mgy, 4 it suffices to find
generators for the cohomology of Mpgr,, 4.

2.2.2. Tautological generation. — For d coprime to n, a choice of universal Higgs
bundle (£,0) — M, 4 x C determines tautological classes, which are defined as the
Kiinneth components of the Chern character of the underlying universal bundle £. These
tautological classes generate a subring of H*(Mg 4, Q) called the tautological ring.

First, we note that often tautological classes are defined as the Kiinneth components
of the Chern classes of the universal bundle, but we will use the Chern character as in
(MS) due to its multiplicativity properties; since we are working with Q-coefficients, this
does not change the tautological ring as we can determine the components chy(€) of the
Chern character from the Chern classes ¢, (€) and vice versa. In (HMMS) a different
choice of tautological generators is used (see §4.2.2).

Second, as the universal family on M,, 4 x C' is non-unique, the tautological classes
will only be uniquely defined if they are appropriately normalised. This normalisation
is not important for tautological generation of the cohomology, but it is crucial to
compute the perversity and weights of the tautological classes. There are different ways
to correctly normalise the tautological classes: work with the universal PGL,-bundle
or the PGL,-moduli space as in (MS), or consider twisted universal families which are
normalised as in de Cataldo, Maulik, and Shen (2022a, §0.3) or work with a normalised
rational virtual universal bundle of degree 0.

For concreteness, we define the tautological classes using the universal PGL,-bundle
Epcr, on Mpgr, 4 X C when n and d are coprime. For all v € H(C, Q) we define

k() = pmx(chi(EpaL,) Upe(7)) € Hi+2k72(MPGLn,d7 Q)

where pc and ppq denote the natural projections.

In rank n = 2, Hausel and Thaddeus (2004) showed that the tautological classes
generate Mpgr, 1, and combining these with the classes coming from Jac(C'), they
obtained generators for Mgr, 1. Markman (2002) generalised this to higher rank by
viewing Higgs bundles as sheaves on a surface 7*C' via the spectral correspondence and
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using an idea of Ellingsrud and Strgmme (1993) and Beauville (1995) to express the
diagonal class of the moduli space in terms of the Chern classes of the universal family.

THEOREM 2.1 (Markman’s tautological generation). — For n and d coprime, the
following statements hold.

(i) The classes c(vy) generate H*(Mpgr, .4, Q) as a Q-algebra.

(ii) H*(Mar, 4, Q) as in (4) is generated as a Q-algebra by ci(y) and the pullbacks
€1, ..., &y under det: Mar, a — Mar,.a = Jac’(C) x HY(C,we) of the generators
of H*(Jac(C), Q).

The tautological classes cx(y) can also be directly defined using Chern character
components of a normalised virtual universal family as follows. Let & — Mg, 4 X C
denote a universal family, then as we are working with Q-coefficients we can take a
virtual nth root of det(€)~! in the (rational) Grothendieck group of vector bundles. The
rational Chern characters chy, := chy (€ ® det(£)®~/") of the degree 0 virtual bundle
£ ® det(€)®~Y/" are independent of £ and coincide with the Chern characters of the
pullback of ngLn — MPGLn,d x C.

The cohomology of the SL,-Higgs moduli space is not tautologically generated, as all
tautological classes are I'-invariant and so they cannot describe the variant cohomology.
This means the P = W conjecture is substantially more complicated for SL,, and is only
known when n is prime (see §2.4).

For certain other smooth fine moduli spaces M of sheaves on surfaces, one can
define a tautological ring using the Kiinneth components of the universal sheaf. The
tautological ring is contained in the pure part of the cohomology of M and they coincide
in certain nice situations: for example, since i} (M, Q) is generated by the Kiinneth
components of the diagonal in M x M for a smooth compactification (see §1.3), it
suffices to express the diagonal in terms of tautological classes as in Markman (2002) in
order to conclude the tautological and pure rings coincide; this argument is employed

in (HMMS), see §4.3.

2.3. Weights of tautological classes on the Betti moduli space

Recall that the universal G-bundle Pg — ML x C' determines a classifying map
v (M) x C* — BG™

and a corresponding pullback on cohomology v*: H*(BG,Q) — H*(ME, Q)2 H*(C, Q).
One then obtains tautological Betti classes by taking the Kiinneth components of the
images of the generators of H*(BG, Q).

More concretely, for GL,,, we have

H*(BGL,,Q) = H*(BG",Q)*" 2 Qlay, ..., 2 Qlcy,...,cn] = Q[chy, ..., chy,],
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where ¢; are the elementary symmetric polynomials in the Chern roots «;. The Chern
roots can be viewed as generators of the different copies of H*(BG,,, Q). For a GL,-
bundle P — X corresponding to a classifying map vp: X — BGL,, the corresponding
cohomological pullback vj: H*(BGL,, Q) — H*(X) sends ¢ to cx(P).

The weights of the tautological classes on the Betti stack of G-local systems on C
(or in fact a more general topological space X of finite type) were calculated by Shende
(2017). Since the pullback on cohomology along an algebraic morphism respects Hodge
structures, Shende replaces the non-algebraic classifying map by an algebraic evaluation
map of simplicial schemes by replacing C' with a simplicial set Az whose geometric
realisation is homotopy equivalent to C'. By viewing A¢ as a constant simplicial scheme,
its mixed Hodge structure is of weight zero. Since the classifying stack BG has a pure
Hodge structure of Hodge—Tate type

H*(BG,Q) = P "Hod(BG),
k>0
Shende concludes that the cup product with v € H*(C, Q) increases the cohomological
degree by k but does not change the Hodge degree.

For G = PGL,, and coprime degree d, the Betti moduli stack EJJTEGLmd is a Deligne—-
Mumford stack whose underlying coarse moduli space MEGLmd has the same rational
cohomology. The tautological Betti classes

R0 = [ ehi(Pocr,) = (pm). (b () U che(Pe,)) € H' (Mo, 0. Q)

correspond to the tautological (Dolbeault) classes cx(y) as the underlying universal
(complex) PGL,-bundles are isomorphic (see §2.1). We can now precisely state Shende’s
result for PGL,,-moduli spaces.

THEOREM 2.2 (Shende (2017)). — For~y € H*(C,Q), we have cx(7) € *Hod"(MBey, 4)-
Hence, the tautological class c(y) has homogeneous weight 2k and type (k, k) which is
independent of the cohomological degree of 7.

For G = GL,,, where the universal family on M,, 4 is non-unique, only appropriately
normalised tautological classes have the correct weight as explained in de Cataldo,
Maulik, and Shen (2022a, Lemma 4.6). In fact by Shende (2017), the weight 2 Hodge
classes in the second degree cohomology of M,, 4 x C' are precisely the middle Kiinneth
components

Hod?(C' x M2,) = HY(C,Q) & H'(ME,, Q)
and so the normalised Chern characters of the universal bundle must be defined so the
first Chern character lies in this Kiinneth component and thus has weight 2.

For G = PGL,, the cohomology is generated by tautological classes cx(y) of even
weight 2k of type (k, k). Hence, we conclude Woy 1 H* (Mg a,Q) = Wor H* (Mg a, Q).
Since the weight filtration is multiplicative, we have

[Tew(v) € Wy o, " (Mpar, a0 Q)-
i=1
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2.4. Equivalent formulations of P =W

In the case of G = GL,, and PGL,,, we can exploit the fact that the cohomology of
the Dolbeault moduli space is tautologically generated and the weights of the generators
are known to reduce the P = W conjecture to statements about the perversity of the
tautological classes and their products.

PROPOSITION 2.3. — For n and d coprime, the following statements are equivalent:

(i) The P =W conjecture holds for GL,, and degree d.
(ii) The P =W conjecture holds for PGL,, and degree d.
(iii) The tautological classes ci(vy) € H*(MB}‘Z},Q) have perversity k and the perverse
filtration is multiplicative: P, U P; C Piy;.
(iv) For any ky,..., ks € Z~o and v1,...,7s € H*(C,Q), we have

[T e () € Py H' (M, Q).
=1

(v) For all k, we have Wo, H*(MR9,Q) C Py H*(M}, 4, Q).

Proof. — The cohomology of GL, and PGL,-Higgs moduli spaces are related by Eq.
(4) and, by Theorem 2.1, the (tautological) generators of the GL,-Higgs moduli space
are the (tautological) generators of the PGL,-Higgs moduli space together with the
pullbacks &, ..., &y, of the generators of H*(Jac(C'), Q) via the (smooth) determinant
map in the following diagram

det

Dol Dol
M MTg

hnl hll
A, =@, H(C,w§) —— A1 = H(C,we).

Since the rank 1 Hitchin fibration h; is smooth and in fact a trivial fibration, the
classes & have weight 2 and perversity 1 (see de Cataldo, Hausel, and Migliorini, 2012,
Proposition 1.4.1). By realising Mg&md as the quotient of the moduli space of trace-
free GL,-Higgs bundles by the Jacobian of C' as in de Cataldo, Hausel, and Migliorini
(2012, §2.4), one obtains as in Eq. (2.4.14) of loc. cit.
PSICHZ(ME,%Iv Q) = @ (Pﬁk—jHZ_] (Mgg‘}Ln,dv ) ® /\H1<C> Q)) )
Jj=0

from which the equivalence of (i) and (ii) follows.

Since the weights of the tautological classes are known and the weight filtration is
multiplicative, we see (ii) = (ili) == (iv). Since the cohomology is generated by

tautological classes whose weights are known we conclude (iv) = (v) for Mgy, 4,

but then this gives the corresponding statement for Mgcﬁlmd as the cohomology only
differs by a factor H*(Jac(C'), Q) whose weights and perversity were described above.

Finally, to deduce (v) == (i), one can compare dimensions and inductively see that
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Relative Hard Lefschetz and Curious Hard Lefschetz (Theorems 1.11 and 1.15) force
certain inequalities to become equalities. For example, we deduce Py = W, as

dim WQN/WQN_l CEL dim WO S dim PO REL dim PN/PN_1 S WQN/WQN_l,

where N = dim M® = 2r,, then one proceeds inductively to show P, = Wy;. O

The perversity of the tautological classes is computed by de Cataldo, Maulik, and
Shen (2022a), who show

cr(7) € PeM, Q),

although this is not used in either (MS) or (HMMS). This means it suffices to prove the
multiplicativity of the perverse filtration for the Hitchin map. We note that in general,
the perverse filtration is not multiplicative (for example, see de Cataldo, 2017b, Exercise
5.6.8) and so the P = W proofs heavily rely on the specific geometry of the Hitchin
fibration.

Let us finally remark on the additional difficulties concerning the P = W conjecture
for SL,, (with coprime degree). The P = W conjecture for PGL,, (or equivalently GL,)
gives the P = W conjecture for the invariant part of the cohomology of the SL,,-Higgs
moduli space under the action of I' = Jac(C)[n]. The variant part of the cohomology
is described by endoscopic moduli spaces attached to non-trivial characters of I' which
can be realised as subvarieties of GL,,/,-Higgs moduli spaces on a degree r Galois cover
of C' determined by the character of I' as in Hausel and Pauly (2012) and Maulik
and Shen (2021). If n = p is prime, the endoscopic moduli spaces parametrise rank 1
vector bundles on a degree n Galois cover of ('; consequently they are the total space
of cotangent bundles of Prym varieties whose associated perverse filtrations are trivial.
By using topological mirror symmetry (Hausel and Thaddeus, 2003; Groechenig, Wyss,
and Ziegler, 2020; Maulik and Shen, 2021) to explicitly compute the E-polynomials of
the variant part on the Betti and Dolbeault side for n = p prime, de Cataldo, Maulik,
and Shen (2022b, Theorem 1.5) show that the P = W conjecture for SL,, is equivalent
to the P = W conjecture for GL,; in particular, the P = W conjecture for SL,, with p
prime is now a theorem.

2.4.1. Perverse equals Chern. — We have seen that via tautological generation, the
P = W conjecture can be entirely phrased on the Dolbeault moduli space as the
interaction of specific tautological classes with the perverse filtration. More precisely, it
suffices to show the perverse filtration coincides with the Chern filtration (as explained
in Maulik, Shen, and Yin, 2023 and denoted P = ('), where the Chern filtration is
defined as

1

C := Span <H1/Jk(%) Y ki < k:>

for a fixed choice of tautological generators ¥i(y) = pm«(fe(E) U pa(y)) €
H 2k+deg<v>—2(/\/153;) defined using degree k£ homogeneous polynomials f;.
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One advantage of thinking in this framework is that this makes sense in a broader
context. For example, there is no Betti-version of D-twisted Higgs moduli spaces, so
we cannot ask about P = W, but we can ask whether P = C holds.

Remark 2.4. — In all three proofs of the P = W conjecture for GL,,, non-abelian
Hodge theory plays a minimal role due to tautological generation. More precisely, the
tautological cohomology rings on the Dolbeault and Betti moduli spaces can both be
viewed as quotients of the same ring (the Fock space, see §4.4.2) which has a natural
filtration by Chern degree. Shende shows for any G that the image of the Chern
filtration agrees (up to rescaling indices) with the weight filtration on the tautological
cohomology of the Betti moduli space. All existing proofs for GL,, (or PGL,,) involve
showing P contains (or in (HMMS) is equal to) the image of the Chern filtration C' on the
tautological cohomology of the Dolbeault moduli space. Only at the end, non-abelian
Hodge theory is combined with Markman’s tautological generation (and additionally
Curious Hard Lefschetz in (MS) and Maulik, Shen, and Yin, 2023) to conclude.

3. THE PROOF OF MAULIK AND SHEN

3.1. Strong perversity and overview of the proof

Consider the perverse filtration of a proper morphism f: X — Y between smooth
irreducible quasi-projective varieties over k = C. A class v € H'(X,Q) can be viewed
as a morphism v: Qx — Qx[l]. For ¢ > 0, we say as in (MS) that v € H'(X,Q) has
strong perversity ¢ (with respect to f) if for all ¢ the composition

reiREQx < REQx "5 REQx[]

has image contained in ’r<; .-y (Rf.Qx[l]). As the perverse truncation Pr<; is functorial,
v € H'(X,Q) automatically has strong perversity [ and so this notion is only interesting
for ¢ < [. Moreover, if v has strong perversity ¢, then it has perversity at most c.

The following proposition collects many useful consequences of this notion that are
used in the proof of Maulik and Shen.

PROPOSITION 3.1. — For a proper morphism f: X — Y between smooth irreducible
quasi-projective varieties, the following statements hold.

i) If v € HY(X,Q) has strong perversity c, then vy U PifH*(X, Q) C HQCH*H(X, Q).
ii) (Strong perversity is multiplicative). If 7, € H*(X, Q) has strong perversity ¢; for
1=1,...,s, then [I;_; vi has strong perversity >.;_; c;.
iii) (Splitting principle for strong perversity). If E — X is a vector bundle with a
filtration whose subquotients are line bundles L; whose first Chern classes have
strong perversity 1, then ¢, (E) and chi(E) have strong perversity k for all k.
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iv) A class v € H(X,Q) has strong perversity | — 1 if and only if
PHI(Rf): "M (REQx) — PH(Rf.Qx|I])
vanishes for alli. In particular, if f has full supports, one can check that "H' (R f.Y)

vanishes over any non-empty open subset U C Y.

Proof. — For i), by strong perversity of 7, we have a commutative square

H* (Y,pTSZ'Rf*@X) i> H* (Y,pTgi—&—c—lRf*@X [l])

| |

H*(Y, Rf.Qx) ——— H*(Y, Rf.Qx][l])

where H*(YP7<i o1 R Qx|l]) = H*(YPr<;, . Rf.Qx). Since the images of the vertical
maps are B H*(Y, Rf.Qx) and P, H**(Y, Rf.Qx) respectively, if a class lies in the
image of the left vertical map, then after applying v it lies in the image of the right
vertical map.
For ii), we use the commutative diagram
bR Rfm Rfvz
T<i [Qx ———— T<iter—1y Rf.Qx [ll] e — T§z+c1+chl17l2Rf*QX [11 + lz]

Rfim1

Rf.Qx Rf.Qx[l1] Rf.Qx[ly + 1o

For iii), we note that a linear combination of classes with strong perversity ¢ has

Rfiy2

strong perversity ¢ and a k-fold product of classes with strong perversity 1 has strong

perversity k by ii). Since ¢, (F) and chg(E) are homogeneous degree k polynomials in

the first Chern classes ¢;(L;) (e.g. ¢x(E) = ex(ci(L1),...,c1(Ly)) for the elementary

symmetric polynomials ey ), we conclude c¢x(E) and chg(F) have strong perversity k.
Finally iv) holds as we have a distinguished triangle

"reic1(REQx () = Prei(REQx[l)) = PH(RLQx[I)[-i]
and thus "H'(Rf.v) = 0 if and only if Pr<; o Rf.v factors via ’r<; 1 (Rf.Qx][l]). O

As a relatively straightforward corollary of the first two statements, one sees that it
suffices to show the tautological classes cx(v) € H *(./\/IECC’}) have strong perversity £ to
prove the P = W conjecture for PGL,, (or equivalently GL,, by Proposition 2.3). In fact,
Maulik and Shen show it suffices to prove that chy(Epar,) € H*(MpaL, 4, Q) has strong
perversity k£ with respect to the morphism hpgy,, x Ide: Mpgr,a X C = Apar, x C,

where Epar,, = Mpar,.a X C is the universal bundle for n and d coprime.

LEMMA 3.2. — Let d be coprime ton. If chy(Epar, ) has strong perversity k with respect
to hpar, X Ide: Mpgr,.a X C — Apgr, x C, then for v € H*(C,Q), the cup product
with cx(7y) increases the perversity with respect to hpgr, by at most k. In particular, the
P =W conjecture holds for PGL,, (and GL,,) with d coprime to n.
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Proof. — Fix a homogeneous basis I = {, ..., Y2442} of H*(C, Q) with Poincaré dual
basis vy, . . ., Yoy 12 and write

chi(€) = > 7' @ ().

vell

Since chy(€) has strong perversity k, we have
(5) —Uche(): P M H* (Mpr,a x C.Q) = P H (Mpgr,.a x C.Q)
by Proposition 3.1. Using the Kiinneth isomorphism
BhPGL"XIch*(MPGLn,d x C,Q) = H*(C,Q) ® P/'H*(Mpar, .4, Q)
we can apply the morphism (5) to v ® P/ H*(MpgL, 4, Q) to conclude
—Uce(y): PZ-hPGL" H*(Mpar,, 4, Q) — BT;?L” H*(Mpqar, 4, Q)

as claimed. The final claim follows by Proposition 2.3. O

3.1.1. Idea behind the proof of Maulik and Shen. — We have just seen it suffices to
show the kth component of the Chern character of the universal bundle £pgp,, has strong
perversity k for h x Idg. Moreover, the last two statements in Proposition 3.1 provide
some insight into the idea behind Maulik and Shen’s approach.

Inspired by Yun’s global Springer theory (Yun, 2011, 2012), Maulik and Shen instead
work with a moduli space of parabolic Higgs bundles, where the word parabolic indicates
the additional data of a full flag in a fibre of the underlying vector bundle over some
point in C. This extra data gives rise to a flag on the universal bundle, so the above
splitting principle could be applied and it suffices to know the first Chern classes of the
tautological line bundles have strong perversity one. Yun (2012) proves the first Chern
classes of these universal line bundles (at least in the PGL,, case) have strong perversity
one over an open set in the Hitchin base. It remains to show this strong perversity
extends over the full Hitchin base, which would be automatic if the parabolic Hitchin
map had full supports. However, this Hitchin map does not have full supports.

The fix for this problem is understood by previous work of Maulik and Shen (e.g.
Maulik and Shen, 2021), which builds on work of Ngo (2006, 2010) and Chaudouard
and Laumon (2016): rather than working with classical Higgs bundles, one must use
D-twisted Higgs bundles (E,0: E — E®wc(D)) for an effective divisor D. One should
show the Hitchin map has full supports if D has sufficiently high degree and then use
Maulik and Shen’s already established vanishing cycles trick to pass from D-twisted
Higgs bundles to classical Higgs bundles. The key new ingredient is a parabolic support
theorem.

3.1.2. Key steps in the proof of Maulik and Shen. — We divide the proof as follows.

(A) Pass to a moduli space of parabolic D-twisted Higgs bundles appearing in Yun’s
global Springer theory, where the splitting principle can be applied as the universal
bundle is filtered by tautological line bundles.
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(B) The first Chern classes of the tautological line bundles on parabolic Higgs moduli
spaces have strong perversity 1 over an open in the Hitchin base by work of Yun.

(C) Prove the parabolic D-twisted Hitchin map has full supports when D has sufficiently
high degree to deduce strong perversity over the whole Hitchin base.

(D) Use vanishing cycles to go from D-twisted Higgs bundles to classical Higgs bundles.

3.2. Steps (A) — (B): Parabolic moduli spaces and global Springer theory

Let us start by recalling Ngo’s description (Ngo, 2006, Section 2) of the stack of
G-Higgs bundles and the Hitchin map in terms of the quotient of the adjoint action
of G on its Lie algebra g, before then turning to Yun’s global Springer theory which
involves incorporating the Grothendieck—Springer resolution g — g.

For a reductive group G, the stack of G-Higgs bundles over a point can be identified
with the stack [g/G]. The good moduli space of this stack is the affine GIT quotient
lg/G] — ¢//G ~ t//W which is isomorphic to the spectrum of the Weyl invariant
functions on the Lie algebra t of a maximal torus 7" < G' by the Chevalley restriction
theorem. This is a polynomial ring in n = rk(7") variables of homogeneous degrees d;
which are one more than the exponents of G. If G, acts on g by scalar multiplication
and on g//G with weights (dy,...,d,), then the GIT quotient x: g — ¢ := g//G is
Gn-equivariant. Furthermore, the restriction to the regular elements g8 — g//G is an
orbit space and Kostant constructed sections e: g//G — g"# associated to sly-triples
(e, f, h) where e is regular nilpotent.

3.2.1. Ngo’s description of the Hitchin fibration. — The above picture can be globalised
from a point to a curve C' by noting that a morphism

C —[g/G]

corresponds to a G-bundle F on C' with a G-equivariant map £ — g or equivalently
a section of ad(E) = E x%g. For an effective divisor D on C, a D-twisted G-Higgs
bundle on C' is a pair (E,0) given by a G-bundle E and § € H°(C,ad(F) ® wc(D));

this pair corresponds to a section
C — [g/Glp = [g/G) x*" pp,

where pp is the G,,-torsor on C' corresponding to the line bundle we (D). Thus the
stack $iggss of all D-twisted G-Higgs bundles over C' classifies sections C' — [g/G]p
and the universal family corresponds to an evaluation map

(6) eve: ﬁiggsg x C' — [g/G|p.

The Hitchin base AL = @ | H(C,we(D)®%) parametrises sections C' — (g//G)p =
g//G x®m pp. Thus the Hitchin map hg on the whole stack is induced by the good
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moduli space morphism [g/G| — g//G in the sense that the following square is cartesian

Higgsl x C —— [g/Clp

lhﬁXIdc l

AL x C —5 (g//G)p.

If deg(wc(D)) > 2g, then we(D)® is globally generated for all 4 > 1 and thus the
evaluation map ev 4 is smooth, as it is a surjective bundle map over C.

We assume that we (D) has a square root, in order to obtain a Hitchin—Kostant section
e”: AL — $iggst from a Kostant section g//G — g as in Ngo (2006, Proposition 2.5).

3.2.2. Step (A): Yun’s Global Springer Theory. — By combining Ngb’s description
of the Hitchin fibration with the Grothendieck—Springer resolution, Yun introduces a
global version of Springer theory. Recall that the Grothendieck—Springer resolution for
a reductive group GG with fixed Borel subgroup B < G is given by

g g ={(x,b)egxB:xecb'} —g

where B = GG/ B is the flag variety, which we identify with the space of Borel subalgebras
b’ C g. The map my: g — g is a small map and a torsor under the Weyl group W over
a dense open, thus

(RWQ*QE>W = Q.

Yun’s global Springer theory describes the moduli stack of parabolic D-twisted G-Higgs
bundles as the fibre product of the stack quotient of the Grothendieck—Springer reso-
lution with the evaluation morphism appearing in Equation (6). The stack $iggse ™
classifies tuples (E, 6, z, EP) where (E,0) € $iggss and 2 € C and E? denotes a re-
duction of the fibre F, to a fixed Borel subgroup B < G. By Yun (2011, Lemma 2.1.2),

the natural forgetful map 7: $Higgse™™ — Higgss x C fits into a Cartesian square

evpar
D,par 9

Higgse™ —— [8/Glp

oo ]

Higgsl x C — [g/G]p,

where [g/G]p := [g/G] x®™ pp.
Since the stack of all Higgs bundles is not smooth, we will restrict to the open stable
locus. By the spectral correspondence, Higgs bundles whose spectral curve is integral

are automatically stable, so over the elliptic locus the stack of all Higgs bundles coincides
with the stack of stable Higgs bundles.

Let ME — $Higgss denote the substack of stable D-twisted G-Higgs bundles on C' and
let MEP™ — Higgso ™" be corresponding open substack which fits into a commutative
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diagram

evPar

(7) M —— Higgse ™ — [0/Glp

ppar Vo
/ lﬂ_ 5 l Jﬂ'g

AgXCWW@XCHﬁlggngC&[Q/G]D
C

where both squares are Cartesian. We will refer to 9M5P* as the stack of ‘stable’
parabolic D-twisted G-Higgs bundles, where stability is determined by the stability of
the underlying Higgs bundle. In fact, for parabolic Higgs bundles, there are different
notions of stability depending on a choice of weights (see Mehta and Seshadri, 1980).

By construction, the pullback F := 7*€ of the universal Higgs bundle (&€, ®) on
ML x C admits a Borel reduction FZ. Hence, there is a tautological T-torsor LT =
FBxBT over ME and from any character x: T — G,,, the G,,-torsor LT xXG,, defines

a universal line bundle £, on $Higgso ™"

Example 3.3. — The GIT quotient for the adjoint action of G = GL,,
X: g[n - g[n//GLn = SpGC(k[iL'l, s 7$n]sn) = Spec(k[al, ce 70n]) = A"

sends a matrix to the coefficients of its characteristic polynomial. The generators of
this polynomial ring have homogeneous degrees (1,...,n). By identifying B := GL, /B
with the space of full flags in k", we can view the stack [gl,/GL,] as the stack of
endomorphisms 6: k" — k™ with a full lag 0 =V, C Vi C ---V,, = k" that is preserved
by 0; this pair defines is a parabolic Higgs bundle (with a full flag) over a point. The
Grothendieck—Springer resolution is a S,-torsor over the set of matrices with n distinct
eigenvalues: a flag preserved by this matrix is given by an ordering of the distinct
1-dimensional eigenspaces or equivalently an ordering of the eigenvalues. The stack
$Higgseyr, parametrises GL,-Higgs bundles together with a point x € C' and a full flag
in the fibre over x. Consequently the pullback of the universal bundle F := 7*& admits
a full lag 0 = Fy C Fy C --- C F, = F whose successive quotients are line bundles
L; = L,, associated to the characters x;: T" — G,, corresponding to the standard basis.

Let us explain how to descend strong perversity statements for the stack of parabolic
Higgs bundles to the stack of Higgs bundles via the map m: 9o — ML x C in
Diagram (7) obtained as a base change of the Grothendieck—Springer resolution.

For G = PGL,, SL,, or GL,, the evaluation morphism ev: 9MZ x C — [g/G]p on the
stable locus is smooth by the deformation theory argument in (Maulik and Shen, 2021,
Proposition 4.1). Consequently the morphism 7 is the pullback of the Grothendieck—
Springer resolution along a smooth map and so 7 is also a small morphism and a
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W-torsor over a dense open set and thus
~Y
(R”*szgmf) = szgxc-

From this equality and the fact that h**" = (h x Id¢) o m, we obtain the following result.

LEMMA 3.4 (MS, Lemma 3.3). — For G = PGL,,SL,, or GL,, andy € H*(ME xC,Q),
the pullback 7*~ has strong perversity k for hP** if and only if v has strong perversity k
for b x Ide.

3.2.3. Step (B): Strong perversity of universal line bundles over an open set. — The
following result of Yun (in the case of G = PGL,) is vital for Maulik and Shen’s proof.

PRrOPOSITION 3.5 (Yun, 2012, Lemma 3.2.3). — If G is semisimple and deg(wc(D)) >
2g, there is a Zariski dense open subset of C' x AB over which

mépar (Cl (LX)) . épar (Rbgar@mg,par) _>p Hl par (Rb}:ar@mgypar [2])

vanishes. In particular, c1(Ly) has strong perversity one for h®* over this open set.

Throughout the rest of this subsection, as G and D are fixed, we will drop them from
the notation. We will explain the proof of this proposition over a smaller open subset
than Yun does (as for our purposes it suffices to know it over any dense open subset).
In particular, we will only need to care about ordinary cohomology rather than perverse
cohomology, as the fibres of the Hitchin map are smooth on this open locus.

The proof of this proposition involves identifying the Higgs stack with a Picard stack
P/A over an open set in the Hitchin base (via a spectral correspondence) and using
the fact that G is semisimple to see that the cup product with ¢;(£,) is determined
by its action on the relative cohomology of the neutral component P°. Once this is
known, the proof really boils down to the fact that multiplication by N on an abelian
group scheme acts by multiplication by N on the ith cohomology. After introducing
the Picard stack of Ngo and the enhanced parabolic Hitchin fibration of Yun, we will
outline Yun’s proof.

Let us introduce the Picard stack P/A following Ngo (2010, §4.3.1). In Ngo (2010,
§2.1), he constructs a group scheme J of reqular centralisers over ¢ := g//G with a
G-equivariant homomorphism y*J — [ to the universal centraliser group scheme I/g,
such that x*J gz In particular [g"¢/G] — ¢ is a J-gerbe. Since J — ¢ is
G,,-equivariant, we can twist by the G,,-torsor pp to produce Jp — ¢p. The fibre P,
of P over a € A is the stack of torsors over C' under the group J, := ev:Jp. Then
P acts fibrewise on $iggs — A and moreover $iggs™® (the locus mapping to [g™¢/G]
under evg) is a P-torsor over the Hitchin base (Ngo, 2010, Proposition 4.3.3). For
example, if G = GL,, then P is the Picard stack for the spectral curve C?/ AP and P
has components indexed by all d € Z. For G = SL,,, the Picard stack P is the relative
Prym stack for the spectral curve C§ /A§ ~and P has n components.

gres ~ I
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Yun works with the enhanced parabolic Hitchin fibration § which fits in the diagram

PxaAd=P " Higgs"™ —~— Higgs x C —— Higgs +—— P

- Z(ﬁ \ Jhxldc eCJh/
g . 9

p

where ¢: A — A x C is the enhanced Hitchin base (also known as the universal cameral
cover) which is a branched W-cover defined as the base change of tp — (t//W)p ~
(g//G)p along ev4. As deg(we(D)) > 2g, the evaluation map ev 4 is smooth and so is
A by Yun (2011, Lemma 2.2.3). Let ¢,: C, = ¢~ ({a} x C') = C which is a branched
W-cover known as the cameral cover. For G = GL,,, the cameral cover factors via the
spectral curve as gu: Cy — Co — C.

By Yun (2011, Lemma 2.3.3), P := P x4 A acts fibrewise on $Higgs®™ — A. The
Hitchin—Kostant section €: A — $Higgs™® combined with the Picard stack action deter-
mine a morphism 7: P — $iggs, which is an isomorphism over a dense open in the
Hitchin base. By base change, we get a section é: A — $iggs™ x4 A ~ HiggsP> e
and similarly a morphism 7: P — $iggsP™, which is also an isomorphism over a dense
open.

Let us specify the dense open set that we will work with more carefully. As in Ngo6
(2010, §4.7), assuming deg(wc (D)) > 2g, there is a dense open locus A® C A over which
the cameral curve C, is transversal to the discriminant divisor in t; (and thus is smooth
and connected). For an A-scheme Y, we denote its base change to A° C A by Y°. By
Ngo (2010, Proposition 4.7.7), $iggs® is a torsor under P° and by Yun (2011, Lemma
2.6.1)

Higgs™™° ~ Higgs® X 4o A°.

Before returning to the strong perversity statement, we need one further ingredient
from Yun’s global Springer theory: by Yun (2012, Lemma 4.13), there is a commutative
diagram

(8) P x ;1 $iggs™ - $Higgs™™

lQTxﬁT \LLT

BT x BT —™* ., BT

where the bottom arrow is induced by multiplication on 7" and the vertical arrows are
induced by universal T-torsors £T — $Higgs®™ and QT — P. More precisely, there is a
natural morphism j: P — Pr(A/A)W to the stack of W-equivariant T-torsors on .A/.A
built from homomorphisms j,: ¢;J, = T x C, constructed from the trivial T-torsor
on t, and Q7 is defined to be the pullback of the universal T-torsor on Pr(A/ AW x 4 A
via the base change to A of j; see Ngo (2010, §2.4) and Yun (2012, Construction 4.1.1)
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for details. For xy € X*(T), we let Q, := QT xTX G, be the associated line bundle,
which satisfies for N € Z

(9) (143 X[N])"Q, = Quy = Q7.

Having introduced the enhanced Hitchin fibration and associated Picard stacks, we
now turn to explaining the proof of Proposition 3.5. First, we note that it suffices to
show P}'—t%(cl(ﬁx)) vanishes over a dense open, as

pone(1(L3)) = @ PH(c1(Ly)).

Hence we can restrict our attention to the enhanced parabolic Hitchin map b over A
Since 7 is an isomorphism over A°, we can pull back £, via 7 = act o (Id x €), which
using the commutativity of Diagram (8) gives

(10) FL,~Q, ® L.

Since p: A — A has relative dimension 1 and is smooth over A°, by adjunction (Yun,
2012, Remark 4.4.2), the restricted morphism ¢;(£,)°: Rh.Q — Rh,Q(1)[2] over A°
gives a morphism

c1(£y)5: pip'Q — Rh,Q(1)[2] — End(Rh.Q)(1)[2].

After pulling back along the isomorphism 7: P| 4 = $iggs| 4o, Equation (10) gives a
decomposition in D?(A°, Q)
(T Ly); = al(Q); @ al(§ELy):: pFQ — Rg.Q(1)[2]

and Yun’s proof of Proposition 3.5 then reduces to showing the following two claims:

(i) er(g* e Ly )5 factors via R°g.Q(1)[2],

(ii) ¢1(Qy)§ factors via R'g.Q(1)[2].
The first claim follows as €*L, is fibrewise trivial over A. The second claim is where
the semisimplicity of G is needed. Let go: P° — A° denote the neutral component of
g: P — A° then Rgo.Q(1)[2] can be identified with a direct summand of Rg.Q(1)[2]
where the group scheme my(P) acts trivially; Yun refers to this as the stable summand.

By Yun (2012, Lemma 4.6.1), Q, is the pullback of the Poincaré line bundle on A x4
P(A/A) via the base change of a morphism

P ~ (=)xTX G ~
ot P —s Pr(A)A) ——5 P(A)A)

along p: A — A. Since G is semisimple, for each a € A° we know that m(P,) is
finite, but mo(Pic(C,)) = Z, and thus the morphism c1(Q,)§ must factor via the neutral
component P (i.e. via the direct summand Rgo.Q(1)[2]). Furthermore, for any N € Z,
Equation (9) implies we have a commutative diagram

. c1(Qx)y [N]* 0
pp'Q ———— Rgo.Q(1)[2] ———— Rg{Q(1)[2]

Nei(Qy)¢
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and as [N]* acts by multiplication by N* on R'g°Q(1)[2] because go is an abelian scheme
over A° we deduce the second claim. Combining these two claims with adjunction
(Yun, 2012, Remark 4.4.2), Yun deduces Proposition 3.5; in fact, he shows this holds
over an even larger subset by applying a support theorem on this larger open (see Yun,
2012, Theorem B).

Remark 3.6. — Yun uses the tautological line bundles £, for each xy € X*(7T') (or
strictly speaking the cup product with their first Chern classes) to define an action of
X*(T) on Rh**Q. He further shows (Yun, 2011, Theorem A) that there is an action
of the extended affine Weyl group W = X.(T) x W on RhP*Q constructed using
cohomological parabolic Hecke correspondences. These Hecke correspondences give an
algebro-geometric construction of the (gauge theoretic) 't Hooft operators appearing
in Kapustin and Witten (2007) and the geometric Langlands program, whereas the
operators given by Chern class cup-products indexed by characters y € X*(T') are
shadows of the Wilson operators (given by tensoring with tautological bundles). In
fact, these operators are predicted to be exchanged under a form of Langlands duality
expressed as a homological mirror symmetry between Higgs bundles for G and its
Langlands dual group. By combining these actions, Yun produces an action of the
graded double affine Hecke algebra H on RHP**Q (see Yun, 2011, Theorem B). In §4,
we will see that analogous operators are used in the P = W proof of Hausel, Mellit,
Minets and Schiffmann (HMMS). Recall from the discussion towards the end of the
introduction that Fourier duality is also a central technique in Maulik, Shen, and Yin
(2023).

3.3. Step (C): Support theorems

Maulik and Shen’s parabolic support theorem is a key new ingredient in their P = W
proof. We begin by explaining the non-parabolic analogue for D-twisted GL,-Higgs
bundles, where first Ngo (2010) showed the Hitchin map restricted to the elliptic locus
has full supports (for any D > 0) and then Chaudouard and Laumon (2016) proved for
D > 0 the whole Hitchin map has full supports by showing the generic point of each
support lies in the elliptic locus. In the parabolic case, the first part of this procedure is
completed by work of Yun (2012), who showed over the elliptic locus any strict support
is a component of the endoscopic loci. In particular, for G = PGL,, or G = GL,,, the
restriction of the parabolic Hitchin map to the elliptic locus has full supports for D of
sufficiently large degree. Then Maulik and Shen extend this to the full Hitchin base
using a relative dimension bound.

3.3.1. Review of support theorems for Higgs bundles (after Ngo, Chaudouard—Laumon).
— Let us outline the key ideas in the support theorems for twisted non-parabolic Hitchin
fibrations of Ngo (2006, 2010) (see also Hales, 2012) and Chaudouard and Laumon
(2016).

For an effective divisor D on C, let MP := /\/l,[: 4 be the moduli space of semistable
D-twisted Higgs bundles (E,0: E — E ® wc(D)) with Hitchin map h?: MP — AP
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and corresponding universal spectral curve CP/AP. We define open sets
AD,sm C AD,ell C AD

where a € AP*™ (resp. AP if its corresponding spectral curve is smooth and connected
(resp. integral). Over the elliptic locus, the relative Jacobian P := Py(CP*ll/ AP-)
acts on the Higgs moduli space by tensorisation using the spectral correspondence
Mf’fn ~ P (CP /AP to identify the elliptic locus with a relative compactified
Jacobian.

THEOREM 3.7 (Support theorems for D-twisted Hitchin maps)
Let D be an effective divisor on C' and assume n and d are coprime.

(i) (Ngd) For D > 0, the elliptic Hitchin map hP*t: MPel — APl has full supports.
(ii) (Chaudouard-Laumon) For D > 0, the Hitchin map hP: MP — AP has full
SUPPOTts.

The proof of the first part due to Ngo applies a general result (Ngo, 2010, Théoreme
7.2.1, Proposition 7.2.2) improving the Goresky—MacPherson inequality on the codi-
mensions of supports in the case of weak abelian fibrations (i.e. there is an action of
a smooth commutative group scheme with nice properties). For the Hitchin map, the
action of the relative Jacobian on the elliptic locus is used as follows.

For a € AP*! as the spectral curve C? is integral with locally planar singularities,
P, = Pic’(CP) is a semi-abelian variety appearing as an extension

(1) L= Ry = Po = Pic’(C) = By = Pic’(CP") = 1

where CP — CP is the normalisation and thus B, is an abelian variety, and the kernel
R, is an affine group scheme. Associated to such a family of integral curves, there is a
o-function

§: AP 5N, aw 6(a) = dim R,.

Ngb proves a d-inequality for any support Z of APl

(12) codim(Z) <z == min{d(a) : a € Z}.

Suppose for each a € Z, one can find a neighbourhood a € U C AP*! and a section
By — Py of the map in Eq. (11), then By acts on ./\/llU)’eu via this section and we obtain
a factorisation

h57ell: Mg,eﬂ - [Mg,ell/BU] _> U

where the first morphism is smooth and proper, so pushing forward along this map
does not change the supports. Then the second map is smooth and proper of relative
dimension dz and thus we can use the Goresky—Macpherson inequality for the second
morphism to deduce the above d-inequality. As the generic fibre of P is an irreducible
abelian variety, it is not possible to find such local sections By — Py, but Ngob instead
imitates this proof on the level of homology to conclude the desired inequality.
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By the Severi inequality for the relative compactified Jacobian associated to the family
CPell APl of integral spectral curves, one obtains a so-called d-regularity inequality

(13) codim(Z) > dy

APl Ag in the case of

and thus we must have an equality for any support Z of
the Goresky—MacPherson inequality, this implies that any support Z is detected by
R?ppPelQ where rp denotes the relative dimension of h”. Since the compactified
Jacobian of an integral spectral curve C, is also integral (as the singularities are planar)
and R?> hP<l1(Q sees precisely the irreducible components of the fibres of AP it follows
that R > hD1Q is a rank 1 local system and so its only support is Z = AP*! which
completes the proof of the first statement.

For classical GL,-Higgs bundles (i.e. D = 0), the Hitchin map does not have full
supports: its supports on the locus of reduced spectral curves are described by work of
de Cataldo, Heinloth, and Migliorini (2021, Theorem 6.11).

For the second part of the support theorem, Chaudouard and Laumon (2016) show
the generic points of the supports Z of h”: MP — AP are contained in the elliptic
locus. If a general point a € Z has corresponding spectral curve C, with [ irreducible
components which are non-reduced thickenings of order m; of a degree n;-cover X; — C'
(so Zézl m;n; = n), the idea is to apply the Severi inequality to each integral curve X;
to deduce that this forces I = 1 and n; = n and m; = 1 (i.e. a € AP°). For this, we
use the dimension formulas

0 if D=0,

s D 1 D_ ,.D_ D _
(14) ¢n = dim M, ; — dim A, = r,, — dim A { 1 — ndeg(D) if D> 0,

Ngo’s d-inequality (12) combined with the Severi inequalities (13) for each X; give

l
5Z Z COdlm(Z) Z (Z ¢m - an) + 5Z
=1

and so we obtain 1 — [ > (n — > ;_, n;) deg(D) from the above dimension formulas (14)
if D > 0. Since the right hand side is non-negative, we must have [ = 1 and thus ny =n
and m; = 1.

For D-twisted SL,,-Higgs moduli spaces (with fixed determinant of coprime degree),
the supports over the elliptic locus were described by Ngo (2006, 2010): there are finitely
many non-full supports related to the (non-trivial) endoscopy of SL,,. Recall that each

v € T' = Jac(C)[n] determines a cyclic étale cover of C, then a € Ag lies in the

endoscopic locus Aglﬁj if the normalisation of the spectral curve factors via the étale
cover corresponding to 7 (see Hausel and Pauly, 2012). In fact, for D > 0, there are no

new supports when passing to the full Hitchin base by a result of de Cataldo (2017a).

3.3.2. Maulik and Shen’s parabolic support theorem. — Recall the parabolic Hitchin
map
ol smg"’ar — A8 x C
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on the ‘stable’ stack of parabolic D-twisted G-Higgs bundles from Diagram (7). For
G = PGL,, this stack is a smooth Deligne-Mumford stack (see MS, Proposition 3.1)
and the parabolic Hitchin map is proper; thus we can apply the decomposition theorem.

THEOREM 3.8 (Parabolic Support Theorem, MS, Theorem 3.2)
For an effective divisor D on C with deg(D) > 2g, the parabolic Hitchin map
bpar, Drrtl?g’f;’d — ABqp, x C has full supports.

For a semisimple group G, Yun (2012) followed Ngo’s technique (Ngo, 2010) to
describe the supports of the parabolic Hitchin map over the elliptic locus Ag’e“ x C-
any non-full support is a component of the endoscopic loci. In particular, for G = PGL,
whose endoscopic theory is trivial, the restriction of the parabolic Hitchin map to the
elliptic locus has full supports. Consequently, similar to the proof of Chaudouard and
Laumon (2016), it suffices to show there is no support whose generic point lies outside
of the elliptic locus Ag’eu x C' by proving an analogous dimension formula.

Since parabolic bundles are easiest to understand for the groups GL,, and SL,,, where
the parabolic structure is given by a flag in a fibre of a vector bundle and stability is
given by verifying an inequality of slopes, Maulik and Shen prove the above theorem
by working with SL,-parabolic moduli spaces instead and then taking the I'-invariant
piece to get back to PGL,,. In this case, one can actually work with the moduli space
rather than the moduli stack. Fix a degree d line bundle L, then there is a diagram

D,par /T D,par
E——
MSLn,L 9erPGLn,d

J(WSLTL JWPGL»R

r
par D / D par
hSLn MSLn,L X C >9ﬁPGLn7d X C PGLp

J J

A x C —— Ay, x C

By work of de Cataldo (2017a), the SL,-Hitchin map hgr,, : M, — Af, admits a
weak abelian fibration structure for the relative Prym variety PrymO(Cé{n JAL, ) acting
by tensor product. Maulik and Shen show hgp : Mgﬁi"i — A§, x C admits a weak
abelian fibration for the pullback P of this relative Prym variety to ASDLH x C. Then
using d-regularity for the relative Prym variety (de Cataldo, 2017a, Corollary 5.4.4) and
an adaption of the argument above in the non-parabolic case, it suffices to show each

closed fibre of the parabolic Hitchin map hg;, has dimension
_n(n—1)
2

Since hgp is surjective and Gp,-equivariant for the scaling action, by semicontinuity
it suffices to bound the dimension of the fibre over (0,z) for each z € C by d. Fix
x € C, then as deg(D) > 2g, we can write D = zg + --- + x, as a reduced effective
divisor containing . Maulik and Shen prove their dimension formula using a dimension

d = dim ME™] — dim(Af, x C) deg(D) 4 (n* —1)(g — 1).
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bound for the nilpotent cone of strongly parabolic D-twisted SL,,-Higgs bundles, as the
strongly parabolic D-twisted SL,-Hitchin fibration is Lagrangian (Faltings, 1993), so
the dimension of its nilpotent cone is the dimension of its Hitchin base. Since a similar
method relating parabolic and strongly parabolic Higgs moduli spaces also appears in
(HMMS), we will explain this in §4.3.

3.3.3. Deductions on strong perversity. — By combining the above support theorem
with Yun’s result about the Chern classes of the universal line bundles on the parabolic
moduli space having strong perversity 1 over a dense open set (Proposition 3.5), we
obtain the following result.

COROLLARY 3.9. — For a divisor D of degree deg(D) > 2g, the kth Chern character
component chy,(EP) of the universal family EP — ?IRQGLM x C has strong perversity k
with respect to hpar, X Ide.

Proof. — By construction, the pullback F? = mjq; EP of EP to mlfi’gﬁ;d admits a
reduction to a Borel B < PGL,; thus the Chern roots of F” are the first Chern classes
of the associated tautological line bundles £, for some y € X*(T"). By Proposition 3.5,
we know that ¢;(L,) has strong perversity one with respect to h*" over a dense open
in the Hitchin base. By Theorem 3.8, as deg(D) > 2g, the parabolic Hitchin fibration

par, has full supports and thus we can conclude ¢;(£,) has strong perversity one over
the whole Hitchin base by Proposition 3.1. Since ¢;(£,) are the Chern roots of F7, we
deduce that chy(FP) has strong perversity k with respect to bpar, - Finally, we conclude

chy(EP) has strong perversity k with respect to hpar, X Ide by Lemma 3.4, ]

3.4. Step (D): Vanishing cycles

Vanishing cycles were originally used to study the topology of hypersurface singu-
larities and degenerations of families of projective manifolds. In modern enumerative
geometry, vanishing cycles are frequently employed to study the topology of some ‘tricky’
moduli space which occurs as the critical locus of a regular function on some ‘easier’
moduli space, whose enumerative geometry can be more readily described. Often the
tricky moduli space is singular and the easier moduli space is smooth; however, for us
both will be smooth Higgs moduli spaces (or stacks), but the tricky space is for classical
Higgs bundles (D = 0), where the Hitchin map has many supports, and the easier space
is the one for D-twisted Higgs moduli space, where the Hitchin map has full supports.

3.4.1. Vanishing cycles and strong perversity. — For a morphism pu: X — Al on a
smooth irreducible variety of dimension dy, there is a vanishing cycles functor

ut DX, Q) = De(Xo, Q)

where Xy = 71(0); for details, see for example de Cataldo and Migliorini (2009, §5.5).
We assume that ¢, is normalised by an appropriate shift so it respects the perverse
t-structures and induces a functor between categories of perverse sheaves on X and X,.
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The image of the intersection complex ¢,(ZCx) = ¢,(Qx[dx]) is a perverse sheaf
supported on the critical locus of u; we let X’ denote the support of this perverse sheaf.

ProposiTION 3.10 (MS, Proposition 1.4). — Let f: X — Y be a proper morphism
between smooth irreducible varieties and suppose we have a commutative diagram

%

X — X

o
ARNNIIN
Y —— Y 2 Al
where X' is the support of v,(ZCx) = v, (Qx[dx]). Assume that X' is smooth and
0. (ICx) ~ ICxr = Qx/[dx/]. If v € H(X,Q) has strong perversity ¢ with respect to f,
then its restriction i*y € H'(X’, Q) has strong perversity ¢ with respect to f'.

The proof uses proper base change for ¢, the fact that the vanishing cycles functor
respects the perverse truncations and the assumption that ¢,(Qx[dx]) ~ Qx/[dx/].

3.4.2. Vanishing cycles for Higgs moduli spaces. — In Maulik and Shen’s work on
endoscopic decompositions of the cohomology of moduli spaces of SL,-Higgs bundles
(Maulik and Shen, 2021), they relate D-twisted and classical Higgs bundles using van-
ishing cycles for functions constructed from evaluating at a point in D and using the
Killing form on sl,.

We fix d coprime to n and L € Pic?(C') throughout this section. The D-twisted
SL,-Higgs moduli space Mé)Lm ; is the closed subvariety of Mﬁ 4 consisting of Higgs
bundles with determinant isomorphic to L and trace-free Higgs field. There is a Hitchin
map hiy, : M, — Af, = S H(C,we(D)®).

Maulik and Shen show that if p is a point in the support of the effective divisor D,
then moduli spaces (and stacks) of D-twisted and (D — p)-twisted SL,-Higgs bundles
fit into a commutative diagram

mSDL_nI,)LCL mgLn,L s M, (p) =~ [sl,,/SL,]

af—f’l b
(15) MSDLch& ME, | —— Mg, (p) ~sl, J SL, Al
\
hf‘pl hP 2 Y

ASDL:LPCL AéDLn — Ag, (p) =t ) S,

with the following properties.
(i) The function g is induced by the Killing form

sl, = Al g tr(g?).

(ii) The closed embedding gy is the critical locus of ugy by Maulik and Shen (2021,
Theorem 4.5(a)).
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(iii) The evaluation at p morphism ev, on the stack is smooth by a deformation theory
argument (Maulik and Shen, 2021, Proposition 4.1). Hence, using the elementary
computation of the vanishing cycles functor for the Killing quadratic form sl,, — Al
together with smooth and proper base change, one obtains

M (ZCMSDLn,L) ~ .’Z:CMDfp .

SLp,,L
(iv) The closed embedding ¢ is equivariant for the natural action of ' := Jac(C)[n],
whose quotients give the PGL,-moduli stacks. Moreover, the PGL,- and SL,-
Hitchin maps have isomorphic bases; thus there is a commutative diagram

Mmpar,

— D

Mpcr,a — Mpar,a

hD*p l bD l MWIPGL"‘
PGLn PGLp

and consequently (see MS, Proposition 2.5)
) ~ Icmep

Hompar,, (ICDLRIQGLmL baE L
By Proposition 3.10, they can relate strong perversity of the Chern character compo-

nents of the universal families Efy, — MPyp, 4 x C for D and D — p as follows.

PROPOSITION 3.11 (MS, §2.3). — Ifp is in the support of D and chy(Eft;, ) has strong
perversity k with respect to hBq, x Ide, then Chk(EI?G_If'n) has strong perversity k with
respect to hpgr, x Ide.

By inductively combining this proposition with Corollary 3.9 and then applying
Lemma 3.2 and Proposition 2.3, one immediately obtains the following result.

COROLLARY 3.12. — For all D > 0 (and in particular D = 0), the class chy(Efyy,)
has strong perversity k with respect to hIQGLn x Ide. In particular, the P =W conjecture
holds for PGL,, and coprime degree d (and thus also GL,, and coprime degree).

4. THE PROOF OF HAUSEL, MELLIT, MINETS & SCHIFFMANN

4.1. Overview of the proof

Although the proof in (HMMS) grew from the study of cohomological Hall algebras
(CoHAs) of surfaces in Mellit, Minets, Schiffmann, and Vasserot (2023), one starting
point for understanding this proof is to consider sl-triples coming from ample classes via
the cohomological Relative Hard Lefschetz Theorem. Recall from Remark 1.12 that a
relatively ample tautological class w € H?(M,, 4) determines an sly-triple (€, f, h) acting
on Gr,’? H*(M,, ), where € is induced by the cup product with w and the perverse graded
pieces are the h-graded pieces. The idea is to lift this to an sl,-triple (e, f, h) acting on
H*(M,,q4) such that h behaves with respect to appropriate tautological generators as
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predicted by P = W; that is, we would like to find an sl,-triple (e, f, h) and tautological
generators () such that

(i) ngH*(/\/lﬁd) is the span of products [T;_; ¥, (7;:) such that Y7 | k; < k, and
(ii) we have [h, ¥, (7)] = kvr(7y) as operators on the cohomology H*(MDOI)

Here we view the tautological classes as tautological operators via their cup products.
Statement (i) gives the equality W = C, where C' is the Chern filtration for these
tautological generators (see §2.4.1), which follows from work of Shende (2017) and
Markman (2002) (see Theorems 2.1 and 2.2). From Statement (ii), one inductively
deduces that PH*(M}9) is spanned by products [T;_; ¥, (v;) with 37_; k; < k, which
implies P = C'. Together these statements imply the equality P = W. In particular,
unlike the proof in (MS) (see Proposition 2.3), this does not use Curious Hard Lefschetz
but rather provides a new proof.

The key question is: how can we construct such a lift of the sly-triple coming from
Relative Hard Lefschetz? For this, we need to choose the ample class defining e and find
a suitable f. A key idea of (HMMS) is to construct f using Hecke correspondences, which
are natural cohomological correspondences on moduli of Higgs bundles. More generally,
for certain moduli stacks of objects in an abelian category, Hecke correspondences are
used in the construction of CoHAs. The goal is then to describe the interaction of
the tautological classes with the perverse filtration, by instead understanding their
interaction with Hecke correspondences.

In fact, the tautological and Hecke operations can be used to produce an action of a
much larger Lie algebra. Hausel, Mellit, Minets and Schiffmann show the Lie algebra
H, of polynomial Hamiltonian vector fields on the plane acts on H*(MP9)[z,y] ~
H*(9m29)[x]. The main work involves computing the relations between the generators;
this goes much beyond the simple commutator relations needed for the sly-triple. In
(HMMS), the authors explain that the expectation for such an action of Hs arose from
similarities with the homology of links. For simplicity, we will focus our discussion on
the sly-triples inside Hs that are needed for the proof of the P = W conjecture, as these
act on H*(MP}9) without needing to add the extra variables z and y.

Let us point out a few subtleties concerning Hecke correspondences:

(i) Hecke modifications do not preserve (semi)stability in general.
(ii) Hecke modifications shift the invariants (e.g. Chern character) and so do not
naturally act on a single moduli space, but rather on all moduli spaces together.

(iii) Hecke correspondences are naturally defined at the stack level.

The first point is overcome in (HMMS) by instead working with elliptic loci, which are
preserved by Hecke correspondences. In order to relate the (tautological) cohomology of
the whole moduli space with an elliptic locus, moduli spaces of parabolic Higgs bundles
are used. The second issue is handled by noting that Higgs moduli spaces are periodic:
tensoring by a degree one line bundle produces an isomorphism M, s — M, itn.
Hence a specific Hecke operator is used to identify the cohomology of moduli spaces for
different Chern characters and thus prove a cohomological y-independence statement



1213-49

for the tautological cohomology of elliptic (parabolic) Higgs moduli spaces. The final
point is dealt with by first defining Hecke operators at the stack level and then defining
reduced operators which act on the cohomology of the moduli spaces.

Since the tautological and Hecke operators do not quite have the correct symmetry
properties required to obtain an sl,-triple, the periodicity of the cohomology is combined
with a degeneration procedure to obtain suitable operators that satisfy the correct
relations for an sl-triple.

We should point out that many results in (HMMS) and Mellit, Minets, Schiffmann,
and Vasserot (2023) concern a much more general set-up and study operators on the
cohomology of moduli spaces of sheaves on surfaces. Higgs bundles are a special case,
as by the spectral correspondence we can realise Higgs moduli spaces as moduli space
of pure 1-dimensional sheaves on the (open) surface 7*C' as in Remark 1.3.

4.1.1. Key steps in the proof. — We will divide the proof as follows.

(A) Define Hecke and tautological operators on the cohomology of elliptic loci. Then
relate the cohomology of the whole Higgs moduli space with the cohomology of
elliptic parabolic moduli spaces, so it suffices to prove P = C' on the latter.

(B) Compute the commutator relations between the Hecke operators and tautological
operators on the cohomology of moduli spaces of sheaves on surfaces.

(C) Prove cohomological y-independence for the pure cohomology of elliptic parabolic
Higgs moduli stacks, to view the Hecke operators as acting on the cohomology of a
fixed stack. By degeneration, produce operators with better symmetry properties.

(D) Pass from the cohomology of the stack to its good moduli space by defining reduced
operators that act on the elliptic (parabolic) Higgs moduli spaces.

(E) Construct an sly-triple from certain (reduced) tautological and Hecke operators,
then appropriately modify this triple to get a suitable sl,-triple to prove P = C.

4.1.2. Notation. — Throughout this section, we let .S denote a smooth complex surface,
which may be compact or non-compact. We let ¢; and t5 denote the Chern roots of T'S
and write (¢, c2) = (t1 + to, tits) and (s1,82) = (c1, ¢ — ¢3).

The stack of coherent sheaves on S decomposes as

Cobg = |_| Q:UhS,oz

where a = (ag, a1, 0) € H°(S) ® H*(S) & H*(S) denotes the Chern character. For
each a, fix a smooth open substack Mg, C Cobhy, of the stack of semistable sheaves (for
some notion of semistability) with universal sheaf F, — Mg, x S. For § = (0,0, [s]),
we have that Cobgs = S X BGy, is the stack of length 1 sheaves.

In (HMMS), the authors use cohomology with C-coefficients, although it seems suffi-
cient to work with Q-coefficients. We suppress the coefficients and let H := H* (9).

pure

4.2. Natural operators on cohomology

We introduce two natural operators on the cohomology of the moduli stacks Mg ,:
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(i) Tautological operators given by cup products with tautological cohomology classes
constructed from the universal family.

(ii) Hecke operators constructed as a cohomological Hecke correspondence given by a
length 1 modification of a sheaf at a single point.

The first operators act on the cohomology of a moduli space of sheaves with fixed Chern
character, whereas the second operators change the Chern character.

We first define the operators when S is compact (see §4.2.3 for the open case).

4.2.1. Hecke operators. — We will only need 0-dimensional Hecke modifications, which
are modifications of a sheaf by a length 1 torsion sheaf supported at a single point; these
sheaves are parametrised by the stack Mg s = Cobg5 ~ S x BG,,. There is a stack of
extensions which we view as a correspondence

¢rt,, ESF—>T
Cobgs X Cobg,_s Cobg, (T, €) F.

We will assume:

(i) Hecke correspondences respect the substacks Mg, C Cobg ,: if F € Mg, appears
as an extension & < F — 7T for a length 1 sheaf 7, then £ € Mg ,_s.

(ii) The open substacks Mg, are sufficiently nice that their universal sheaf F,, can be
resolved by a two term complex of vector bundles & — &.

The first assumption is essential for us to have Hecke correspondence diagrams between

the substacks Mg, of the form
Za

Em&(; X Qﬁs’a,(s Sﬁg,a.

(16)

The second assumption is imposed in order to describe length one Hecke correspondences
as the projectivisation of a complex: more precisely: Z, can be realised as the zero set
of a canonical section on 7*&)(1) — P(&) for m: P(&) — S x Mg, and thus one can
define a virtual fundamental class [Z,]"" (see Mellit, Minets, Schiffmann, and Vasserot,
2023, §2.4 and Negut, 2019, §2.4). We then define a Hecke operator

T: H*(m&(;) X H*(m&a_(;) — H*(Dﬁsa) .
{u" @ = T(&u")(n) = mu(mi (u) Ums(n) U [Z.]7),

where we identify H*(Mgss) = H*(S) @ H*(BG,,) = H*(S)[u] and consider elements
Eu™ for £ € H*(S). Note that the morphism 73 is proper, as it is a base change of a
proper map. We will write 7,,(§) := T (&u™): H* (Mg a—s) = H* (Msa).
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4.2.2. Tautological operators. — The construction of tautological classes in §2.2.2 can
be generalised to associate to any symmetric function f and any class v € H*(9), a
tautological class f*(v) € H*(Ms,) using the universal sheaf F, as follows.

Let A be the ring of symmetric functions in infinitely many variables 21, zs, ..., which
we can write as a polynomial ring in different generators:

AZQ[plaan"'] :Q[ebe?v"'] :Q[h17h27"']

where p, = 2F+ 25+ .. are the power sums, e, = 2,2...2; +- - - are the elementary sym-

metric functions, and hy = 2¥ + 2F 712, + .-+ are the complete homogeneous symmetric
functions. We define py(F,) € H* (Mg, x S) by the following generating series:
o > pk(fa)
ch(F,) =rk F, + kz_:l X

and set po(F,) := rk F,. The assignment py, — pp(F,) determines a ring homomorphism
A:k[pl,pg,...] —)H*(mS@XS), f’-)f(./—'-a)
For any v € H*(S) and f € A, we define an associated tautological class

F2() = e (f(Fa) Uns (7)) € HTHH (M),

Together these classes generate a tautological subring H, . (Mso) C H*(Msa). We use

aut
the same notation for the corresponding tautological operators

Fo(): HI (M) "2 Bttt (omy ).

Let us introduce the tautological 1-classes which are used as tautological generators
in (HMMS) due to their simplified commutator relations with 7,,(§), as described in
Equations (20) and (22) below. The 1-classes are defined by inserting the Todd class,
which was also used by Li, Qin, and Wang (2002). Recall that ¢; and ¢, denote the
Chern roots of T'S and thus Tdg = #1t2/(1 — e )(1 — e~ *2). For each v € H*(S) and
n > 0, we define ¥ () by the generating series

", 2" Py litox
Z - (Z | ) (1 _ e—tlx)(l _ e—tgx)'

|
n>0 n. n>0 n.

More precisely, if Tdgy € H*(S) denote the Todd class components, then

(17> ¢n (f}/) = Z jpm(TdS,n-Jrl—m ’Y)

1<m<nt1 ¥
4.2.3. The case of an open surface. — If Sy C S is an open surface, then as explained
in (HMMS, §3.5), the above applies to stacks Mg, which consist of sheaves supported in
Sp. One difference is that one should replace H*(S) with H  .(So), since the tautological

class fo(7) only depends on the image of v in H} . (So).
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For D-twisted Higgs bundles, we consider the open subset Sy := Tot(we(D)) of
S :=P(O¢ & wc(D)*). Then H' .(So) = H*(C). Let m: Tot(we(D)) — C denote the

pure

projection; then the Todd class of Sy is given by
Tds, = 7*(Tde) - 7 (Tde(we(D))) = 77(1 + e1(Te))7* (1 + 1 (we (D))

whose Chern roots are t; = 7*¢;(7¢) and ty = 7*c1(we(D)). In particular, t; + to =
deg(D)n*[z], where [z] is the class of a point on C'. In the classical Higgs case (D = 0),
we have t; +t, = 0 and Tdg, = 1.

Henceforth S denotes a possibly open smooth surface and H := H* . (S) C H*(S5).

pure

4.3. Step (A): Operators on elliptic loci and parabolic Higgs moduli spaces

The spectral correspondence describes D-twisted Higgs bundles on C as pure 1-
dimensional sheaves on the open surface S = Tot(we(D)). Unfortunately, Hecke modi-
fications do not preserve semistability, but they do preserve the spectral curve (which
is the support of the pure 1-dimensional sheaf on S). Indeed, for a Hecke modification
& — F — T where £ and F are pure 1-dimensional sheaves on S and 7 is a length 1
sheaf, this sequence cannot split as F is pure. It follows that £ and F have the same
support and thus the same spectral curve.

Over the elliptic locus, where the spectral curve is integral, all Higgs bundles are
stable, thus we have Hecke correspondences

Zn,d

RN

(S x BG,,) x My, ot

The universal bundle can be locally resolved by a 2-term complex of vector bundles (for
example, see Faltings, 1993, §1). Hence as in §4.2, we can define Hecke operators T,,(&)
(M)

Moreover, Markman’s argument (Markman, 2002) for tautological generation should

and tautological operators ¥ (y) on H{
generalise to show that the Kiinneth components of the diagonal can be expressed in
terms of the tautological classes and thus for n and d coprime, we have

D,ell Dell
H‘;kaut(Mn,; ) = H;ure(Mn; )

as in the end of §1.3.1.

In the next subsections, we will see that general results about Hecke actions on moduli
spaces of sheaves on surfaces (following Mellit, Minets, Schiffmann, and Vasserot, 2023)
will produce an action of the Lie algebra Hs on H:aut(zmﬁj“)[x] &~ Ht*aut(/\/li oz, y)
and eventually find an sly-triple to prove P = W.

The rest of this subsection is devoted to describing how to go from the cohomology of
the elliptic locus to the cohomology of the moduli space of all semistable Higgs bundles.
In (HMMS), this is achieved using certain parabolic Higgs moduli spaces (and stacks).
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Remark 4.1. — Using deep results about CoHAs, the authors of (HMMS) hope to
eventually be able to remove the need to pass via parabolic Higgs bundles, which should
streamline the argument. However, one advantage to the current argument is that it
provides an approach to proving the P = W conjecture for parabolic Higgs bundles.
Furthermore, it involves a nice geometric argument relating elliptic loci with (parabolic)
moduli spaces, which might be of future interest (e.g. Maulik, Shen, and Yin, 2023 use
this in the third P = W proof).

The parabolic Higgs bundle moduli spaces appearing in (HMMS) are slightly different
from the universal one appearing in (MS) and §3.2, which came from Yun’s global
Springer theory. Recall that Yun considered parabolic Higgs bundles consisting of a
Higgs bundle together with a point on C' and a flag over that point which was preserved
by the Higgs field. In particular, the point where we have the flag structure can move
freely in C'. It is more standard for parabolic bundles to have flags at a fixed number of
parabolic points x; which are encoded by a reduced effective divisor D = xy + -+ - + z,.
These are the parabolic Higgs bundles considered in (HMMS) and we will refer to them
as D-parabolic Higgs bundles (to distinguish from the parabolic D-twisted Higgs bundles
used in §3.2). To prove the (non-parabolic) P = W conjecture, it suffices to take D = z.

The stack .F_)iggsfz 7% of all D-parabolic Higgs bundles parametrises tuples (E,0: E —
E ® we(D),Ey), where (E,0) € MY, is a D-twisted Higgs bundle and EJ is an
(increasing) full flag in the fibre of each z; € D that is preserved by the Higgs field (that
is, res,, (0)(EZ) C EZ. for all j). If res,, (0)(EZ,) C EZ! for all j and all z;, the Higgs
field is called strongly parabolic and we let ﬁtggﬁD spar
D-parabolic Higgs bundles.

denote the substack of strongly

There are different notions of stability for D-parabolic Higgs bundles (arising from
different choices in their GIT construction, see Mehta and Seshadri, 1980), but we will
consider an open elliptic locus that is contained in all stable loci. Let st parell 1o the
substack of D-parabolic Higgs bundles whose spectral curve is integral and such that
res,, (#) has distinct eigenvalues for each z; € D. In particular, the parabolic structure
is just given by an ordering of the eigenvalues, and so there is a forgetful map

D-par,ell Dell
M, 0 = My

which is a SIPl-torsor over its image. For any notion of stability arising from a choice
of parabolic stability parameters (as in Mehta and Seshadri, 1980), all D-parabolic
Higgs bundles in imD parell are stable. Hence, we fix one generic stability parameter (i.e.

semistability and stablhty coincide) and let EDTD P* denote the corresponding stack of

mD par,ell

(semi)stable D-parabolic Higgs bundles. Then DJ?D P4 and we also have an

D-par.ell D-
inclusion M, 7% C M, >

of the correspondmg moduli spaces.

We will relate the cohomology of the Higgs moduli space with elliptic loci (for D-
twisted Higgs bundles) using D-parabolic Higgs bundles and different fibres of the
map

D' MD par_>AD _An\D\ 1
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which records the ordered eigenvalues y; ; of res,,(6) for all z; € D. Note that the sum
of all these eigenvalues is zero by the residue theorem: Y, res,, tr(f) = 0. Furthermore,
Ap ., is a direct summand in the Hitchin base for /\/lf: % and xp is the composition of
the Hitchin fibration with the projection onto Ap ,,.

LEMMA 4.2 (HMMS, Proposition 8.16). — For pu € Ap,, generic, X5 (1) C ./\/lD par,ell

Proof. — Let = (u; ;) € Ap,, be chosen so that the y; ; are all distinct and their sum
is zero, but no proper subset sums to zero. Then any parabolic Higgs bundle in the
fibre x5' (1) is simple: if it had a subbundle, then the sum of the residues of the trace of
the Higgs field on this subbundle would be zero, which would force some subset of the
Hij’s to sum to zero. Hence, any parabolic Higgs bundle in Xp' (1) has integral spectral
curve and the eigenvalues p; ; of res,, () are distinct, which proves the claim. O]

In particular, we have the following commutative diagram

X () s MEP™ o (0) = M

D-par,ell D|—-1 __
M d Aﬂ' | - AD,n and

n,

7 | (GL,,/B)!Pl —bundle

-

D ell
M Mn,d7

where M,, 4 is the subspace of (E, 6, E2) € xp'(0) such that res,,(6) = 0 for all z; € D;
in particular, such : F — E ® wa(D) factor as 0: E — E ® we and forgetting the flag
gives the morphism 7: Mn,d — M, 4 which is an iterated flag bundle.

The following proposition collects various results concerning the cohomology of the
moduli spaces appearing in this diagram.

PROPOSITION 4.3. — Forn and d coprime, the following statements hold.

i) The cohomology of MD P is pure,
ii) The restriction maps 1§ and L, on cohomology are isomorphisms,
iii) The restriction map v respects the perverse ﬁltmtz’ons
iv) The restriction map j* is injective and thus H}jy(METN) = H* (ML P™). More-

over j* respects the perverse filtrations.

pure

Proof. — For i), one shows there is a semi-projective G,,-action scaling the Higgs field
analogously to Proposition 1.7. For ii), one uses that yp is smooth and equivariant for
the scaling G,,-action (see HMMS, Proposition 8.14 and the proof of HMMS, Propo-
sition 8.18) and thus restricting to a fibre is a cohomological equivalence as in Hausel,
Letellier, and Rodriguez-Villegas (2011, Theorem 7.2.1). For iii), the projectivisation
of MD PA with respect to the scaling G,,-action is used and the D-parabolic Hitchin
map is extended to a map to a weighted projective space as in Hausel (1998). Since
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/\/lD P has pure cohomology groups, its cohomology can be described as a quotient
of the cohomology of its compactification by the image of a class L pulled back from
a hyperplane class on the weighted projective space. By (HMMS, Theorem 8.5), on
the cohomology of the compactifified moduli space, the perverse filtration is given (up
to a shift depending on the cohomological degree) by the canonical weight filtration
induced by the nilpotent operator L, which is computed using kernels and images of
powers of L. The interaction of the kernels of powers of L with the extension of ¢q to the
compactification is then described in order to prove ¢ (or strictly speaking its inverse)
respects the perverse filtrations (see HMMS, Proposition 8.18 for details).
For iv), we know the isomorphism L, factors as

H*<MD par) _) H*<MD parell) — H*(Xal(,u))
and thus j* is inJectlve. The last part of iv) follows by (HMMS, Theorem 8.5). O

In the parabolic setting, there are additional tautological classes coming from the
flags. Let £;; — Z)ﬁD P be the line bundle whose fibre is the j-th subquotient in the
flag over E,, and let

(18) Yij = Cl(Li,j) S HQ(mi:ipar)~

We let Ht*aut(me 2 denote the subring generated by the usual tautological classes f(7)
for a symmetric function f and class v € H*(C), and the additional parabolic tautolog-

ical classes y; ;. By a variant of Markman’s argument (Markman, 2002), one should be

able to prove that the Kiinneth components of the diagonal in ‘J)?D parcll sz par

generated by tautological classes and thus the pure cohomology is tautologlcal.

H* (mtqll)’—dpar,ell) H* (mgdpar ell)

taut pure

In the parabolic case, one can define Hecke modifications at parabolic points as
actual morphisms between semistable D-parabolic moduli spaces (for different choices
of parabolic stability parameters). Since the elliptic locus consists of D-parabolic Higgs
bundles which are stable for all stability parameters, we get Hecke morphisms between
them. More precisely, for each parabolic point x; and 1 < 57 < n, we have a Hecke
morphism

7‘[ mD par,ell mﬁ—jj{,ell) (E, 9’ E;Z) — (E/, 9/’ E;;:)
where E' C E is the kernel of the projection £ — E,, — L;; = O,, onto the j-th
eigenspace of res,, (f). Thinking of the parabolic structure as a filtration of sheaves, this
operation cyclically permutes the filtration as described by Boden and Yokogawa (1999,
§5). We denote the corresponding parabolic Hecke operator on cohomology by

(].9> Xi,j = ’]—[;j - H* (mﬁ}fti‘,cll) s H* (mD par, 011)

THEOREM 4.4. — Assume n and d are coprime and D is an effective reduced divisor.
Consider the following statements.

<1)D P = C holds for taut(Mr?dpar ell)
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(2)p P =C holds for H}, (M

(3)p P =C holds for H}, (M

(4) P = C holds for Hf ,(M,q4) = H* (My.q).
)

Then (1), = (2)p = (3)p and for D =z, we have (3), = (4).

D par)
taut :
D spar)

Proof. — The first three implications follow from Proposition 4.3.

If D = z, we sketch the final implication following (HMMS, Theorem 8.20). The
relative dimension of 7 is the dimension of the flag variety GL,,/B, which is (g) and
coincides with the codimension of the closed immersion i. Moreover, (up to sign) the
Euler classes of the relative tangent bundle of Mmd — M, ¢ and the normal bundle for

i: Mya— M are

A= H (Y — ur)

1<j<k<n
where y; := ¢1(L;) are the first Chern classes of the tautological line bundles coming
from the flag at = as in Eq. (18). For the maps
A= 7T* H*( x- spar> H*—2<g) (Mn,d) ‘B = 7:*7'(*
which both respect the perverse filtrations, we have

AB = m %, 7" = +n A7 = £nl

from which we deduce B is injective and the claim follows. O]

Remark 4.5. — A similar reduction is performed in the third P = W proof (Maulik,
Shen, and Yin, 2023, §5.4.3), where they work with the stronger statement C' C P on
the full cohomology as opposed to the tautological (or pure) cohomology.

Hence it suffices to show P = C on the elliptic parabolic moduli space M §*" ell

4.4. Step (B): Lie algebra actions on cohomology

Let S be a smooth surface and assume we have substacks Mg, C Cobg, satisfying the
assumptions of §4.2.1 in order to define Hecke operators T,,(£) and tautological operators
Yy () indexed by classes §,v € H = H,.(S). In this section, we will describe the key

results of Mellit, Minets, Schiffmann, and Vasserot (2023), which are also proved in
(HMMS).

4.4.1. Action of the Hecke operators on the tautological cohomology. — From the defi-
nition of Hecke correspondence given in Diagram (16), we see that over Z, x S there is
a tautological exact sequence

0 — 75 gFas — T3 gFa — T gFs = 0
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where m; ¢ := m; X Idg. By combining this with the projection formula, they compute
the commutator of the Hecke operator T,,(&) := T'(§u™) for {u™ € H*(Mgs) = H*(S5)[u]
with the tautological operator py(7y) for v € H*(S) to be

u—to)f +(u—t, +ta)k
- yEu" |,
102

(20) [pk(v),Tn(f)]:T<“ —(u—t)" —(

where [pp(7), T, (€)] = pg(7) T (&) — (—1)28M 8O T, (£)p@=0(5) is viewed as an operator
from H*(Mg—s) to H*(Ms,), and t; and ¢ denote the Chern roots of T'S.

By induction, to describe the Hecke action on @, H{ (Ms..) it suffices to compute

T,(€)(1). This is achieved via classical intersection theory: by (HMMS, Eq. (3.2)), we
have

(21) Tn(ﬁ)(l) = hn+1—rkfa(f)>

where h;, is the complete homogeneous symmetric function of degree k.

4.4.2. Lifting to the Fock space. — In (HMMS), the authors study the action of 7T},(€)
by lifting it to a universal model Ag for the tautological cohomology. The Fock space Ag
is a polynomial ring (over C) generated by py(7) for v € H modulo the relations

(v +7) =o(y) + pe(?) and  pr(Ny) = Apr(y) for X € C.

This is a graded super-commutative ring where p;(v) has degree 2k — 4 + i for v € H*.
For any f € Ag of positive degree, one can define f(v) by expressing f in terms of the
pi’s. To lift the Hecke operator to Ag, we need two homomorphisms

RA5<2AS®H[U]Q

where in view of Eq. (21), Q(f ® {u™) := fh,(§) and, in view of Eq. (20),

uF = (u— 1) — (0 —ta)* + (u— b + 1)
— f}/.

R(pr(7)) = pe(7) i

ProprosITION 4.6 (HMMS, Eq. (3.3)). — For & € H and n > 0, the operator T,(§) :
H* (Mg q—5) = H(Ms,) lifts to the Fock space in the sense that we have a commutative
diagram

gunfrk Fa+l

As @ Hlu] ————— Ag ® H[u]

| o

AS AS

L

H* (f)ﬁ&a,g) — H* (msa).

Proof. — This follows from Eq. (20) and (21) and the construction of R and Q). O



1213-58

To deal with the shift appearing in the top arrow of the above commutative diagram
and in Eq. (21), the authors in (HMMS) define Hecke operators T,,(§): Ag — Ag to
induce T),_k 7, +1(§) on the cohomology groups of the stacks Mg, (see HMMS, Remark
5.3). They similarly define tautological operators ¥y (v): As — Ag as in Eq. (17).

One of the central ingredients due to Mellit, Minets, Schiffmann, and Vasserot (2023),
whose proof is also sketched in (HMMS, §4), is the commutator relations between the
Hecke and tautological operators on Ag, as well as quadratic and cubic relations given
in (HMMS, Theorem 4.1). Let us just state the commutator relation which, after
comparing with the much more complicated commutator relation in Eq. (20), explains
why replacing the tautological classes pi(y) with the tautological 1-classes ¥ (7) is
desirable: we have

(22) [Ve(7), Tn(€)] = ETnik—1(76)-

In (HMMS, §5), the authors fix a basis Il of H and define a surface W -algebra which
is generated by operators T, (m) and ¢, (7) for 7 € I and n > 0 modulo the relations in
(HMMS, Theorem 4.1) and the additional relation [¢,,(£), ¥, (7)] = 0. As an immediate
corollary, they obtain a representation of this surface W-algebra on the cohomology
DiczH* (Mg a1is) (see HMMS, Corollary 5.2). These results culminate in the following
theorem.

THEOREM 4.7 (Mellit, Minets, Schiffmann, and Vasserot, 2023; (HMMS, Theorem 5.5))

Assume both s, =0 € H*(S) and s;A =0 € H%(S x S). Then the surface W -algebra
is isomorphic to the universal enveloping algebra of the Lie algebra with basis D, ()
where m,n € N and m is an element of a fived basis I1 of H and Lie bracket

[Dm,n(£)7 Dm/,n’ (5/)] = (nm’ - mnl>Dm+m/,n+n’fl(£§l>'

The relation between the generators of this algebra and the previous operators is given by
Do (&) = (&) and Dy ,,(€) = T,(€). Moreover, there is a representation of this algebra
on @iczH* (Mg o1is) extending the given action of the tautological operators ¥, (&) and
Hecke operators T, (&).

The first index m records the shift in the § direction: D,,,(§): H*(Mss) —
H*(Ms a+ms) and the second index corresponds to a shift in cohomological degrees.
We see that the shift in these indices under the commutator is not quite symmetric:
the m-index is the sum of the m-indices, but the n-index is the sum of the n-indices
minus 1. This will be dealt with by a degeneration procedure in the next section that
also reduces the m-index by 1.

In the Higgs case (see §4.2.3), the classes s and s;A vanish for degree reasons. More
generally, without these vanishing assumptions, analogous relations are proved modulo
a filtration in (HMMS, §5.2).
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4.5. Step (C): Periodicity, cohomological x-independence and degeneration

Whilst the tautological operators act on the cohomology of individual moduli stacks,
the Hecke operators increase the Chern character by . However, by twisting by a line
bundle, these moduli stacks are periodic (for example, in the Higgs case, M, 4 up to
isomorphism only depends on d modulo n, as tensoring by a degree one line bundle
induces M, 4 ~ M, 44n). To consider the cohomology of just one moduli stack (or
space) at a time, we will identify the cohomology of different moduli stacks (to give a
cohomological y-independence result) using a specific Hecke correspondence.

PROPOSITION 4.8. — Fiz o = (o, a1, 0) and assume that there is a line bundle L
on S such that — @ L: Mg — Mg acnr) i an isomorphism and c¢,(L)oy > 0. Then
To(c1(L)) induces an isomorphism Hp (Mso) = HE e (Ms ats)-

aut

Proof. — Let us outline the proof and refer to (HMMS, Proposition 6.2) for details.
First one shows Tj(c1(L)) is surjective inductively using the fact that ¢;(L)ay # 0 and
the description of the action of Hecke operators provided by (HMMS, Theorem 5.8). By
iterating the surjection Ty(c1(L)), one obtains

dlm H’L (S'RS,&> Z dlm Htiaut(msyaJr(S) Z T Z dlm HZaut(mS,Oé‘H;Cl(L)al);

taut

however the first and last dimensions are equal via the isomorphism coming from tensor-
ing with L. Hence, these inequalities are equalities and Ty(c1(L)) is an isomorphism. [

In the D-twisted Higgs case, we have S = Tot(wa (D)) and we take Mg, to be the
elliptic loci in the stack of Higgs bundles (viewed as sheaves on S via the spectral
correspondence).

Let us write n := ¢1(L), so Tp(n) can be used to identify the tautological cohomology of
different stacks. If X := Ty(n)/nay, then the operators X ~™D,, ,, act on the cohomology
of Mg . Moreover the sequence of operators XD, ,, depends polynomially on m
and the non-zero coefficients are nilpotent if n = 0 (HMMS, Proposition 6.3).

At this point a degeneration is used to obtain new operators Em,na which also depend
polynomially on m, with better symmetry properties (in particular they will enable
us to find the desired actions of Hs and sly). The authors view this degeneration as
analogous to degenerating a spherical trigonometric Cherednik algebra to a rational

Cherednik algebra. The operators D,, , are defined via the following generating series:

T%Z’l\ji,n(g)a

2!

Dypn(€) = X™ 3

where X := Xe?/7 and 6 is the linear term in the polynomial expansion of X “*Dy.o(n),

which is nilpotent and so e**?

are polynomials in k. The operators D,,, depend
polynomially on m and, by construction, the linear term in the polynomial expansion
of X %Dy, 0(n) vanishes. The commutator of these operators is computed in (HMMS,
Proposition 6.4) and now exhibits more natural symmetry between m and n. If one

assumes So and s;A vanish as in Theorem 4.7, then these identities hold on the nose
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rather than modulo a certain filtration and in the Higgs case they sumphfy further as
we will see below. Consequently, the algebra W generated by the operators Dy, » turns
out to be generated by 1,(1) and Dy o(€) (see HMMS, Corollary 6.5).

4.6. Step (D): Reduced operators on the cohomology of moduli spaces

In the situations we are interested in (e.g. the Higgs case), the moduli stacks Mg,
will be trivial G,,,-gerbes over their good moduli spaces Mg ,. Consequently

H*(Mg,) ~ H* (Mgo) @ H* (BG,,) ~ H (Msg,q)[u].

We would like to remove this tensor factor of H*(BG,,) to pass from the stack to the
moduli space in a canonical way. To do this we express the cohomology of Mg, as a
polynomial ring over a so-called reduced cohomology ring with variable y given by a
normalised tautological operator.

As above, we continue to let n := ¢;(L) and we write n := na; > 0 (which will equal
the rank in the Higgs case). From the above commutator computations, one obtains

[Eo,l(ﬁ); 51,0(1)] =n
where Dg (1) = 11(n). Hence for y := 1 (n)/n and 9, := —D; o(1), we have [9,,y] = 1.

Since 0, has cohomological degree —2, it is locally nilpotent and moreover, y provides a
slice of the associated G,-action. Thus if H*(9Mgq)red := ker(dy), we obtain a canonical
decomposition

H*(Ms o) = H (M a)realyl-

Note that we can view H*(Mgs 4 )rea as a subspace given by ker(d,) and as a quotient
space given by the cokernel of y, just as we can view a slice of a G,-action as a subset
or a quotient.

Since Ady, acts locally nilpotently on W, repeating this argument we can write

W =W'y]
and then check that Ad, acts locally nilpotently on W’ , so that
W = W/[y] = Wred[ya ay]a

where Wieq consists of operators commuting with y and 9,. In particular, the action
of the algebra Wieq preserves H* (Mg o )rea- For f € H* (Mg, ) (resp. [ € W), we let
Jred € H* (Mg 0 )rea (resp. frea € Wiea) denote the constant term in its polynomial expan-
sion. Consequently we get operators Emn(g Jrea O H (95 0 )red, Whose commmutator
relations are similar to, but more complicated than, those in Theorem 4.7 due to the
appearance of additional terms; see (HMMS, Proposition 7.3).

A first candidate for the sl,-triple (e, f, h) is obtained from these operators, where e
comes from a tautological operator and f comes from a Hecke transformation. We next
explain this in further detail in the Higgs case, where the relations simplify.
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4.7. Step (E): Finding an sl-triple in the Higgs setting to prove P = W

As in §4.3, we will now consider elliptic loci in moduli stacks (and spaces) of D-twisted
Higgs bundles on C, which we denote by ?JﬁD <l (and ./\/lD “Ily We have

Dell D,ell
H:aut(mn,; )red - taut(M P )

as the reduced tautological cohomology of the stack consists of polynomials in the tau-
tological classes which are invariant under twisting the universal sheaf by a line bundle
on C. Under this identification the classes ¥y (€)reqa = Eoyk(f)red(l) generate the tauto-
logical cohomology of the moduli space MD <l We fix a basis IT = {L,m,..., 724, w} of
H = H*(C') and we take n := w so that na; = n.

Before we turn our attention to the sl-triples needed for the proof of the P = W
conjecture, let us quickly explain how to produce the Ha-action in the title of (HMMS).
To simplify the relations, the idea is to introduce a formal variable x and ‘undo’ the
operation of reduction. This gives operators Bm,n(ﬁ)unred which act on

He, o (imD en)[ | =~ Hp (MD ell)[ Y]

and by restricting to the subalgebra formed by elements Em,n(l)unred one obtains an
action of Hy as described by (HMMS, Corollary 7.4).

The commutator relations in (HMMS, Proposition 7.3) have two important conse-
quences for the proof of P = W provided one chooses d appropriately as mentioned
in (HMMS, §7.3) so that Dy 2(1)rea vanishes: first one obtains an original sl-triple
(€origs forig, Dorig) acting on H *(./\/lD e“) and second the tautological classes 1 ()eq are
eigenvectors of weight k with respect to he. This sly-triple is defined by

€orig = ;D0,2(1)red and £, := ;D2,0<1)red and  hegig := —D11(1)red

where e, is constructed from the tautological operator 1s(1)eq = 50,2(1)red and foig
is constructed from a Hecke operator. Then the tautological classes satisfy

(23) [horiga ¢k(§)red] = k¢k(§)red~

The following result combines the general result (HMMS, Theorem 6.9) with the
Higgs-specific result (HMMS, Proposition 7.7).

Dell
taut(M )
Let Q; denote the sum of the hyig-cigenspaces with eigenvalues < i; then the followmg
statements hold.

PROPOSITION 4.9. — The original sly-triple (€orig, forig, Norig) acts on HY:

i) The tautological classes satisfy ¥r(&)rea@i C Qitk-
ii) The Hecke operators satisfy 5;670(5)“301@2- C Q.
iii) On Gr¥ H*(MD ell) the operator ey coincides with %wg(].)red and satisfies the
Lefschetz property: $1s(1)ig: Q—i/Q—i—1 = Q;/Qi—1 is an isomorphism for all i.
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We would like to conclude that the eigenspace filtration @); is (up to a shift in indices)
the perverse filtration for the Hitchin fibration; this would be the case if e, came from
a relatively ample class as in the Relative Hard Lefschetz Theorem (see Remark 1.12).
To prove this is the case, we need to modify our sly-triple as follows.

THEOREM 4.10 (HMMS, Propositions 8.11 - 8.13). — There is an sly-triple (e, f, h)
acting on H;aut(Mﬁ;fll) where e comes from a relatively ample class and h induces the
same filtration as hag. In particular, this filtration coincides with the perverse filtration
for the Hitchin map (modulo a shift appearing in the definition of the perverse filtration).
Moreover, PlH (Mﬁ;?ll) is the span of products of tautological classes TT; ¥, (&i)rea

taut

where Y, ki < k and thus P = C =W holds on H:aut(Mifu).

Proof. — If o € Hfaut(/\/lﬁ’jn) is a relatively ample class (with respect to the Hitchin
map), then a small perturbation e := a + A)3(1),e4 remains ample and this is part of
an sly-triple (e, f, h) acting on Hf . ( f: “y such that the h-filtration coincides with
the hg,e-filtration @) provided X is chosen appropriately (see HMMS, Corollary 7.10).
Moreover, the operators e, f and h change the perversity by 2, —2 and 0 respectively
by (HMMS, Proposition 8.11), which guarantees that they induce an sly-triple on the

associated graded vector space for the perverse filtration.

By the Relative Hard Lefschetz Theorem, the ample class e is part of an sly-triple
(e, ', ') such that on the associated graded vector space for the perverse filtration, the
h'-graded pieces are the graded pieces for the perverse filtration (see Remark 1.12). On
this associated graded object, one can show that h and h’ coincide by showing they
commute and any eigenvalue of their difference is zero (HMMS, Proposition 8.12).

To conclude on the (ungraded) cohomology that the canonical eigenspace filtration
() coming from h (or equivalently h,,) coincides with the perverse filtration P (up to
a shift in indices by the relative dimension 7, of the Hitchin fibration), it suffices to
show that one filtration is contained in the other. Indeed, as the Lefschetz operator
satisfies the Lefschetz property with respect to both filtrations, a containment suffices
to conclude equality as in the proof of Proposition 2.3 (v). For this, one can inductively
show Pj_,, C @ by noting that h preserves the perversity and for 8 € P;_,,, the
operator h acts by multiplication by & on the class of 8 in the associated graded object
for the perverse filtration, so we must have h(g3) = k5 + ' for some ' € Py, 1.

Finally, Eq. (23) describes the h,,,-weights on the 1-classes and from this one deduces
that P,?Ht*aut(/\/lfzju) is the span of products []; ¥k, (& )rea Where >, k; < k. O

This does not quite suffice to prove the P = W conjecture, as one needs a version of
this result for the tautological cohomology of the elliptic locus in the moduli space of
D-parabolic Higgs bundles, where D = z is a single point (see Theorem 4.4). Fortunately
this is possible, but requires extending the ring H := H*(C) to a ring H? by introducing
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additional generators p;; of degree 2 for each z; € D and 1 < j < n modulo the relations
j=1

Since D-parabolic Higgs bundles on C' can also be considered as Higgs bundles on the
stacky curve given by taking the n-th root stack of C along D, we can view H” as the
orbifold cohomology of this stacky curve. We define additional tautological operators
and Hecke operators by
wk(pi,j) = yf] and Tn(pi,j) = Z/Zinm

where y; ; and X;; are defined in Equations (18) and (19). As in the non-parabolic
case, the action of the Hecke transformation 7" on the tautological cohomology can be
described by the commutator relations between ¢ and T' and the values of T on 1. The

previous result can be upgraded to the moduli space M,ﬁ’dpar’e“ where H is replaced

by HP (see HMMS, Theorem 7.6). In particular, Theorem 4.10 holds when M,
is replaced by Mﬁ Parell and H = H*(C) is replaced by HP. Consequently, we can
conclude the P = W conjecture holds using Theorem 4.4.
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