
Séminaire BOURBAKI Mars 2026
78e année, 2025–2026, n° 1250

RECENT PROGRESS AROUND COHEN–LENSTRA HEURISTICS

by Jordan Ellenberg

1. Introduction

The Cohen–Lenstra heuristics are a family of conjectures in number theory first
formulated more than forty years ago by Henri Cohen and Hendrik Lenstra (Cohen and
Lenstra Jr, 1983). The conjectures, like so many other fundamental ideas in the history
of number theory, were inspired by observations from experimental data. For instance,
Cohen and Lenstra observe that

“If p is a small odd prime, the proportion of imaginary quadratic fields whose
class number is divisible by p seems to be significantly greater than 1/p (for
instance 43% for p = 3, 23.5% for p = 5).”

What was novel, in 1983, is that much of the experimental data underlying the heuris-
tics was obtained by machine computation, e.g. Duncan Buell’s (1976) computation of
a million or so class groups of quadratic imaginary number fields, using FORTRAN
code on a IBM 370/158. (This computation, using modern methods, takes 16.3 seconds
on a laptop.)

Cohen and Lenstra, in the first sentence of their paper, say of their conjectures that
“proofs seem out of reach at present,” and that, by and large, remains the state of things
four decades later. But the conjectures launched a remarkable body of work, serving as
the foundation for a broad suite of more general heuristics; and in the last five years,
we have seen rapid progress towards proofs of the conjectures in a much broader range
of contexts than was previously attainable. Our goal in the present exposition is to
describe some of these current advances and to place them in the context of the broad
world of heuristics of Cohen–Lenstra type, which I think are by now mature enough
to be called “the Cohen–Lenstra philosophy.” Our discussion will center on three main
advances: Liu, Wood, and Zureick-Brown (2024) on the generalized Cohen–Lenstra–
Martinet conjectures and their geometric analogues; Smith (2026a,b), which resolves the
2-primary Cohen–Lenstra problem for both class groups of quadratic fields and Selmer
groups in quadratic twist families; and the proof of Stevenhagen’s conjecture on the
negative Pell equation by Koymans and Pagano (2025).
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2. The Cohen–Lenstra philosophy

We begin with the basics. Let K be a number field. The class group ClK is defined to
be the group of fractional ideals of OK modulo the group of principal fractional ideals.
The fact that this group is finite, a theorem of Dirichlet, is one of the foundation blocks
of algebraic number theory; and this finite abelian group is thus an invariant of K of
central importance. Its order is called the class number of K and is denoted hK .

When K is a quadratic imaginary field, the Dirichlet class number formula relates hK

to a special value of an L-function; this makes the size of the class group an invariant
that can be approached by analytic means.(1) The Brauer–Siegel theorem tells us that,
in the quadratic imaginary case K = Q(

√
−d), one has lim log hK/ log d = 1/2 for

any infinite sequence of K; so the asymptotic behavior of hK is roughly understood,
although many questions certainly remain open.

The structure of ClK is a completely different story, and this is where the Cohen–
Lenstra heuristics enter. If N is a positive integer, the N -torsion subgroup ClK [N ] is a
finite abelian group killed by N . While the size of ClK grows with K, the same need not
be the case for ClK [N ]; indeed, we do not even know whether dimF3 ClK [3] is bounded
as K ranges over all quadratic imaginary fields (though as we will see below, we expect
that it is not) and no quadratic field is known with dimF3 ClK [3] > 8.(2)

Cohen and Lenstra’s invocation of the “proportion of imaginary quadratic fields
whose class number is divisible by p” requires a little explanation; the set of imaginary
quadratic fields is countably infinite, so one has to be careful about what is meant by
a “random” such field. Following Cohen and Lenstra, we interpret such statements in
terms of averages over larger and larger “boxes,” as follows.

Choose an odd prime(3) ℓ and write ClK [ℓ∞] for the ℓ-primary part of ClK . For any
large real number M , we can define a random variable XM by choosing a quadratic
imaginary field K = Q(

√
−d) uniformly at random from the fundamental discriminants

d < M , and then taking XM to be ClK [ℓ∞]. This random variable provides a probability
distribution pM on the isomorphism classes of finite abelian ℓ-groups. The Cohen–
Lenstra philosophy is that the distributions pM converge to a limiting distribution p as
M → ∞, and that this distribution should be, in some sense, a natural one. We now
describe the limiting distribution Cohen and Lenstra proposed in three ways.

(1)To be more precise, it is the combination of hK and the regulator which has an analytic meaning;
it is natural to consider these together, and there is another line of work in which one considers not
only the class group but an “Arakelov class group” whose component group is ClK and whose identity
component manifests the regulator; we will not explore this further here, but see e.g. Bartel, Johnston,
and Lenstra Jr (2024).
(2)As far as I know. Elkies describes 8 as the record in an email to the NMBRTHRY listserv on 5 Feb
2016.
(3)We use ℓ rather than p in this setting so that p is available to be the characteristic when we discuss
the function field case.
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1. (random object) For any finite abelian ℓ-group A, the probability p(A) is propor-
tional to |Aut(A)|−1. (This very familiar weighting can be thought of as saying
that A is an object chosen uniformly at random from the category of finite abelian
ℓ-groups with isomorphisms.)

2. (random equalizer) p(A) is the limit, as n → ∞, of the probability that a uniformly
random matrix γ in Mn(Zℓ) has Zn

ℓ /(γ − 1)Zn
ℓ

∼= A. This point of view was
introduced in Friedman and Washington (1989).

3. (moments) If A is a finite abelian ℓ-group drawn from p, and B is any fixed finite
abelian ℓ-group, the expected number of surjections from A to B is 1.

Each of these three descriptions has some implicit facts embedded in it. For the first
description, one needs the fact that the sum of |Aut(A)|−1 over all isomorphism classes
of finite abelian ℓ-groups is finite; indeed, it is an enjoyable exercise to check that it is

(1)
∑
A

|Aut(A)|−1 =
∏
i≥1

(1 − ℓ−i)−1.

For the second, one needs the fact from the theory of random matrices that the
specified limit actually exists. For the third, one needs to know that specifying those
expected values actually specifies the distribution p. The expected value of |Surj(A, B)|
where A is a group drawn from a probability distribution is often called the B’th moment
of that distribution, based on the following analogy; if X is a random variable valued
in finite sets, and [k] is the set {1, . . . , k}, then |Hom(X, [k])| = k|X|, so the expected
value of |Hom(X, [k])| is a (non-integral) moment of the random variable exp(|X|) in the
usual sense.(4) As in more standard settings, it is an interesting and important question
to understand when a distribution is determined by its moments; Wood (2022) provides
an excellent survey of our state of knowledge about this problem for random variables
valued in groups (though, as you will see, this state is still continuously developing.)

All three of these descriptions have been of use in various problems in the Cohen–
Lenstra domain. It is certainly not obvious that they give the same answer in the
case currently under discussion. Nor is it obvious from any of these descriptions what
the numerical value p(A) is for any particular finite abelian ℓ-group A. But from the
computation (1), we see that

p(A) = |Aut(A)|−1 ∏
i≥1

(1 − ℓ−i).

In particular, the probability that ClK [ℓ∞] is trivial – equivalently, that hK is indivis-
ible by ℓ – is ∏

i≥1(1 − ℓ−i), which, as Cohen and Lenstra observed, is noticeably smaller
than 1 − 1/ℓ. When ℓ = 3, the product above is about 0.56, in good agreement with
the probability of 3-indivisibility of the class number observed by Cohen and Lenstra.

In the other direction, Cohen–Lenstra heuristics predict that the probability that a
quadratic imaginary field has dimFℓ

ClK [ℓ] = r is of order ℓ−r2 . This rapid decrease

(4)Restricting to surjections gives a different sequence of moments which carries the same information
as the moments from Hom.
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explains why class groups are so often cyclic, and why class groups with high ℓ-rank are
in practice transuranically rare.

3. Generalizations and related problems

The Cohen–Lenstra philosophy has by now expanded and generalized in a wide range
of directions. In any context where one can define a group G attached to an arith-
metic object X, and where the arithmetic objects form a countably infinite set which
is naturally ordered by some notion of height, one can consider the distribution of the
isomorphism classes of GX as X ranges over objects of height at most M . The corre-
sponding “Cohen–Lenstra” problem is then to show that these probability distributions
approach a limit, and to describe that limiting distribution, which one expects to be in
some sense natural.

Even in their original formulation, the Cohen–Lenstra conjectures weren’t intended
to apply only to quadratic imaginary number fields; Cohen and Lenstra also propose
heuristics for the class groups of totally real A-extensions of Q, where A is a fixed
finite abelian group. Shortly afterwards, Cohen and Martinet (1987) proposed a whole
family of conjectures, generally known as the Cohen–Lenstra–Martinet heuristics, which
concern the variation of the S-primary part of class group for any set S of primes,
extensions of any degree and indeed any specified Galois group, over an arbitrary base
number field F . Over time, many subtleties emerged and it became clear that the
original heuristics, while sound in spirit, were incorrect in a number of particulars. In
recent years, the situation has improved markedly, to the point where we now have fully
satisfactory heuristics for the class groups of extensions of number fields with specified
Galois group. We report on this progress in Section 4.

One can also go beyond class groups. For instance, the Selmer group of a random
elliptic curve, or even a random abelian variety, over a number field F , has much in
common with a class group, and indeed, Bhargava, Kane, Lenstra Jr, Poonen, and Rains
(2015) formulates a conjecture for the variation of Selmer groups in families of abelian
varieties which parallels the Cohen–Lenstra philosophy. We’ll discuss some progress
towards these conjectures in § 6.

In another direction, one can ask about the maximal everywhere unramified extension
in toto instead of the maximal abelian unramified extension; we’ll discuss this in § 8.

The right level of generality for the base field F should include not just number fields
but general global fields; that is, we should admit the case where F is the function field
of a curve over a finite field. Studying such cases brings Cohen–Lenstra problems in
contact with questions in algebraic geometry and even topology; the function field case
has enjoyed rapid recent progress lately, most notably in Landesman and Levy (2025),
and has been a source of insight about Cohen–Lenstra problems for quite some time,
and we will try to keep both cases in full view throughout our discussion.
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One situation that has remained mostly mysterious is that of the p-part of the class
group for extensions of a global field of characteristic p. Here, the natural object of
interest is not really a group at all, but a group scheme arising from the p-torsion of an
abelian variety in characteristic p. Little is known about this, but the very interesting
recent result of Garton, Thunder, and Weir (2026) about the 3-torsion in hyperelliptic
Jacobians in characteristic 3 is worth noting here.

4. Cohen–Lenstra–Martinet heuristics over general global fields: work of
Liu, Sawin, Wang, Wood, Zureick-Brown, etc.

The Cohen–Lenstra–Martinet heuristics concern the following situation. Let F be a
number field, let Γ be a finite group, let S be a set of primes not including any divisors
of |Γ|, and write Z(S) for the localization of Z at S. For every Galois extension K/F , the
class group ClK ⊗Z Z(S) is a Z(S)[Γ]-module. One may then ask: what is the distribution
on the isomorphism class of ClK ⊗Z Z(S) when K is a random Γ-extension of F?

The Cohen–Lenstra philosophy might be taken to suggest that the answer should be “a
module A appears with probability inversely proportional to the size of its automorphism
group.” Immediately a subtlety arises; its automorphism group as what? To define
Aut(A) requires a choice of category in which A resides as an object.

In this case, one might naturally predict that a module A will appear with probability
inversely proportional to the number of automorphisms of A as a Z(S)[Γ]-module. This
turns out to be too naïve. In some respects, this is obvious; for instance, the Γ-invariants
of ClK ⊗Z Z(S) are just ClF ⊗Z Z(S), which is fixed; so we may restrict our attention
to those A which have the right space of Γ-invariants (in particular, which have trivial
Γ-invariants in the case F = Q).

Even taking this into account, the naively applied heuristics give answers that clearly
deviate from experiment, even in the case of real quadratic fields, as Cohen and Lenstra
observed. Numerical evidence suggests that, as K ranges over real quadratic extensions
of Q, the probability that ClK [ℓ∞] is isomorphic to A is proportional, not to |Aut(A)|−1,
but to |A|−1|Aut(A)|−1.

This observation can be brought in line with the general philosophy in several ways.
Cohen and Lenstra Jr (1983) records the observation, credited to Gross, that when K

is a real quadratic field, the ring OK is in some sense analogous to the ring OL[1/π],
where L is a quadratic imaginary field and π is a factor of a prime p split in L. Both
rings have two “missing” places: the two archimedean places in the case of OK , and
∞ and π in the case of OL[1/π]. The class group of OL[1/π] is simply ClL/⟨π⟩. This
suggests that ClK should be seen, not as a random abelian ℓ-group, but as the quotient
of a random abelian ℓ-group (like ClL) modulo a random element (like π). And indeed,
one can check that if B is drawn from the Cohen–Lenstra distribution on finite abelian
ℓ-groups, and b is drawn uniformly from A, then the probability that B/⟨b⟩ ∼= A is
proportional to |A|−1|Aut(A)|−1.
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Another point of view is offered in Wang and Wood (2021) and Liu, Wood, and
Zureick-Brown (2024). These papers offer a very satisfactory version of the Cohen–
Lenstra–Martinet heuristics for Γ-extensions of Q, and provide compelling geometric
evidence for its truth, as we now explain.

First of all, Wang and Wood (2021) show that the Cohen–Lenstra–Martinet heuristics,
slightly modified and constrained, can be phrased in the following compact way. Let S

be a finite set of primes not containing any divisors of 2|Γ|. Write ClSK for ClK ⊗Z Z(S),
which is a finite Z(S)[Γ]-module (that is, an abelian S-primary group endowed with an
action of Γ). Let H be a finite abelian Z(S)[Γ]-module and suppose that HΓ is trivial.
Let Γ∞ be a subgroup of Γ of order 1 or 2 (defined up to conjugacy in Γ), and denote
by F(Γ∞, X) the set of Galois extensions K/Q with Galois group Γ such that Γ∞ ⊂ Γ
is a decomposition group at an archimedean place of K, and such that the product of
the ramified primes in K/Q is at most X.

Conjecture 4.1. — There is a real number c (depending on Γ, Γ∞, S) with the fol-
lowing property: for every finite Z(S)[Γ]-module H, the probability that an element K/Q
of F(Γ∞, X) has ClSK ∼= H approaches

c|HΓ∞|−1|AutΓ(H)|−1

as X → ∞.

(The constant c can be computed explicitly as the reciprocal of the sum of
|HΓ∞|−1|AutΓ(H)|−1 over isomorphism classes of Z(S)[Γ]-modules; in other words, one
is also conjecturing that there is no “escape of mass” as X grows.)

This version of the heuristic avoids many of the known pitfalls of the Cohen–Lenstra–
Martinet conjectures as originally formulated, which are illustrative of the subtleties of
this topic. We address a few of these now.

First of all, Wang and Wood require that S be a finite set, so that we are considering
only finitely many primes at a time. The necessity of placing some restrictions on
the infinite S case was already observed in Bartel and Lenstra Jr (2020, § 6), and
the correct conjecture to make in this general setting remains somewhat mysterious.
One does not want to throw up one’s hands totally and remain silent on all questions
involving infinitely many primes; for instance, Cohen and Lenstra’s original prediction
that about three-quarters of all real quadratic fields with prime discriminant have class
number 1 is of this form (since it places a restriction on the ℓ-primary part for every
odd ℓ) and is still generally believed. But we’ll say no more about it in these notes, and
restrict to finite S hereafter.

Another change is the order in which the K are counted. When K is quadratic
imaginary, there is a natural ordering that presents itself; we count the fields K in order
of the absolute value of their discriminant dK . For general F and any fixed value of
[F : K], there are only finitely many fields K/F whose discriminant has absolute norm
at most X. Thus the discriminant provides a natural order in which to count number
fields. Indeed, for many results that use the theory of prehomogeneous vector spaces
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in the style of Bhargava and his collaborators, one has little choice but to count fields
in order of discriminant. But it has come to be seen that this ordering is problematic
for Cohen–Lenstra heuristics. Roughly speaking, the problem is subfields. If one counts
Z/4Z-extensions K of Q in order of discriminant, for example, and L is a fixed quadratic
field, then a positive proportion of K contain L, and so any unexpected behavior of
a single ClL can bias the distribution of ClK over all K. Bartel and Lenstra Jr (2020,
§ 6) shows that indeed this phenomenon produces counterexamples to the original
Cohen–Lenstra–Martinet conjecture when fields are counted by discriminant. Counting
by product of ramified primes appears, so far, to have much “smoother” statistical
properties, a fact first observed in Wood (2010). It is suggested in Sawin and Wood
(2023, Remark 1.3) that any natural ordering on extensions K/F will do as long as no
intermediate subfield occurs a positive proportion of the time.

One may still well ask: what happened to the philosophy that every group should
occur inversely proportionally to its number of automorphisms? The statement of
Conjecture 4.1 doesn’t quite match that expectation. This is explained by Wang and
Wood (2021, Theorem 5.1). In fact, it turns out that ClSK is not just a Γ-module, but
rather carries a slightly more refined structure called a class triple; the class triple
is determined up to isomorphism by the isomorphism class of ClSK as Γ-module, but
has fewer automorphisms. Indeed, the size of its automorphism group is inversely
proportional to the probability in Conjecture 4.1. This kind of thing is not infrequent
in this part of mathematics; an entity does not have a well-defined automorphism group
until we understand what category we’re thinking of the entity as an object of, and that
choice may be quite subtle!

4.1. The method of moments

A proof of Conjecture 4.1 still seems far out of reach. But Liu, Wood, and Zureick-
Brown (2024) provides some compelling evidence for its correctness, as we now explain.

The argument passes through the method of moments. Recall what we mean by
moments in this context:

Definition 4.2. — Let R be a ring and X a random variable valued in finitely generated
R-modules, and Y a finite R-module. Then the Y -moment of X is the expected value
E|Surj(X, Y )| of the number of surjective R-module homomorphisms from X to Y .

For example, if X is a random variable valued in finitely generated Zℓ-modules,
the (Z/ℓZ)-moment of X is the expected value of ℓr(X) − 1, where r(X) is the rank
dimFℓ

X/ℓX.
For class groups of random number fields, proving theorems about moments is often

easier than proving theorems about distributions. The Davenport–Heilbronn theorem,
for example, shows that the (Z/3Z)-moment of the class group of a random quadratic
imaginary field K is 1. No other moments of the distribution of ClK [3∞] as K ranges
over quadratic imaginary fields are known. Many of the breakthrough results of the
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Bhargava school are also computations of individual moments of random class groups
or random Selmer groups.

The moments of the Cohen–Lenstra–Martinet distribution proposed in Conjecture 4.1
are computed in Wang and Wood (2021).

Theorem 4.3 (Wang and Wood, 2021, Thm 6.1). — If X is a random Z(S)[Γ]-module
drawn from the distribution in Conjecture 4.1, then for every finite Z(S)[Γ]-module H,

(2) E|Surj(X, H)| = |HΓ∞ |−1.

One naturally wonders about a converse to the above theorem; if (2) holds for all H,
does that mean X obeys the conjectured distribution?

In traditional probability theory, it’s a foundational question to understand whether
there exists a probability distribution ν on the real numbers giving rise to a specified
sequence of moments ak =

∫
R xkdν, and if so whether ν is the unique such probability

distribution. By now, much is understood about these questions; for example, under
the condition that the ak don’t grow too fast, such a measure exists if and only if a
certain positivity criterion is satisfied, and when it exists, it is unique. In particular,
under a growth condition, knowing all the moments determines the distribution. In the
context of random abelian groups arising from arithmetic, one sees “moments determine
distributions” techniques arising as early as Heath-Brown (1994).

Extending these results to moments in the more general categorical sense considered
here (and beyond) has been a topic of much recent interest, culminating in the results
of Sawin and Wood (2022), which proves a remarkable “method of moments” result
for random variables valued in objects of suitable categories called diamond categories.
This class of categories includes not only finite R-modules, the case considered here,
but finite groups, finite commutative rings, finite Lie algebras, and many more exotic
examples besides. (For instance, the argument of Sawin and Wood (2024) on the profinite
fundamental group of a random 3-manifold requires an argument of this kind for the
category of pairs (G, h) where G is a finite group and h is an element of H3(G, Z)!)
Sawin and Wood’s main theorem is quite analogous to the situation for real-valued
variables; as long as the specified moments “grow slowly enough,” there is at most one
distribution with those moments; such a distribution exists if and only if the moments
satisfy a positivity criterion; and, when this criterion is satisfied, the distribution can
be explicitly described.

So the situation would be completely satisfactory if we knew all the moments of the
distribution of ClSK as K ranges over Γ-extensions of Q. We do not know all of them,
and in fact, apart from a few exceptional cases, do not know any of them. But there is
a closely allied question in arithmetic geometry where much more is known. We turn
to this now.
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4.2. Moments and limits in the function field case

All the questions discussed so far can be asked when the base field F , rather than
being a number field, is the function field of a curve over a finite field Fq. (In this
case, we add to our running list of constraints the additional one that |Γ| is prime to q,
and S does not contain the characteristic.) When a heuristic is meant to hold for all
number fields F , one naturally suspects that it should hold for function fields as well.
What’s more, the function field version of the heuristic often has geometric content
that’s invisible or obscure on the number field side, and the geometry may make it
easier to actually prove things rather than merely conjecture.

So it has transpired in the present context. We take F to be the rational function
field Fq(t). The object of study is now the arithmetic of a random Γ-extension K/F , the
product of whose ramified primes has norm at most X. Such a K is the function field
of a smooth curve Y/Fq with a Γ-action and an identification of Y/Γ with P1/Fq, such
that the branch locus B in P1 of the map Y → P1 satisfies qdeg B < X. For simplicity,
we may take X to be a power qn of q and consider only those covers whose branch locus
on P1 has degree exactly n, rather than at most n. Such curves are parametrized by the
Fq-rational points of a moduli space called a Hurwitz space, which we denote HurΓ,n/Fq.

The notion of “ClK” now requires a bit more care. When K is a number field, this
means Pic(OK), where OK is the integral closure of Z in K. In the function field case,
there is no such canonical affine ring. However, if we choose a copy of Fq[t] in Fq(t)
(equivalently: choosing a rational point called ∞ in P1, and identifying Fq[t] with the
coordinate ring of P1 − ∞) we can define RK to be the integral closure of Fq[t] in K,
and ClK to be Pic(RK). This is the approach taken in Liu, Wood, and Zureick-Brown
(2024); by analogy with the number field case, they say K is totally real if Y is split
completely over ∞. In this case ClK is the quotient of Pic(Y )(Fq) by the subgroup
generated by the |Γ| points of Y lying over ∞.

For each such K, we are asking about the number of surjective homomorphisms
from ClSK to some fixed Z(S)[Γ]-module H. Such a homomorphism yields a covering
Y ′ → Y with Galois group H, which is unramified except possibly over ∞. One is thus
naturally led to the moduli space, which for the moment we’ll call HurH

Γ,n, whose points
parametrize Γ-covers Y → P1 together with an unramified H-cover Y ′ → Y such that
Y ′ → P1 is Galois and the action of Γ on H is the desired one.

All this being done, the number of Γ-extensions K being counted has been expressed
as |HurΓ,n(Fq)|, and the total number of surjections from ClSK to H afforded by all
these K together is |HurH

Γ,n(Fq)|. The H-moment we aim to compute is then nothing
other than the ratio

(3)
|HurH

Γ,n(Fq)|
|HurΓ,n(Fq)|

and the heuristic prediction would be that this ratio converges to a limit as n → ∞,
and furthermore that the limit is equal to some specified predicted value.
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I have explained this part rather quickly because this approach to the Cohen–Lenstra
conjecture over rational function fields has been discussed before in this seminar, in
Randal-Williams (2019), in connection with earlier work in Ellenberg, Venkatesh, and
Westerland (2016) that used these ideas to prove results towards the function field
Cohen–Lenstra heuristics in the quadratic case (|Γ| = 2).

What can be done nowadays is far more general. For instance, while |HurΓ,n(Fq)| and
|HurH

Γ,n(Fq)| may be hard to compute, it is much easier to understand their behavior
as q → ∞ with n fixed; by the Weil conjectures, this only depends on the number of
irreducible components of these spaces, their dimensions, and the action of Frobenius
on them. In some favorable cases, both spaces are geometrically irreducible, in which
case the ratio (3) tends to 1 as q → ∞. In general, the description of the irreducible
components is substantially more subtle; but it is now completely understood, thanks
to the results of Wood (2021).

From here, the strategy proceeds as follows. Write pq,n for the probability distribution
on isomorphism classes of Z(S)[Γ]-modules given by ClSK , where K is chosen uniformly
from the (finite) set of Γ-extensions K/Fq(t) whose branch locus on P1 has degree n.
Write MH,q,n for the expected size of |SurjΓ(ClKS , H)| as K ranges over this finite set;
in other words, MH,q,n is the H-moment of the distribution pq,n. The understanding of
the irreducible components of Hurwitz spaces allows Liu, Wood, and Zureick-Brown to
compute limq→∞ MH,q,n with n fixed, since the behavior of (3) as q → ∞ is governed by
a computation of these components. They arrive at the following appealing conclusion:

Proposition 4.4 (Liu, Wood, and Zureick-Brown, 2024, Corollary 1.5)
For every finite Z(S)[Γ]-module H,

lim
n→∞

lim
q→∞

(|H|,q−1)=1

MH,q,n = |H|−1.

In other words, the limit of the moments exactly conforms to the moments of the
Cohen–Lenstra–Martinet distribution computed in Theorem 4.3.

We now come to another probabilistic wrinkle. We have discussed the question of
whether the moments of a probability distribution on groups determine the distribution.
It turns out (by contrast with the classical cases of real-valued random variables) to be
quite another thing to say that the limits of the moments of a sequence of distributions
determine the weak limit of the distributions. So one doesn’t immediately get a state-
ment about a weak limit of the distributions pq,n from Proposition 4.4. The following
example (Example 6.14 in Wang and Wood, 2021) is illustrative in this respect. Sup-
pose X is a random variable valued in finite abelian groups. For each prime ℓ write Xℓ

for X ⊕ (Z/ℓZ). Now for any finite abelian group A, the A-moment of Xℓ is equal to
that of X for all but finitely many ℓ, since a homomorphism from X ⊕ (Z/ℓZ) must kill
the second factor for ℓ > |A|. So the sequence X2, X3, X5, . . . has the property that the
limit of its moment sequence is equal to the moment sequence of X. But this sequence
of probability distributions certainly doesn’t converge to the distribution of X. Just
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choose some A such that Pr(X ∼= A) > 0, and note that Pr(Xℓ
∼= A) = 0 for ℓ large

enough.
This is precisely where the constraint that S is finite becomes important. The above

example relies on the fact that the random variables Xℓ are valued in finite abelian
groups, but not in finite abelian S-primary groups for any fixed finite S. The results of
Wang and Wood (2021) (and the more general results of the same nature in Sawin and
Wood, 2022) show, that in the setting considered here, where S is finite, the solution
to the moment problem is not only unique but, in their notation, robustly unique. That
means that if a sequence of distributions on Z(S)[Γ]-modules has the property that its A-
moment converges to some mA for every A, the sequence of distributions itself converges
weakly to the unique distribution with moments mA. In particular, we can conclude
that, for any A, the weak limit limn→∞ limq→∞ pq,n(H) is the distribution predicted in
Conjecture 4.1.

This does not prove the Cohen–Lenstra–Martinet conjecture over function fields,
which would predict that, for every q, the distributions pq,n weakly converge to the
Cohen–Lenstra–Martinet distribution as n → ∞. But if you believe limn→∞ pq,n exists
and does not depend on q, then this result does single out the Cohen–Lenstra–Martinet
distribution as the only reasonable expectation for that limit.

To get the Cohen–Lenstra–Martinet conjecture over Fq(t), we would need to know
that the limiting moment limn→∞ MH,q,n exists and is equal to |H|−1 for every H.
While this remains unknown, a major step in this direction has recently been announced
in Landesman and Levy (2025), which proves that limn→∞ MH,q,n = |H|−1 for all q

which are sufficiently large relative to H. The Landesman–Levy argument is primarily
topological in nature and involves lifting the Hurwitz space to characteristic 0 and
studying its homology. From H’s point of view, this is almost a complete resolution
of the problem; all but finitely many q are covered! From Fq(t)’s point of view, we’re
much farther from the finish line, since one can handle only finitely many H. Pushing
this kind of argument further to give infinitely many moments for a fixed q remains a
major open problem in the subject.

5. What about ℓ = 2?

Throughout the paper so far, we have been focusing on the odd parts of class groups.
It is time to explain why.

There is, first of all, the issue of roots of unity. It turns out that the distribution of
ClK [ℓ∞] is sensitive to the presence of ℓ-power roots of unity in the base field F , even
in the case of quadratic extensions K/F ; this phenomenon was first observed in Malle
(2008), which includes extensive computations of ClK [3] as K ranges over quadratic
extensions of Q(ζ3). (Malle notes that a related observation appears even earlier, in
Gerth III, 1989.) This is why the condition (|H|, q−1) = 1 appears in Proposition 4.4; it
exactly guarantees that there is no nontrivial root of unity in Fq(t) whose order divides
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that of |H|. Indeed, the function field case gives good intuition for why roots of unity
matter. Suppose we model the ℓ-torsion in a class group as Pic(X)(Fq)[ℓ], which is
the 1-eigenspace for Frobenius acting on Pic(X)[ℓ](Fq). The Weil pairing identifies the
1-eigenspace with the dual of the q-eigenspace. This does not supply Pic(X)(Fq)[ℓ] with
any extra structure, unless q is congruent to 1 mod ℓ, in which case Pic(X)(Fq)[ℓ] is
self-dual, and in particular, since the pairing is alternating, must have even dimension.
In random matrix terms, one may compute the cokernel of γ − 1 where γ is a random
symplectic similitude that multiplies the alternating form by q; it turns out that the
distribution on cokernels is the Cohen–Lenstra distribution when q ̸= 1, but something
different when q = 1. This point of view was used in Garton (2015) to propose modified
versions of the Cohen–Lenstra conjecture in some cases where extra roots of unity were
present.

Due to the vagaries of the archimedean place, we do not see strict self-dualities
on ℓ-parts of class groups in the number field case; the number field analogues are
usually called reflection principles, and just as in the function-field scenario above,
extra roots of unity tend to place class groups in correspondence with themselves under
the appropriate such principle. As Malle observed, this requires modifications to the
Cohen–Lenstra–Martinet heuristics, but the precise changes required were not easy to
pin down. The paper of Sawin and Wood (2023) establishes a convincing version of
the Cohen–Lenstra–Martinet heuristics over an arbitrary number field F , backed up
by function field analogies as in Liu, Wood, and Zureick-Brown (2024); the presence
of roots of unity in F , together with the reflection principles they give rise to, is the
principal new difficulty.

There’s another serious problem with ℓ = 2, which is that the Cohen–Lenstra con-
jecture as written is catastrophically false in this case. Suppose K = Q(

√
−d) is a

quadratic imaginary field. Then if d′ is a divisor of d congruent to 1 mod 4, K(
√

d′) is
an everywhere unramified quadratic extension of K. This argument, which originates
with Gauss and which is generally known as genus theory when done more carefully,
means that ClK [2] grows like the number of divisors of d, which does not approach a
distribution (for instance, the average of the number of divisors of an integer in [1, X]
grows without bound as X → ∞.) That this does not put a complete end to the study
of Cohen–Lenstra at 2 was actually first observed before the Cohen–Lenstra conjectures
were formulated, in Buell (1976):

“the 2-Sylow subgroup tends to be k − 2 elementary 2-groups and one large
cyclic factor collecting the other powers of two in the class number, so that
the 2-Sylow subgroup of the subgroup of squares is cyclic. In computing the
2-Sylow subgroup, then, we actually computed that subgroup of the subgroup
of squares, and shall, by abuse of language, call this the 2-Sylow subgroup.”

In other words, Buell suggested studying 2ClK [2∞] instead of ClK [2∞] itself, and that
has proven to be a correct impulse. That 2ClK [2∞] obeys the 2-primary Cohen–Lenstra
distribution seems to have been first formally conjectured in Gerth III (1987); earlier,
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Gerth III (1984) computed the distribution of the F2-vector space 2ClK [4] as K ranged
over quadratic imaginary fields with a fixed number of ramified primes, and Fouvry and
Klüners (2007) extended this to an average over all quadratic imaginary fields.

Despite these successes, most people who thought about Cohen–Lenstra and surround-
ing problems, your correspondent included, thought of ℓ = 2 as a curious side problem,
with particular difficulties that made it even less tractable than Cohen–Lenstra in its
original form.

This turned out not to be the case.

6. Variation of 2∞-Selmer groups in quadratic twist families: the work of
Smith

Around ten years ago, Alexander Smith, then a Ph.D. student, began releasing a
series of papers which would launch a new direction in the study of Cohen–Lenstra
heuristics. We will focus here mostly on the results of Smith (2026a,b). These papers
are long and intricate, and involve many different techniques; in this exposé we will
merely try to convey some of the main ideas.

To begin with, Smith does not frame his work as an approach to the variation of
class groups, but to the variation of Selmer groups. Selmer groups first appear in the
study of the arithmetic of abelian varieties over number fields. If F is a number field,
A/F an abelian variety, and N an integer, then the Kummer map provides an injection
κ : A(F )/NA(F ) ↪→ H1(GF , A[N ]), where GF denotes the absolute Galois group of F

and the H1 is Galois cohomology. (The basics of Selmer groups and Galois cohomology
can be found in the standard reference Silverman, 1986.) The Kummer map κ is very
far from surjective, but we can bring the two sides closer by imposing local conditions
on the right-hand side which are satisfied by its image. In particular, we have local
Kummer maps

κv : A(Fv)/NA(Fv) ↪→ H1(GFv , A[N ])
for each place v of F , and we may define

SelN(A/F ) = {ζ ∈ H1(GF , A[N ]) : ζ|GFv ∈ im(κv), ∀v}.

When v is a non-archimedean place of F which is prime to N and where A has good
reduction, im(κv) is the set of cohomology classes restricting to 0 on inertia. So the
Selmer group is a subgroup of H1(GF , A[N ]) cut out by the condition of being unramified
at all primes outside some specified finite set S, and by some further local conditions
at the primes in S. Nowadays, a wide range of groups of this form, with A[N ] replaced
by this Galois representation or that one, are known as Selmer groups. In particular,
the (Pontryagin dual of the) ideal class group of a number field modulo N , which is
just the set of classes of H1(GF , Z/NZ) which are unramified everywhere, is a Selmer
group in this general sense. What’s more, if M is a GF -module isomorphic as abelian
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group to Z/NZ, then H1(GF , M) is related to the mod N class group of an extension
of F trivializing M .

This is the point of view adopted in Smith (2026a). He studies Selmer groups in
H1(GF , V ) where V is what Smith calls a twistable module (Smith, 2026a, Definition 4.1).
The precise definition here need not concern us; suffice it to say that Smith works
with coefficient systems V endowed with extra structure such that, for every character
χ : GF → ±1, one has local conditions cutting out a Selmer group in H1(GF , V χ). This
definition is general enough to provide access to both the usual mod 2k Selmer groups of
an abelian variety and its quadratic twists, and ClK/2kClK as K ranges over quadratic
extensions of Q.

We now state the consequences of Smith’s results in the two special cases already
mentioned. We begin with the Cohen–Lenstra conjectures for class groups. Some
notation:

– by P Mat(j|n) we mean the probability that a random n × n matrix over F2 has
kernel of dimension exactly j. By P Mat(j|∞) we mean the limit of this quantity as
n → ∞. (That this limit exists is already a contentful fact about random matrix
theory, one known prior to the work discussed here.)

– If K is a number field and k a positive integer, by r2k(K) we mean the dimension
of the F2-vector space 2k−1ClK [2k]. This list of ranks determines the isomorphism
class of ClK [2∞].

Theorem 6.1 (Smith, 2026a, Theorem 1.9). — Given any nonincreasing sequence

r4 ≥ r8 ≥ · · · ≥ r2k ≥ . . .

of nonnegative integers, we have

lim
H→∞

#{d ∈ Z>0 : d < H and r2k(Q(
√

−d)) = r2k for k ≥ 2}
H

= P Mat(r4 | ∞) ·
∞∏

k=3
P Mat(r2k | r2k−1).

The model to have in mind here is that the 2-primary class group of a random
quadratic imaginary number field behaves like a Markov chain. The group ClQ(

√
−d)[2]

is governed by genus theory; its rank is roughly the number of prime divisors of d,
and thus should tend to grow with the size of d on average rather than approaching
a distribution. However, as we have already discussed, the dimension of the kernel of
a large random matrix over a finite field converges to a distribution. What Smith’s
theorem says (in conformity with Gerth’s conjecture, proved by Fouvry and Klüners) is
that 2ClQ(

√
−d)[4] is drawn from this distribution; having made this draw, 4ClQ(

√
−d)[8]

is distributed as is the kernel of a random r4 × r4 matrix, and so on. The Markov chain
that gives the sequence r4, r8, r16, . . . is nonincreasing and has 0 as unique absorbing
state.
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This statement does not on its face resemble the Cohen–Lenstra conjectures as formu-
lated earlier in the paper for odd primes (and extended to the 2-primary case in Gerth
III, 1987). However, the distribution on the isomorphism class of the finite 2-primary
group 2ClK [2∞] determined by this Markov process turns out to be the same as that
provided by the cokernel of γ − 1 where γ is a random matrix in GLN(Z2) with N very
large, which conforms with Gerth’s conjecture. Smith expresses the distribution in this
way because it reflects what actually happens in the proof, which relies on an iterative
argument computing the distribution of 2kClK [2k+1] conditional on the isomorphism
class of 2k−1ClK [2k].

Remark 6.2. — Not for the last time, I am working in less generality than Smith does.
Many of his techniques and results also apply to ℓ-primary Selmer groups of cyclic
degree-ℓ twists; for simplicity of exposition, I am restricting to the case ℓ = 2, where
some of the most impressive applications can already be found. In particular, also Smith
(2026a, Theorem 1.12) shows that the distribution of the ℓ∞ class groups of cyclic Z/ℓZ-
extensions of a number field F is as the generalized Cohen–Lenstra heuristics predict –
as long as F does not contain a 2ℓth root of unity. So we see once again the presence
of roots of unity appearing as technical obstacles in the subject.

A similar result holds for quadratic twists of abelian varieties. Here, P Alt(j|n) means
the probability that a random alternating n×n matrix over F2 has kernel of dimension j.
But here some care is needed; since the parity of the kernel of an alternating n × n,
matrix is the same as that of n, the quantity P Alt(j|n) does not approach a limit as
n → ∞; we only have a limit if n grows through even integers or through odd integers.
So by P Alt(j|∞) we mean the average of these two limits.

When A is an abelian variety, we denote by r2k(A) the dimension of 2k−1Sel2k(A) as
an F2-vector space. If A is an abelian variety over Q and d is a nonzero integer, then
Ad denotes the quadratic twist of A by d, an abelian variety over Q which becomes
isomorphic to A over the quadratic extension Q(

√
d). This is very concrete when E is

an elliptic curve with equation y2 = f(x), in which case Ed is simply the elliptic curve
with equation dy2 = f(x).

Theorem 6.3 (Smith, 2026a, Theorem 1.5, Smith, 2026b, Theorem 2.14)
Suppose A/Q is an elliptic curve, which satisfies the conditions discussed in Re-

mark 6.5 below. Given any nonincreasing sequence

r2 ≥ r4 ≥ · · · ≥ r2k ≥ . . .

of nonnegative integers, we have

lim
H→∞

#{d ∈ Z̸=0 : |d| < H and r2k(Ad) = r2k for all k ≥ 1}
2H

= P Alt(r2 | ∞) ·
∞∏

k=2
P Alt(r2k | r2k−1)
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Remark 6.4. — Again, the conclusion of Theorem 6.3 is in conformity with existing
conjectures about variation of Selmer groups. In particular, the theorem agrees with
the heuristics formulated in Bhargava, Kane, Lenstra Jr, Poonen, and Rains (2015,
Conjecture 1.3), which posit that the 2∞ Selmer group is distributed like the intersection
V ⊗ (Qp/Zp) ∩ W ⊗ (Qp/Zp) where V, W are random isotropic submodules in a large
hyperbolic quadratic space over Zp.

Remark 6.5. — The conditions on A in Theorem 6.3 are not too serious. For instance,
Theorem 6.3 is proved in Smith (2026a) for any elliptic curve over Q with no rational
2-torsion or with all 2-torsion rational and no rational 4-isogeny.

However, they are not mere artifacts of the proof: the variation of Sel2, for instance,
really can be different in quadratic twists of elliptic curves with a single rational non-
trivial 2-torsion point see e.g. Klagsbrun and Lemke Oliver (2016). These issues are
approached much more aggressively in Smith (2026b), where one sees that results like
Theorem 6.3 can still be obtained if one restricts to a suitably chosen family of twists.

Thanks to the parity constraint on the kernel of an alternating matrix over F2, the
Markov chain governing the distributions in Theorem 6.3 consists of two completely
separate chains, one with absorbing state 0 and the other with absorbing state 1. The
statement of Theorem 6.3 implies that the quadratic twists of A are equidistributed
between the two components; and indeed, it is known that the quadratic twists of an
elliptic curve over Q have dim Sel2E even half the time and odd half the time. In the
more general statement (Smith, 2026b, Theorem 2.14) of which Theorem 6.3 is a special
case, one also needs to consider cases in which the quadratic twists of A have constant
parity; in such cases, the definition of P Alt(j|∞) is modified to be supported on only
a single parity of j. This phenomenon – that determining the parity of the dimension
of a space carrying an alternating form is its own problem requiring separate methods
from the main body of the work – is rather general. The same kind of issue arises in
the work already described on determining distributions from moments. Consider, for
instance, a random variable X valued in finite-dimensional ℓ-vector spaces obeying the
Poonen–Rains distribution, which conjecturally governs the mod ℓ Selmer groups of
random elliptic curves. Write Xeven for X conditioned on having even dimension, and
Xodd for X conditioned on having odd dimension. Then X, Xeven, and Xodd have all
the same moments! Indeed, this phenomenon is already observed in the work of Heath-
Brown (1994), in the discussion after Theorem 2 there. So any strategy which relies on
computing moments and inferring the distribution will get stuck here, unless one has
(as one fortunately often does) some separate means of computing the distribution of
the parities.

6.1. Applications
Before we begin discussing the proofs of the main theorems, we mention some im-

portant applications. First of all, Smith’s theorem implies the long-studied minimalist
conjecture that in the family of quadratic twists of a fixed elliptic curve over Q, the
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proportion of twists Ed with Mordell–Weil rank at least 2 approaches 0. The argument
is simple; because the Markov chain in Theorem 6.3 converges to one of the two ab-
sorbing states 0 or 1 with probability 1, the probability that r2∞(Ed) ≥ 2 is 0. (To
be precise, the results of Smith (2026a,b) imply this for elliptic curves satisfying the
technical conditions alluded to in Remark 6.5; but in a recent preprint, Smith (2025)
has extended his proof of the minimalist conjecture to all elliptic curves over Q.) But
the 2∞-Selmer rank is an upper bound for the Mordell–Weil rank, so we are done.
Indeed, it is known by Monsky (1996, Theorem .5) that 0 and 1 occur equally often,
so r2∞(Ed) takes the values 0 and 1 with probability 1/2 each. The results of Monsky
also imply that the parity of the analytic rank of Ed (the order of vanishing of the
L-function L(Ed, s) at the center of the critical strip) is the same as that of r2∞(Ed).
Thus, under the Birch–Swinnerton-Dyer conjecture that the analytic rank of E is equal
to the Mordell–Weil rank, we have that the analytic rank of Ed is a nonnegative integer
bounded by r2∞(Ed) and of the same parity as r2∞(Ed); it must thus be equal to r2∞(Ed)
whenever that rank is 0 or 1, as it almost always is. One thus also obtains Goldfeld’s
conjecture that, in the limit, half the quadratic twists of E have analytic rank 0 and
half have analytic rank 1.

The critical advance here is not so much something special about the prime 2, but
rather that Smith’s theorem can be applied to Selmer groups of arbitrarily large order.
For instance, Bhargava and Shankar (2015) proved that the average size of the 2-Selmer
rank of an elliptic curve (counted by height) is 3. A random variable with mean 3
cannot be 22 = 4 more than 75% of the time, so one immediately gets an upper bound
for the proportion of curves whose 2-Selmer rank is at least 2. (One can do better still
by considering parity.) But no method of this kind can ever show that the proportion
of curves with high rank is actually zero, unless our heuristics are badly wrong; for we
believe that, for each N , there actually is a positive proportion of elliptic curves such
that SelN(E) has high rank. This proportion, however, is expected to get smaller as N

gets larger; so only once one gets control over SelN(E) for arbitrarily large N , as Smith
does, does the minimalist conjecture become obtainable.

The more general statement of Smith’s theorem applies to many classes of abelian
varieties, including Jacobians of hyperelliptic curves (Smith, 2026b, Theorem 2.14). A
theorem of Coleman, using the method of Chabauty, gives an upper bound for the
number of rational points on a curve whose Jacobian has rank smaller than its genus.
This fact dovetails nicely with theorems that prove that the rank of this Jacobian is
rarely large as the curve moves in a family: see Bhargava and Gross (2012), Poonen
and Stoll (2014) for notable prior uses of this strategy. Smith (2026b, Theorem 3.8)
proves the following theorem in this direction. Let X : y2 = f(x) be a hyperelliptic
curve over Q where f(x) is a polynomial of degree 2g +1 whose splitting field has Galois
group S2g+1. Let Xd be the quadratic twist with equation dy2 = f(x). Then Xd has at
most 3 rational points for 100% of d. In fact, the average value of max(0, |Xd(Q)| − 3)
is zero. The first statement essentially follows from Smith’s main theorem followed by
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application of Chabauty (in a refined form from Stoll, 2006); the second by the fact that
the number of points on Xd is bounded by an exponential function of the Mordell–Weil
rank, which is bounded above by the same exponential of the 2∞-Selmer rank, and the
average of this function can be controlled by Smith’s main theorem.

Yet another application of the methods appears in Koymans and Smith (2024), which
proves that at least 31.95% of integers are not the sum of two rational cubes. (The
expectation is that this proportion exists and is equal to 1/2.) This question has long
been known to boil down to the distribution of Mordell–Weil rank of elliptic curves in a
family of cubic twists Ed : y2 = x3 −d. This is a good opportunity to recall that Smith’s
results are not restricted to the prime 2; they allow you to study the ℓ-primary Selmer
groups of objects with an automorphism of order ℓ in a family of cyclic twists of order
ℓ. In this case, they are applied to study the mod 3 Selmer group of Ed as d varies.
Note that these curves, whence all their Tate modules, carry an automorphism of order
3; though the fact that this automorphism is not defined over Q creates substantial
difficulties, which is one reason this problem required work beyond the results of Smith
(2026b).

These are some applications of the main theorems of Smith’s papers; in section 7 we
will discuss more applications of the techniques of these papers in even broader contexts.

6.2. Grids

What makes it possible to make so much progress on 2-primary Cohen–Lenstra when
p-primary Cohen–Lenstra (over number fields, at least) has proven so difficult? In a
nutshell, it is because the 2-primary class groups of different quadratic twists are related
to each other, as we now explain. The simplest manifestation of this phenomenon is
already crucial in earlier work on mod 2 Selmer in quadratic twist families of elliptic
curves, which begins with the work of Heath-Brown (1993, 1994) on congruent number
curves and has continued into the present (Klagsbrun, Mazur, and Rubin, 2014; Kane,
2013; Park, 2022). Suppose E/Q is an elliptic curve and Ed/Q a quadratic twist. Then
E[2] and Ed[2] are isomorphic as Galois modules; so Sel2(E) and Sel2(Ed) are subgroups
of the same Galois cohomology group H1(GQ, E[2]), differing only insofar as the local
conditions do. This makes it substantially easier (albeit by no means straightforward) to
understand how Sel2 varies in a family of quadratic twists; what you are really studying
is how a family of local conditions varies as the quadratic twist changes. The situation
of Selp for odd primes p is different; the groups H1(GQ, E[p]) and H1(GQ, Ed[p]) have
different coefficients and there’s no reason the two should be in any way related.

What about Sel2k? It is certainly not the case that E[2k] and Ed[2k] are isomorphic
as Galois modules, since −1 no longer acts as the identity on these modules. But the
modules corresponding to different quadratic twists are not completely decoupled from
one another, either. Instead, there is a more subtle relation among the twists. Let d1, d2
be two integers representing different classes in (Q∗)/(Q∗)2. Let N be an abelian group
isomorphic to (Q2/Z2)r with a GQ-action ρN : GQ → Aut(N). (We leave this Galois
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representation completely unrestricted to emphasize the generality of what we’re about
to say.) If d is a nonzero integer and χd : GQ → ±1 the corresponding character of GQ,
we denote by Nd the Galois module isomorphic as Z2-module to N , and whose Galois
action is the twisted one sending σ to ρN(σ)χd(σ).

We may then consider the four Galois modules N [4], Nd1 [4], Nd2 [4], and Nd1d2 [4].
These are pairwise non-isomorphic, but nonetheless they are related:

Proposition 6.6. — Nd1d2 [4] is a subquotient of N [4] ⊕ Nd1 [4] ⊕ Nd2 [4] as Z/4Z[GQ]-
modules.

Proof. — Let M be the quotient of N [4] ⊕ Nd1 [4] ⊕ Nd2 [4] by the submodule spanned
by

2N [4] ⊕ {0} ⊕ 2Nd2 [4], 2N [4] ⊕ 2Nd1 [4] ⊕ {0}, {0} ⊕ 2Nd1 [4] ⊕ 2Nd2 [4].
Write β : Nd1d2 [4] → N [4] for the (non-Galois-equivariant) map which is an isomor-

phism of the underlying abelian groups and which has the property that, for every
σ ∈ GQ, we have β(σn) = χd1d2(σ)σβ(n). (That such an isomorphism exists is more or
less the definition of the twist.) Define βd1 and βd2 to be the corresponding maps from
Nd1d2 [4] to Nd1 [4] and Nd2 [4].

Now consider the map ϕ : Nd1d2 [4] → M obtained by sending an element n to β(n) ⊕
βd1(n) ⊕ βd2(n).

We begin by showing that ϕ is Galois-equivariant. For each n ∈ Nd1d2 [4] and σ ∈ GQ,
we have

ϕ(σn) = χd1d2(σ)β(n) ⊕ χd2(σ)βd1(n) ⊕ χd1(σ)βd2(n)
so ϕ(σn) − σϕ(n) is

(χd1d2(σ) − 1)σβ(n) ⊕ (χd2(σ) − 1)σβd1(n) ⊕ (χd1(σ) − 1)σβd2(n)
We note that this element lies in 2N [4] ⊕ 2Nd1 [4] ⊕ 2Nd2 [4], and moreover is either 0
(if n ∈ 2Nd1d2 [4] or σ is in the kernel of χd1 ⊕ χd2) or has exactly two out of three
coordinates nonzero (otherwise.) In either case, ϕ(σn) − σϕ(n) is 0 in the quotient M ,
as claimed.

We now show that ϕ is injective. Write K0 for the subgroup of (Z/4Z) ⊕ (Z/4Z) ⊕
(Z/4Z) spanned by (2, 2, 0), (2, 0, 2), and (0, 2, 2) and write M0 for (Z/4Z) ⊕ (Z/4Z) ⊕
(Z/4Z)/K0. Then, as abelian groups, M is N [4]⊕3/(N [4] ⊗Z/4Z K0) = N [4] ⊗Z/4Z M0.

The map (Z/4Z) → M0 which sends 1 to the image of (1, 1, 1) ∈ M0 is visibly injective;
since N [4] is free over Z/4Z, the same is true for N [4] → N [4] ⊗ M0.

We have thus exhibited the Galois module Nd1d2 [4] as a submodule of a quotient of
N [4] ⊕ Nd1 [4] ⊕ Nd2 [4], as claimed.

(Proposition 6.6 appears as Example 7.16 in Smith (2026a), as a corollary of the more
general Proposition 7.15.)

The utility of Proposition 6.6 is that, when V is a twistable module, the 4-Selmer
group of V d1d2 is a subgroup of H1(GF , V d1d2 [4]), which in turn is now revealed
as a group we can describe in terms of the three other Galois cohomology groups
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H1(GF , V [4]), H1(GF , V d1 [4]), and H1(GF , V d2 [4]). This ties together the four 4-Selmer
groups corresponding to the four quadratic twists.

For higher powers of 2, there is a similar but more complicated story. Note that the
argument above does not exhibit Nd1d2 [8] as a subquotient of N [8] ⊕ Nd1 [8] ⊕ Nd2 [8];
the problem is that (4, 0, 0) = (2, 2, 0) + (2, −2, 0), so the analogue of the module M in
N [8] ⊕ Nd1 [8] ⊕ Nd2 [8] is killed by 4, so Nd1d2 [8] has no chance to inject into it. Rather,
in order to study 2k-torsion, one has to consider a k-dimensional grid; that is, a set of 2k

quadratic characters spanned by a set of k linearly independent elements in (Q∗)/(Q∗)2.
Then one finds that, if χ is a character in the grid, Nχ[2k] appears as a subquotient of
the sum of the other 2k − 1 twists of N [2k].

This principle (or more accurately its generalization in Smith (2026a, Prop. 7.15)) is
central to Smith’s method, since it supplies a method of finding relations among mod
2k Selmer groups in a family of twists. More specifically, it is well adapted for finding
relations among twists which lie in a grid.

Definition 6.7. — Let r be a positive integer and, for each i in {1, . . . , r} let Xi

be a set of primes, all these sets being pairwise disjoint. A grid of twists is a set of
squarefree integers of the form p1 · . . . · pr, where each pi is drawn from Xi. We say r is
the dimension of the grid and the |Xi| are the sidelengths.

These relations between twists allow Smith to control the behavior of Selmer groups
in a large grid of twists using knowledge about a smaller family of twists.

Remark 6.8. — As an analogy, imagine that you had a function f on a group G which
had the property that f(xy) was determined by the values of f(x) and f(y). Then you
would only need to know f on a generating set of G in order to determine f . In the
present context, what we have is a much fainter signal; for instance, one might need
to know 2k − 1 values in order to get information about one more! But, at this level
of abstraction, there is a long tradition of leveraging this kind of weak signal to get
surprisingly strong control over a function. Think of Dvir’s theorem on the finite field
Kakeya conjecture (Dvir, 2009), which controls subsets of Fn

q (i.e. 0-1 functions f on Fn
q )

which contain no line. That is to say: the mere fact that f(x) = 1 for q − 1 points
on a line tells you that f(x) = 0 for the remaining point. The context of this kind
which is closest to Smith’s work, at least superficially, is that of inverse theorems for
Gowers norms. When A is a finite abelian group, the k’th Gowers norm of a function
f : A → C× is large when the product of f over the vertices of many k-dimensional
parallelepipeds in A is close to 1. This can be thought of as a signal about one value
of f given 2k − 1 others, and indeed one can show that the condition of having large
Gowers norm imposes strong constraints on f (Green, Tao, and Ziegler, 2012). (I cannot
resist noting that these theorems are trivial for k = 1, nontrivial but well-understood
for k = 2, and much more difficult and technical for k ≥ 3, exactly in conformity with
what happens when we study the variation of 2ClQ(

√
−d)[2k].)
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6.3. Equidistribution of pairings and symbols

The main theorem of Smith (2026a, Theorem 4.18) says the distribution of the 2k-
Selmer groups of the twists in X does indeed approach the expected distribution as X

ranges over larger and larger grids satisfying some technical conditions. (Here, “larger
and larger” combined with the technical conditions implies in particular that the primes
in X, the dimension of X, and the sidelengths of X are all growing). We can only
sketch the proof of Theorem 4.18 here.

One key actor is the Cassels–Tate pairing on 2k−1Sel2k(V ), which in the form needed
for this paper is defined in Morgan and Smith (2021). This pairing is automatically
alternating if V comes from an abelian variety, but does not carry this extra structure
when V is Z/NZ (the case related to class groups.) The kernels of this pairing compute
2kSel2k+1(V ) (Smith, 2026a, Def. 4.11). This is the core of the iterative strategy for
proving Theorems 6.1 and 6.3. If one already knows that Sel2k

V d is distributed as
one expects in a family of quadratic twists (say, in some large subset of a gigantic
grid) then we can break this family up into subsets where Sel2k

V d is in an appropriate
sense constant (at the very least, has constant dimension N) and try to show that the
Cassels–Tate pairing is equidistributed among alternating N × N matrices over F2 in
this family (or all N × N matrices, if the alternating structure is absent.) That will
imply that we have the desired distribution of 2kSel2k+1(V ) conditional on 2k−1Sel2k(V ),
which is exactly what we need.

This pairing, in turn, is determined by algebraic data related to the symbols of pairs
of primes in X. The symbol of a pair of primes in Q̄, defined in Smith (2026a, § 3) is
one of the key algebraic aspects of the paper. We emphasize that it does not depend
merely on the two primes, but on an auxiliary extension K/F , which will depend on V ,
and which will need to be modified throughout the argument as we proceed through
the iteration described above,

When K = F = Q, the symbol is simply the usual Legendre symbol of two primes.
So you can think of this passage from symbols to Cassels–Tate pairing to “knowledge of
the 2k+1-Selmer group from the 2k-Selmer group” as a vast generalization of the work
of Rédei, which we briefly recall. If K is a quadratic field K = Q(

√
N), where N is a

product of distinct primes p1p2 . . . pn, the mod 2 narrow class group of K has dimension
n − 1, as was known to Gauss. What about ClK [4]? Or, in the spirit of iterative
construction, what about 2ClK [4], which is the information required for determination
of ClK [4] given ClK [2]? What Rédei shows is that the elementary abelian 2-group
2ClK [4] can be expressed in terms of the kernel of the n × n matrix Md over F2 whose
ij entry with i ≠ j is 1 if and only the Legendre symbol ( pi

pj
) = −1, and whose diagonal

entries are determined by the constraints that the row sums are 0. In particular, this
shows that if d is drawn uniformly at random from a grid – that is, if each pi is drawn
uniformly from some large set Xi of primes – then each of the off-diagonal entries of
the matrix Md is a Legendre symbol of a prime drawn at random from Xi and a prime
drawn independently at random from Xj. One might well imagine that this matrix is
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well-modeled by a random n×n matrix (subject to the conditions imposed by quadratic
reciprocity), at least as far as its rank goes; and indeed, this program is carried out
successfully in Gerth III (1984) and Fouvry and Klüners (2007) in order to control the
distribution of 2ClK [4] in families of quadratic fields.

In the setting considered by Smith, things become substantially more complicated.
Once k is large, it is not exactly the case that the Cassels–Tate pairing on 2k−1Sel2k(V d)
is determined by the symbols between the primes dividing the twist parameter d. We
recall from the discussion above that, in any grid X0 of dimension k and sidelength 2,
there is some relation among the 2k Galois modules V d where d varies over the twists
in X0; and from this one can work out that there is some relation between the groups
2k−1Sel2k(V d) as well. What the symbols(5) determine is what relation this is. In
particular, given the symbols, one obtains some family of relations that is satisfied
among the Cassels–Tate pairings on 2k−1Sel2k(V y) as y ranges over some subgrid Y

of X. (This is my paraphrase of Smith, 2026a, Lemma 8.10.) If such relations forced
the Cassels–Tate pairing to be equidistributed as d ranged over all of Y , we would
be happy, but life is not quite that good. Among the possible relations that might
obtain, there are some which would not imply equidistribution, but these can be shown
to be rare exceptions among all possible relations (This is my paraphrase of Smith,
2026a, Proposition 7.9.) A simple metaphor: if you have a function f on {1, . . . N}
which satisfied the relation f(n + 1) = λf(n) for some λ on the unit circle, you would
know that the average of f was close to 0, unless λ was very close to 1. And if you
didn’t know that, but you did know you could break the set {1, . . . , N} into a union
of almost-disjoint arithmetic progressions that almost covered the interval, and such
that on each one of these arithmetic progressions with common difference a you had a
relation f(n + a) = λif(n), and if by a separate mechanism you knew that the λi that
provided the relations on those arithmetic progressions were well-distributed enough on
the unit circle that you could choose the progressions in a way that very few of the λi

were near 1, then, with some very careful bookkeeping, you would have a chance of
showing that the average of f on {1, . . . N} is close to 0. This is more than a metaphor
(albeit less than a faithful description.) In a sufficiently dense grid, one can show that
the symbols of pairs of primes are reasonably well distributed (this is my paraphrase
of Smith, 2026a, Theorem 5.2), and this allows us to evade those exceptional relations
which would fail to force equidistribution of the Cassels–Tate pairing; Smith then breaks
a large grid into subsets on each of which some relation between Selmer groups apply,
and shows that the “problematic relations” are rare enough that they can mostly be
avoided, so that the Cassels–Tate pairing behaves itself on each of the subsets.

Remark 6.9. — In the paper of Koymans and Smith (2024) on sums of two rational cubes
mentioned earlier, the kind of equidistribution proved in Smith (2026a, Theorem 5.2) is

(5)or, more precisely, an arithmetic datum called the “governing expansion” which is downstream of
the symbols.
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not enough; for that result, they need a trilinear equidistribution statement concerning
symbols defined on triples of primes. The simplest such symbols are called Rédei
symbols; in some sense they are to Legendre symbols as Massey products are to cup
products (Kim and Morishita, 2025).

Putting this together, one finds that the Cassels–Tate pairing is indeed equidistributed
on all of Y , and showing that X can be mostly covered by a union of subgrids to which
this argument applies, we get that the Cassels–Tate pairing is equidistributed on X (this
is my paraphrase of Smith, 2026a, Theorem 6.2). More precisely, what Smith shows
is that the Cassels–Tate pairing on 2k−1Sel2k(V d) is equidistributed in a subfamily
of X called a “higher grid class” over which 2k−1Sel2k(V d) is constant; without such a
restriction, the question doesn’t really make sense, since one needs the dimension of
2k−1Sel2k(V d) to be fixed in order to have a fixed space of pairings to equidistribute
over.

The main theorem (Smith, 2026a, Theorem 4.18) on the distribution of Sel2k follows,
essentially by iterating this procedure; we start with a grid class on which Sel2 is
constant, show that the Cassels–Tate pairings equidistribute there, which provides the
distribution of 2Sel4 conditional on Sel2; this breaks our grid class into higher grid
classes where 2Sel4 is constant, and on each of these we apply the argument again to
obtain the distribution of 4Sel8 conditional on 2Sel4, and so on. At each stage, one needs
to make sure the grids are large enough for the equidistribution statements on symbols
to kick in; as one might imagine, this iterative process leads to convergence rates in
the final result which are slow even by analytic number theory standards. When the
grids involve primes of size around H, the deviation of the distribution of Sel2k from its
limiting value is bounded above by exp(−c(log log log H)1/2). It would be interesting to
investigate, by experimental or theoretical means, what the actual rate of convergence
might be.

6.4. The fixed-point Selmer groups

The careful reader will note that the above sketch is an induction without a base
case. Once we have restricted to a grid class on which Sel2 is constant, we can start to
work on Sel4 – but how do we control the variation of the first step, Sel2? Or, more
generally, when V is a Galois module endowed with an automorphism of order ℓ, how
do we control the variation of Selω, where ω = ζ − 1? Smith calls these the fixed point
Selmer groups, since V [ω] is precisely the set of points fixed by ζ. Their study makes
up the bulk of Smith (2026b). We can only gesture at the difficulties here. For one
thing, Selω very often does not approach a distribution as we vary over a family of cyclic
ℓ-twists, a phenomenon which we have already noted in the case of the 2-Selmer groups
of quadratic twists of elliptic curves. Smith shows that for a well-chosen population
of twists he calls favored, Selω does approach the expected distribution. (This is my
paraphrase of Smith, 2026b, Theorem 2.14.)



1250–24

Even without restricting to the favored twists, one can show that the number of twists
where dim Selω is really problematically large is not too high. (This is my paraphrase
of Smith, 2026b, Theorem 2.6.) This fact alone, combined with the fact that Selω(A) is
an upper bound for the Mordell–Weil rank of an abelian variety A, is enough to show
that the average rank of A over a Z/ℓZ-extension of Q is finite. (This is my paraphrase
of Smith, 2026b, Theorem 1.1.) Just as in Bhargava and Shankar (2015), one can get
average rank results from control over a single mod N Selmer group. But the results of
Smith (2026b) do not yet allow one to control Selωk for higher k when A is an abelian
variety. So, as yet, we do not know in general that there is any fixed N such that
rank(A(K)) − rank(A(F )) is at most N for 100% of Z/ℓZ-extensions of K/F ; unless
ℓ = 2, in which case this is Theorem 6.3 described above. Why the difference between 2
and odd ℓ? It comes down to the fact that the pairing on the Selmer groups of abelian
varieties, which is alternating mod 2, is instead symmetric modulo ℓ. Of course, when
1 = −1 alternating and symmetric are not very different, except in one critical way: the
diagonal entries of an alternating matrix over F2 are 0, while the diagonal entries of a
symmetric matrix over Fℓ can be whatever they please; and controlling these diagonal
entries of the pairing is, for the moment, beyond the reach of the methods of Smith
(2026a,b).

There is still one more step. We have talked about how to get the appropriate
probability distributions on large grids, but for most people it is more natural and
desirable to compute averages over intervals – one wants to know, for instance, a
distribution over quadratic twists by d where d ranges over squarefree integers in the
range [0, H], not as d ranges over the 1000 products of one of the first ten primes, one
of the next ten, and one of the third ten. Section 8 of Smith (2026b) explains how an
interval can be approximated well enough by a union of grids of the kind treatable by
Smith’s methods that the probability distributions can be carried over from the grid
context to the integral context. Your correspondent, who is by no means an analytic
number theorist, will say no more about this part.

One note: for the study of 4-ranks, it took quite a long time to get from average
behavior with a fixed number of primes dividing the discriminant (Gerth) to the desired
average over all discriminants (Fouvry–Klüners), and this created a sense that these
problems become easier if you restrict the number of prime factors of the discriminant.
The situation is now quite the opposite! Smith’s arguments rely critically on being able
to work with very large and flexibly chosen sets of ramified primes. Proving that, say,
the twists of an elliptic curve by a quadratic field of prime discriminant are 100% of
rank 0 or 1 seems out of reach for Smith’s methods in their current form. As for class
groups of quadratic field with almost-prime discriminant, partial results are known up
to the 16-rank (Koymans and Milovic, 2019), but beyond that, as one expert in the
field told me, “all is darkness.”
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7. The work of Koymans and Pagano on the negative Pell equation

The Pell equation x2 − dy2 = 1, where d is a fixed squarefree positive integer and x

and y ̸= 0 are integers to be solved for, is one of the oldest and most widely studied
Diophantine equations; so old that Archimedes thought about it in some form. Brah-
magupta made major progress on understanding its solutions in the 7th century CE.
One mathematician whose contribution to the Pell equation is more questionable, ironi-
cally, is John Pell (1611-1685), though he certainly worked in number theory and the
equation was included in a textbook to which he contributed greatly.(6)

The Pell equation always has solutions; in modern terms, we would say that the real
quadratic field Q(

√
d) always has a unit x0 + y0

√
d other than ±1; the norm of this unit

is a unit in Z, which is to say ±1; so its square is a unit x+y
√

d whose norm is 1, which
is to say that x2 − dy2 = 1. Indeed, any even power of the unit will do, which means
that once you have one solution you have infinitely many; this is what Brahmagupta
worked out a millennium and a half ago.

But let’s go back to that unit x0 + y0
√

d, which yields a solution to x2
0 − dy2

0 = ±1.
It is certainly possible for the −1 case to be achieved; for instance, when d = 5 we have
22 − 5 · 12 = −1. But it is not always achieved. For one thing, the negative Pell equation
(4) x2 − dy2 = −1
might not even have a solution over Q. It is not hard to show that (4) has a solution
over Q if and only if every odd prime divisor of d is congruent to 1 modulo 4. When this
is the case, we say that d satisfies the Pellian condition. But the Pellian condition does
not guarantee that (4) has a integer solution, which is far more subtle. For example,
(4) has no integer solution with d = 34, despite the existence of a rational solution
(5/3)2 − 34 · (1/3)2 = −1.

Whatever determines the solvability of (4), it cannot be something as simple as a
condition on the primes dividing d, since Dirichlet showed that (4) is solvable with
d = p for every prime p congruent to 1 mod 4. The condition must have something
to do with interactions among the prime factors of d. And indeed, Dirichlet also knew
that d = pq yields a solvable (4) whenever the Legendre symbol (p

q
) is −1. Dirichlet

also gave a sufficient condition for insolubility of (4) in terms of biquadratic symbols;
together, these results showed that (with c, c′, c′′ > 0) of the cX/

√
log X values of d

in [0, X] satisfying the Pellian condition, at least c′X/ log X have (4) solvable and
at least c′′X log log X/ log X have (4) unsolvable. Nagell conjectured in 1932 that
both these quantities in fact accounted for a positive proportion of the discriminants.
And Stevenhagen (1993) sharpens this to a precise conjecture for the constant. It is
this conjecture of Stevenhagen that Koymans and Pagano have proved. Non-solvable

(6)Pell told the biographer John Aubrey that “when he solves a Question, he straines every nerve about
him, and that now in his old age it brings him to a Loosenesse.” Very relatable even for modern number
theorists, especially when contemplating what must have been the nerve-straining difficulty of building
the papers discussed here today!
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instances of (4) are actually fairly rare among small discriminants, occurring for only
14% of the discriminants below 10, 000 (Stevenhagen, 1993, Table 1). In fact, (4) is
insoluble almost half the time.

Theorem 7.1 (Koymans and Pagano, 2025, Theorem 1.1)
Stevenhagen’s conjecture is true. In other words: the proportion of positive squarefree

d < X with all odd prime divisors congruent to 1 mod 4 such that x2 − dy2 = −1 has a
solution in integers x, y approaches

(5) 1 −
∏

j≥1,j odd
(1 − 2−j) = 0.58057 . . .

as X → ∞.

The reader may now ask: what does any of this have to do with the Cohen–Lenstra
conjectures? The key is that the negative Pell equation can be thought of as a question
about the class group. Write K = Q(

√
d). The narrow class group of K, which we shall

denote C(K)(7), is the quotient of the group of fractional ideal classes by the group of
principal ideals generated by totally positive elements of OK .

Proposition 7.2. — The negative Pell equation x2 − dy2 = −1 is solvable if and only
if the principal ideal (

√
d) is trivial in the narrow class group C(Q(

√
d)).

Proof. — If (
√

d) is trivial in the narrow class group, it is generated by a totally positive
element a, which must be

√
du for some unit u ∈ O∗

K . Since the embeddings of
√

d have
opposite signs, so do the embeddings of u, which means u has norm −1. Conversely,
if there is a unit u of norm −1, then

√
du is the desired totally positive generator

of (
√

d).

Another equivalent formulation is that (4) is solvable if and only if the narrow class
group and the usual class group are equal.

From Proposition 7.2, we see that statistical questions about the solvability of the
negative Pell equation are equivalent to statistical questions about the class group.
But more: because (

√
d) is clearly an element of order 2 in C(K), these are questions

that require only knowledge of the 2-primary part of C(K). So we are squarely in
Cohen–Lenstra territory. Note that this point of view nicely explains Dirichlet’s results.
When p is a prime congruent to 1 mod 4, we know by genus theory that |C(K)| is odd,
so the order 2 element (

√
d) is certainly 0. When d = pq, genus theory tells us that

C(K)/2C(K) ∼= Z/2Z, and also that (
√

d) is trivial in C(K)/2C(K). So if (
√

d) is an
element of 2C(K) of order 2 and is not trivial, it must be the case that C(K) has an
element of exact order 4; the criterion for this to be the case is exactly that (p

q
) = 1.

Thus, when (p
q
) = −1, we know that (

√
d) is trivial, which is to say that (4) is solvable.

(7)With apologies to readers of Koymans and Pagano (2025), where the narrow class group is denoted
Cl(K); but in this writeup that notation is reserved for the ordinary class group.
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This story, together with what we’ve seen in Smith’s work, already suggests what
in broad outline the argument of Koymans and Pagano (2025) may look like. We will
want to know the probability that (

√
d) vanishes in C(K)/2C(K); if it does, we will

want to know the probability that this element of 2C(K) vanishes in 2C(K)/4C(K); if
it does, we will take a deep breath and look at 4C(K)/8C(K), and so on. If everything
goes right, we will expect to end up with a Markov model which not only captures the
behavior of C(K)[2∞] as in Smith (2026a), but of C(K)[2∞] together with a specified
2-torsion element in that group.

Let’s imagine what such a Markov model might look like. We have already described
the Markov model that describes the 2-primary part of the class group of a random
quadratic imaginary field. It turns out that the narrow class groups of random real
quadratic fields are governed by a similar Markov model; but in this case, the transition
probability from r2k = n to r2k+1 = j is given by the probability that the kernel of a
random n × (n + 1) matrix over F2 is j, rather than being governed by the kernel of a
square n × n matrix as in Theorem 6.1. This “slightly rectangular” Markov process is
in keeping with what happens in the classical Cohen–Lenstra setting, where the class
group of a quadratic imaginary field behaves like a random abelian group, while the
class group of a real quadratic field behaves like a random abelian group modulo a
random element. Adding the n + 1’st row to the square matrix imposes one more
random relation, which is tantamount to modding out the kernel of the square matrix
by a random element of that kernel.

For the negative Pell problem, there are two features that complicate this model.
First of all, there is a difference at the very first layer (or second, depending on how
you count). The dimension of C(K)/2C(K) is t − 1, where t is the number of ramified
primes in K. The dimension of 2C(K)[4] is t − 1 − r, where r is the rank of the Rédei
matrix we met in § 6.3, whose off-diagonal entries are Legendre symbols of the primes
ramified in K. When all the odd ramified primes are congruent to 1 modulo 4, which
is our ongoing hypothesis, this matrix is symmetric, by quadratic reciprocity. So the
4-rank in this Pellian setting is modeled by the kernel of a random large symmetric
matrix over F2, not the kernel of an arbitrary large random matrix as in Theorem 6.1.

The careful reader should now protest: I just made a big deal about the matrix
being slightly rectangular, not square, and here it is being square again! This brings
us to the second point. We need to keep in mind that in the real quadratic setting,
C(K) always has a canonical element in it; namely, the class of (

√
d). Suppose we

have already established that 2k−1C(K)[2k] has rank n and that (
√

d) lies in 2k−1C(K).
Then 2kC(K)[2k+1] will be expressed as the quotient of 2k−1C(K)[2k] by n random
elements, and in addition by the class of (

√
d). Now if (

√
d) happens to be a multiple

of 2k, it pairs to zero with everything in 2k−1C(K)[2k]; this makes the “extra” column
zero, which means that 2kC(K)[2k+1] in this case will be isomorphic to the kernel of a
random n × n matrix over F2.
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If this account is correct, and if every matrix mentioned above is taken to be random,
the negative Pell problem is governed by a Markov chain with a state labeled NO and
a state labelled n-YES for each nonnegative integer n. At time k, being in the state
NO means that (

√
d) does not lie in 2k−1C(K). Being in the state n-YES means that

(
√

d) does lie in 2k−1C(K), and that the dimension of 2k−1C(K)[2k] is n. This yields the
following expected transition probabilities. At time 2, we are in state n-YES if a random
large symmetric matrix over F2 has kernel of dimension n, and are never in state NO.
(This is because the Pellian condition already implies that (

√
d) lies in 2C(K).) Now,

at time step k, if we are in n-YES, the probability of moving to NO at time k + 1 is the
probability that (

√
d) does not lie in 2kC(K). Again assuming everything is as random

as it can be, this probability is 1 − |2k−1C(K)/2kC(K)|−1 = 1 − 2−n. Assuming on the
other hand that (

√
d) does lie in 2kC(K), the last column of the n × (n + 1) matrix

determining 2kC(K)[2k+1] is zero, so 2kC(K)[2k+1] has dimension j with the probability
we’ve denoted P Mat(j|n). Thus, the overall transition probability from n-YES to j-YES
is 2−nP Mat(j|n).

What Koymans and Pagano prove is that all these heuristics are correct, albeit with
an even more hilariously slow rate of convergence than we saw in Smith’s theorems
above. Here is the precise statement. Following the authors, we denote by D(X) the
set of Pellian discriminants d in [0, X], and by Di,ni

(X) the subset consisting of all
those Pellian discriminants d such that the 2i-rank of C(Q(

√
d)) is ni and (

√
d) lies in

2i−1C(Q(
√

d)).

Theorem 7.3 (Koymans and Pagano, 2025, Theorem 8.1)
There are real numbers A, c, X0 > 0 such that for all reals X > X0, all integers

m ≥ 2 and all sequences of integers n2, . . . , nm+1 ≥ 0,

∣∣∣∣∣
∣∣∣∣∣
m+1⋂
i=2

Di,ni
(X)

∣∣∣∣∣ − P Mat(nm+1|nm)
2nm

·
∣∣∣∣∣

m⋂
i=2

Di,ni
(X)

∣∣∣∣∣
∣∣∣∣∣ ≤ A · |D(X)|

(log log log log X)
c

m26m
.

The Markov chain we described above has two absorbing states, NO and 0-YES. The
probability that a Pellian discriminant d admits a solution to the negative Pell equation
is then the probability that the chain eventually reaches 0-YES. This comes out to be
the probability conjectured by Stevenhagen, and now proven by Koymans and Pagano.

One notes that, conditional on terminating at 0-YES, the distribution on 2C(K)[2∞]
is very similar to that of quadratic imaginary fields; the 2C(K)[4] part is different,
thanks to the symmetry of the Rédei matrix, but the Markov chain from that point
onward is identical with that in Smith’s result reproduced here as Theorem 6.1. One
might think of the real quadratic fields with negative Pell solutions as being a family
of “fake quadratic imaginary fields” – as when d is negative, the narrow class group is
equal to the class group, and the Markov chain is the one worked out by Smith.
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The method by which Koymans and Pagano prove Theorem 7.3 is certainly indebted
to Smith’s work, but goes further. One key difference (but far from the only one) is
that, in Smith, it is crucial to have the flexibility to choose grids so that the symbols
you have to compute are essentially pairings of random primes chosen independently.
In the negative Pell setting, some of the symbols involved, no matter what grid you
work with, have an argument that’s forced upon you; the class of (

√
d). The difficulty

here is eventually overcome by the use of a novel reciprocity law introduced in the
earlier paper Koymans and Pagano (2020). The subject remains in a state of rapid
development, and it seems likely that time will distill the new spray of reciprocity laws
and equidistribution statements found in Koymans and Pagano (2022) and Koymans
and Smith (2024), etc. into a more general theory whose shape for now remains only
partially in view.

8. Into the nonabelian

We have actually undersold the results of Liu, Wood, and Zureick-Brown (2024) and
Landesman and Levy (2025) discussed in § 4. By class field theory, the class group
of K is isomorphic to the Galois group of the maximal everywhere-unramified abelian
extension of K. If Knr is the compositum of all unramified algebraic extensions of K,
this group can be written as the abelianization of Gal(Knr/K), and we ask how this
group varies as K moves in a family of number fields or function fields.

But who said we need to abelianize? Why not ask about the variation of the whole
profinite group Gal(Knr/K) as K varies through a family of number fields?

Many difficulties present themselves at once. The isomorphism classes of finite abelian
groups are countable in number and we know how to describe them all. But Gal(Knr/K)
need not be finite, as we know from the Golod–Shafarevich construction (Golod and
Shafarevich, 1964). We do not even know whether this group is topologically finitely
generated. We may make our life easier by choosing an odd prime p and considering
only the maximal pro-p quotient Gal(Knr;p/K) of Gal(Knr/K), which is closer to the
spirit of Cohen–Lenstra. Then at least our groups are topologically finitely generated
(this being the case for any pro-p group with finite abelianization) but they still may
be infinite by Golod–Shafarevich. The idea that there is nonetheless a meaningful
conjecture to make was championed by Nigel Boston, who died in 2024 and whose early
contribution to this line of inquiry has been essential to its development. When K is a
quadratic imaginary field, Gal(Knr;p/K) carries an involutive automorphism σ coming
from the action of Gal(K/Q), which acts as −1 on Gal(Knr;p/K)ab. The paper Boston,
Bush, and Hajir (2017) defines a measure µBBH on the set of isomorphism classes of
finitely generated pro-p groups with finite abelianization and endowed with such an
automorphism, and proposes the heuristic that for any “reasonable” function f on the
isomorphism classes of such pro-p groups, the average of f(Gal(Knr;p/K)) as K ranges
over imaginary quadratic fields is the integral of f against µBBH . As one would hope,
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the pushforward of µBBH from finitely generated pro-p groups to finite abelian groups
is just the Cohen–Lenstra measure.

As in the Cohen–Lenstra setting, it is reasonable to ask about moments. In other
words: if H is a finite p-group with a generator-inverting automorphism σ, we can define
the H-moment of a measure µ to be the expected number of σ-invariant surjections
from G to H, where G is drawn from µ. Boston and Wood (2017) proves the remarkable
theorem that every moment of the Boston–Bush–Hajir distribution µBBH is 1!

So a reasonable way of investigating the non-abelian Cohen–Lenstra conjecture of
Boston, Bush, and Hajir is to try to compute these moments when G is Gal(Knr;p/K)
with K a random quadratic imaginary field. More precisely, K is a random quadratic
imaginary field with discriminant in [−X, 0], and we hope that the H-moment mH,X of
Gal(Knr;p/K) always approaches 1 as X → ∞.

The objects counted by mH,X are everywhere unramified H-extensions of K with
a specified action of Gal(K/Q) on H. We can also think of such an extension as a
H ⋊ (Z/2Z)-extension of Q, ramified only at primes dividing the discriminant DK

and with inertia groups of order 2 at those primes. This connection is older than the
Cohen–Lenstra conjecture itself; Davenport and Heilbronn (1971, Theorem 3) computes
the average size of ClK [3] as K ranges over quadratic imaginary fields by relating this
quantity to the number of S3-extensions of Q with discriminant at most X whose inertia
group at every odd prime has order 2. (Note that the average size of ClK is the (Z/3Z)
moment, and (Z/3Z) ⋊ (Z/2Z) with Z/2Z acting as −1 is a fancy name for S3.)

This brings us into contact with Malle’s conjecture, another very active current in
arithmetic statistics which could support a separate survey paper of its own. Malle’s
conjecture concerns questions of the form: how many H-extensions of Q are there with
discriminant of absolute value at most X? (And more generally, one can ask about
extensions of arbitrary number fields or function fields, extensions with restrictions on
ramification type, extensions counted by invariants other than discriminant, etc.) In the
case considered in Boston and Wood (2017), the moments being 1 for every H indeed
conforms with what Malle predicts.

The paper Liu, Wood, and Zureick-Brown (2024) takes this approach even further.
Here, one considers an arbitrary finite group Γ, one lets K range over Γ-extensions
of Q or of Fq(t) whose ramified primes have product of absolute value at most X, and
asks about Gal(Knr/K); not just the pro-p quotient, but the whole profinite shebang.
(Well, almost the whole profinite shebang; we will still restrict to the maximal prime-to-
2|Γ| quotient which you’ll note still keeps us separated from the 2-group extensions of
quadratic extensions considered by Smith and Koymans–Pagano.) This Galois group
is a profinite group carrying an action of Γ. Liu, Wood, and Zureick-Brown define a
probability distribution on such groups. Roughly, it is defined as follows. Let Fn,Γ be
the free profinite Γ-group on n generators; it is generated by n|Γ| elements xi,γ, and is
supplied with a Γ-action by the rule γ′ · xi,γ = xi,γ′γ. We then let Fn,Γ be the closed
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subgroup of Fn,Γ topologically generated by the elements xi,idx−1
i,γ and their images

under Γ.
Having done this, they define Xn,Γ to be a random variable valued in profinite groups

defined as the quotient of Fn,Γ by the (n + 1)|Γ| relations r−1γ(r), as γ ranges over Γ
and r ranges over a set of n + 1 elements chosen Haar-uniformly from Fn,Γ. Finally,
they show that as n → ∞, the distributions of these random variables converge to
a measure on profinite groups with Γ-action, which they call µΓ. It is this measure
which they conjecture governs the variation of the prime-to-2|Γ| part of Gal(Knr/K)
as K varies over Γ-extensions (Liu, Wood, and Zureick-Brown, 2024, Conjecture 1.3).
You might think of this as a non-abelian Cohen–Lenstra–Martinet conjecture “at many
odd primes at once.” When Γ = Z/2Z, the pushforward of their measure to the pro-p
quotient is µBBH , and thus the pushforward to the abelianization of the pro-p quotient
is Cohen–Lenstra measure.

This measure has some properties which one might not have expected in advance.
For example, it assigns probability 0 to any group which doesn’t satisfy a certain lifting
property the authors call “property E.” Happily, the unramified Galois groups of K

automatically satisfy this property.
The history of the Cohen–Lenstra–Martinet conjectures, which, as you’ll recall, had

to be repeatedly modified as new phenomena were discovered, may reasonably give one
pause here. How do you know there’s not some other subtle property which makes a
profinite group G unable, or even differentially unlikely, to appear as an unramified
Galois group, and which is not accounted for in the conjecture in its present form? Here
we come to one of the most appealing features of Liu, Wood, and Zureick-Brown (2024),
and of its successor papers as well. The non-abelian Cohen–Lenstra–Martinet conjecture
over Fq(t) can be expressed, just as in 4.2, as a question about counting points on certain
Hurwitz spaces over finite fields. The results of Wood (2021) again provide a complete
description of the connected components of these spaces, their dimensions, and the
Frobenius action on them. Deligne’s bounds on Frobenius eigenvalues thus allow us
to estimate the number of points on any such space as q → ∞. The upshot is this: if
XH,q,n is the number of unramified H-extensions of K, where K is drawn at random
from the set of Γ-extensions of Fq(t) the product of whose ramified primes has norm qn,
then the mean of XH,q,n approaches a limit as q → ∞, and the limit of this limit as
n → ∞ is equal on the nose to the H-moment of the conjectured distribution µΓ. This
is very powerful evidence that the choice of µΓ is correct, given that we are in the regime
where moments determine distribsutions.(8)

The results of Landesman and Levy (2025) provide even more compelling evidence;
their theorems apply to the Malle conjecture generally, not just those cases related to
Cohen–Lenstra, and their results allow one to show in many cases that the mean of
XH,q,n approaches a limit as n → ∞ with fixed q. However, it remains a boundary for

(8)That moments determine distributions for this problem wasn’t known at the time Liu, Wood, and
Zureick-Brown (2024) was written; that came later, with the work of Sawin and Wood already discussed.
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now that this is known only when q is sufficiently large relative to H; in other words, for
any given Fq(t), there are only finitely many moments of the Liu–Wood–Zureick-Brown
conjecture which can currently be shown to be correct.

As we have already seen, the presence of roots of unity in the base field complicates
matters. Forthcoming work of Sawin and Wood (2026) promises to extend the conjec-
tures to the case of arbitrary base field. This new work has an interesting feature which
distinguishes it from everything that came before. As we’ve seen, the distribution µΓ
is determined by a certain construction of a random group, in the form of “random
generators and relations” – this is a de-abelianized version of the original Friedman–
Washington conception of the Cohen–Lenstra distribution as the distribution on the
cokernel of a random large ℓ-adic matrix. One then computes the moments of the groups
constructed thereby and compares them with moments arrived at by some other method.
Sawin and Wood (2026) goes in the opposite direction. What the moments should be
is worked out by an algebro-geometric computation in the function field case, just as
in Liu, Wood, and Zureick-Brown (2024). But now the distribution is reconstructed
directly from the moments using the technique introduced in Sawin and Wood (2022).
It is, in some sense, “a distribution without a random variable.” It is an interesting
question whether there’s a more traditional construction of a random profinite group
that obeys the distribution in Sawin and Wood (2026).

The results described above are all concerned with prime-to-|Γ| extensions of Γ-
extensions of some base global field F . What if we relax this assumption, or even
enforce its opposite? An example of such a question would be the study of everywhere-
unramified 2-extensions of random quadratic extensions of F . If we append “abelian”
to “everywhere-unramified,” we are asking about 2-primary class groups of quadratic
extensions, the very question appearing in work of Smith, Koymans, and Pagano already
described. The study of p-primary class groups of Γ-extensions, where p is now allowed
to divide |Γ|, is developing rapidly; see e.g. Liu (2024) and Koymans and Liu (2025)
for the current state of affairs. But the maximal unramified p-extension of a random
Γ-extension is, I believe, still not well-understood in this case.

One can imagine going still further. When Γ is a p-group, an unramified pro-p
extension of a Γ-extension K/Q is a pro-p extension of Q whose ramified primes are
only those of K. So one might ask the following question: let N be a random integer
and let GN,p be the Galois group of the maximal pro-p extension of Q unramified away
from N . (For simplicity, let’s require (N, p) = 1.) The group GN,p will not have a
distribution, because the rank of its abelianization is essentially the number of primes
dividing N and congruent to 1 mod p, which has infinite average as N grows; this is
the same reason that ClK [2] doesn’t have a distribution as K varies over quadratic
fields. Still, one may wish to study its statistics. One way to address this is by fixing
the number of primes dividing N ; this is the approach taken in Boston and Ellenberg
(2011), which formulates a conjecture for the probability that GN,p is isomorphic to a
specified finite p-group when N is the product of two random primes congruent to 1
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mod p. Another approach, more in the spirit of Buell, Gerth, Smith, etc., would be to
ask: what are the statistics of GN,p which play the role that the ranks of 2mClK [2m+1]
do for ClK [2∞]? In other words, which statistics of GN,p do approach a distribution as
N varies over a large range of integers?
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