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1. Introduction

The most classical version of the Ax—Kochen/Ershov Theorem is the following state-
ment, proved in Ax and Kochen (1966): two henselian!) valued fields (K, v) and (L, w)
of residue characteristic zero have the same theory® in a suitable first-order® language
of valued fields if and only if their residue fields have the same theory in the language
of rings and their value groups have the same theory in the language of ordered groups.

(UThis terminology from valuation theory will be defined in 1.2.

(2)For background on first-order logic, including a careful definition of formulas, see Hils and Loeser
(2019) or Tent and Ziegler (2012).

(3)We will only consider “first order” languages, which is to say that quantification is admitted only
over elements of the structures concerned.
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Equivalently, the theory of each such valued field (K, v) in the language of valued fields is
axiomatized by the background theory of henselian valued fields of residue characteristic
zero, together with the particular sets of axioms to specify the theories of value group
and residue field. From yet another point of view, the theories of henselian valued fields
of residue characteristic zero are parametrized by the first-order theories of ordered
abelian groups and of fields of characteristic zero.

This theorem is at the heart of the theory developed in Ax and Kochen (1965a,b, 1966)
and Ersov (1965), and vastly generalised since then. The conclusion of the statement
itself admits many variants, and we refer to them collectively referred to as “AKE
principles”.

The original work of Ax, Kochen, and Ershov included the famous asymptotic Ax—
Kochen/Ershov transfer principle for first-order sentences between the local fields of
mixed and positive characteristics: for every such sentence ¢ there is n € N such that

Q FyreF(1) Fe

for all p > n. Here the notation “K |= ¢” (read as “K models ¢”) simply means that
@ is true in the field K. Importantly, any quantifiers in ¢ are interpreted to range over
elements of K. See also Example 1.6(2.,4.).

The asymptotic Ax—Kochen/Ershov transfer principle in particular gives an asymp-
totic resolution of the following conjecture of Artin from 1936 (cf Artin, 1965) for which
a field k is said to be Cj if, for every form F € k[X, ..., X,] of degree d with n > d’,
the equation F'(X7,...,X,) = 0 has a nontrivial solution in k™.

CONJECTURE 1.1 (Artin’s Conjecture on forms over Q,). — For each prime number p,
the field Q, is Cs.

The conjecture is false as shown by Terjanian’s counterexample (Terjanian, 1966)
in degree d = 4 and p = 2, generalized to arbitrary p later in Terjanian (1980). See
Heath-Brown (2010) for a more detailed exposition. The asymptotic resolution is:

THEOREM 1.2 (Ax and Kochen, 1965a; Ersov, 1965). — There is a computable”)
function d — Ng, such that for any p > N4 and any form F € Q,[X1,...,X,] of
degree d, if n > d* the equation F(X1,...,X,) =0 has a nontrivial solution in Q5-

This can be proved directly from a few important ingredients: Firstly it was shown
by Chevalley (1935) that each F, is C}, and then by Lang (1952) that each FF,((t))
is Cy. Secondly, if we denote the set of prime numbers by P and if we assume the
continuum hypothesis (i.e., the equality 2% = X, of cardinal numbers), then there is an
isomorphism

(1) 1 Q/u= 1]F,(@)/u,

peEP pEP

(DA function f: N — N is computable if there is a Turing machine that halts with output f(n) on
input n, for each n € N, with appropriate coding of natural numbers.
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for every nonprincipal ultrafilter u on P. (An ultrafilter u on P is principal if it is
of the form {A C P | p € A} for some p € P.) This isomorphism is obtained by
a certain structure theory of valued fields in residue characteristic zero, building on
Kaplansky (1942) with Ostrowski’s notion of pseudo-Cauchy sequences® (Ostrowski,
1935). The use of the continuum hypothesis is a red herring: the final asymptotic
result is absolute, and so independent of the hypothesis. See for example Shelah
(1994) for further set-theoretic results on the existence of this isomorphism. Next, it
is straightforward to formalize the property C5 as an infinite (conjunction of a) family
of first-order sentences ¢, in the language of rings, where ¢, expresses that there is a
nontrivial solution of the equation F(Xi,...,X,) =0 for all forms F' of degree d < \/n
in the n variables X7, ..., X,,. The final ingredient is perhaps the most model theoretic:
according to Lo§’s Theorem, the theory of an ultraproduct® is the “almost all” theory
of its factors. More precisely, for any family (k;);cr of structures in a first-order language,
and for every ultrafilter u on I, we have

[[E/juEeeficl|kiEe}eu

i€l
for every sentence ¢ in the language. It now follows that ¢, is true in @Q, for all but
finitely many prime numbers p.

The fishy isomorphism in (1) can (without set theoretic hypotheses) be replaced by
an elementary equivalence (i.e., an equality of theories)

I1Q/u= ITF(e) /s

peP pEP
for nonprincipal ultrafilters u on P: both of these are models of the theory of henselian
valued fields with, as value group, the ultrapower Z"* and, as residue field, the ultraprod-
uct [[,cp F,/u, noting that the latter has characteristic zero. Putting this together with
Kaplansky’s theory, the elementary equivalence follows from a standard back-and-forth
argument. This method may be refined to give a proof of the classical AKE principle in
residue characteristic zero.

In an entirely different direction, the notion of the tilt—applied to perfectoid fields,
rings, and spaces—gives another way to transfer information between mixed characteris-
tic and positive characteristic. The first striking example is the following theorem, that
describes an equivalence between the category of finite separable extensions of Q,(p'/?™)
on the one hand, and of F,((¢))**" on the other.

THEOREM 1.3 (Fontaine and Wintenberger, 1979). — There is an isomorphism
Gal(@,(p!/7™)) = Gal(F, (1))

(5)Also called pseudo-convergent sequences.
(6)See 1.4 for a very brief recap on the subject of ultraproducts.
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This theorem builds on the fact that appropriate quotients of the valuation rings of
these valued fields are equal:

OQp(pl/poo)/p - OFP((t))perf /t
Moreover the theorem motivates the following “transformation” of a complete mixed
characteristic valued field into one of positive characteristic:

Qy(pM/7™) = Fy((£)™.
A perfectoid field is by definition a field K with a complete valuation of rank 1,
and not discrete, of residue characteristic p > 0, such that the Frobenius map z — zP
induces a surjection Ok /p — Ok /p (if this latter condition holds, we say that Ok is
semi-perfect). The tilt of a perfectoid field K is the field of fractions of the inverse
limit % of copies of the ring Ok /p, with transition maps given by the Frobenius map
T — ab:

R =1lim(--- = R/p = R/p = ...).

In his celebrated work, Scholze (2012) geometrized the above to prove that tilting
extends to an equivalence between the category of perfectoid rings over K and the
category of perfectoid rings over K°.

The aim of this talk is to explain a new contribution of F. Jahnke and K. Kartas, who
have introduced an elementary class C of valued fields, containing the perfectoid fields,
and proved a range of AKE principles in this context, including for the first time valued
fields admitting nontrivial defect extensions. I present the following two “conceptual
equations”:

AKE for henselian valued fields of residue characteristic zero
+ Structure theory for complete discrete valuation rings

= AKE for henselian finitely ramified mixed characteristic
and

AKE for tame valued fields
+ Structure theory for perfectoid fields
= AKE for perfectoid fields (and more) a la Jahnke-Kartas.

From their work one obtains a nonstandard version of the Almost Purity theorem of
Scholze, and the Fontaine-Wintenberger theorem. This should be seen in the context
of Kuhlmann’s tame valued fields, which are another setting in which there is an Ax—
Kochen/Ershov-like theory, as well as important earlier work of Kuhlmann and Rzepka
on the valuation theory of deeply ramified fields, and of Kartas which showed the
transfer of certain decidability statements via tilting. More recently, Rideau-Kikuchi,
Scanlon, and Simon (2025) have formalized perfectoid fields in a language of continuous
logic, and they prove that tilting is then a bona fide bi-interpretation in the sense of
continuous model theory.
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Remark 1.4. — Let (A;)ier be a family of structures in a given language £. We may
form the direct product

HAz = {(a;)icr | ai € A;}

iel
in the usual way. However, this structure generally bears little resemblance to its factors
in terms of model theory. For example, the direct product of two integral domains is
never an integral domain. For an ultrafilter u on /, we introduce the following notation:

(a;) ~y (@) & {i€l]|a;, =a}} eu
Then ~, is an equivalence relation on [];c; A;. If the A; are rings, then the quotient
corresponds to the quotient by the ideal p = {(a;)ic; | {i € I | a; = 0} € u}. If the A;
are integral domains then p is prime, and if the A; are fields then p is maximal. For
example, an ultraproduct of fields is a field. ¥.os proved that

[TA/uEeelicl|AEy} e,

iel
for all £-sentences p. We may define the ultralimit of any (a;);c;r € [T;c; Ai, to be its
equivalence class under ~,, and we denote this ultralimit by ulim; ,,a;.

1.1. Some model theory of fields

To find a model theoretic view of rings, fields, and valued fields we must first settle
on suitable languages: £, = {+,-, —, 0,1} is the usual candidate.

— The theory of Th(Z) is undecidable: Godel famously proved that there is no al-
gorithm (equivalently, no Turing machine) to determine when an £,,,-sentence
belongs to this theory or not, see for example Godel (1988). Similarly, also the the-
ory Th(Q) is undecidable, since by Robinson (1949), the set Z is an £,i,,-definable
subset of , so any statement about Z can be rewritten into a special statement
about Q. This is an important example of interpretability, which is the model
theoretic formalism describing when one structure appears (up to isomorphism)
among the definable sets (and definable quotients) in another structure. In this
case, there is also an interpretation in the other direction, since Q is interpretable
by 7Z, and this is easy to see: an isomorphic copy of Q appears as the quotient of
7 x Ny C Z2 by the definable equivalence relation

(a,b) ~ (¢,d) < ad — be = 0,

together with the singleton (0,0). Importantly, the arithmetic operations of addi-
tion, multiplication, and subtraction, as well as the two constants, are all definable
on this quotient by £n.-formulas interpreted in Z.

— It was proved by Tarski (1948) that the theories Th(C) and Th(F,) are decidable,
and axiomatized simply by their characteristic and the background theory ACF of
algebraically closed fields. Indeed, these theories are the only completions of ACF.
Moreover, ACF admits a quantifier-elimination in £,e: every £ng-formula ()
(for T = (o, ...,T,_1)) is equivalent modulo ACF to another such formula ¢%(z)



1246-06

that is quantifier-free (literally: a first-order formula with no quantifiers). It follows
(abstractly, by listing all possible proofs from the axioms) that this map

— f —
p(T) = T (T)
is computable, relative to a suitable Godel coding of formulas, and there are by
now rather explicit and efficient algorithms.
When it comes to sentences (those formulas with no free variables) we can do

a little better. Each £,ng-sentence ¢ is equivalent modulo ACF to a sentence ¢X,
which is a Boolean combination of atomic sentences

14 +1=0,
-
p times
for p € P. These sentences select individual positive characteristics. Again, the
map ¢ — X can be chosen to be computable.

— Tarski’s early work in model-theoretic algebra (for example Tarski, 1948) also
included an axiomatization and decision procedure for the theory RCF = Th(R)
of real closed fields: those fields in which the squares form the nonnegative cone
of a total ordering and every odd-degree polynomial has a root. There is also a
effective quantifier-elimination in the language of ordered fields £, = LU{<}, i.e.,
there is computable function

Y(@) = 9 (7)
mapping each £.¢-formula to a quantifier-free £,¢-formula that is equivalent modulo
RCF. We observe another occurrence of the idea of interpretability: an isomorphic

copy of C appears as R?, with the arithmetic operations of addition, multiplication,
and subtraction again given by £,i,,-formulas on R.

1.2. Valued fields

A valuation on a field K is an epimorphism v: K* — I, from the multiplicative
group of K onto an (additive) totally ordered abelian group I', (an “OAG”) such
that v(z + y) > min{v(z),v(y)} for all z,y € K*. By convention we extend v to a
map v: K — I'y U {oo} by writing v(0) = oo, for a new symbol oco.

Notation 1.5. — As one expects, a range of notation is used in the literature. We will
write O, == {z € K | v(z) > 0} for the valuation ring (sometimes written K° in the
literature), we write m, = {z € K | v(z) > 0} (sometimes K°°) for the valuation
ideal, i.e., the unique maximal ideal of O,. Write vK = I', for the value group of v,
and Kv = k, = O,/m, for the residue field of v.

Example 1.6. — 1. (Q,v,): the p-adic valuations on Q. For p € P, every z € Q* can
be written uniquely as %pl for [, m,n € Z with p, m, n pairwise coprime, and n > 0.
We define the p-adic valuation v,: Q — Z U {oo} by

vp(x) =1
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and v,(0) = co. The valuation ring is Z,), the maximal ideal is pZ,, and the
residue field is [F,,.

2. The field of p-adic numbers is defined to be the completion of (Q,v,), which
naturally admits the structure of a valued field. We denote it by (Q,,v,). Its
valuation ring Z, can be constructed as an inverse limit of the system Z/p"Z, with
the usual quotient maps, or explicitly as power series in the “variable” p, i.e.,

o0
> anp”,
n=0

with coefficients a,, € {0,...,p — 1} and multiplication and addition defined to
take care of the “carrying” that we are familiar with from basic arithmetic. The
maximal ideal is pZ,, while its value group and residue field are again Z and [,
respectively.

3. Given any irreducible f € k[t] we can define a valuation vy on k(t) by analogy
with v,. For g € k[t], let v;(g) be the maximal integer such that f*s(¥) is the
highest power of f dividing ¢ in k[t], and v¢(g/h) = vf(g) — v(h). The valuation
ring of vy is the localization k[t] s of k[t] at (f).

4. The valued field of formal power series over a field k is (k((t)), v;), where

k((t) = { > apt"|a, €k, N e Z}
n=N
and v; is defined by
vt< Z ant”> = N, supposing that ay # 0.
n=N

The valuation ring is k[t] = {302, ant” | an € k} and the residue field is k. Indeed,
(k((t)), v¢) is the completion of (k(t),v;).

5. For any ordered abelian group I', and any field k, the valued field of Hahn
series/generalized formal power series is (k((t')), v;), where

Kt = { T

~vel

ay € k, supp(Z a7t7> is Well—ordered}
and v, is defined by

vt( Z aﬁ”’) ‘=7, 7o = min (supp( Z awt"’)).

vyel vel

DEFINITION 1.7. — A walued field (K, v) is henselian if for all monic f € O,[X], and
all a € Oy, if f(a) € m, and f'(a) ¢ m,, then there exists a unique a’ € a + m,, such
that f(a") = 0.

LEMMA 1.8 (Hensel’s Lemma). — Complete valued fields of rank 1 are henselian. In
particular, (Q,,v,) and (k((t)),v:) are henselian, for any field k.
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There are numerous properties equivalent to henselianity. For example, the henselian-
ity of a valued field (K, v) is equivalent to the uniqueness of the extension of v to the
separable algebraic closure of K, The equation v(z) = %v(mp) shows that there is always

a unique extension of v from K to its perfect hull KPe.

Any valued field (K,v) admits a canonical henselization (K", v"), which is a sep-
arably algebraic extension of (K, v), and is henselian, satisfying the obvious universal
property. It coincides with the fixed field of the decomposition subgroup of the absolute
Galois group Gg.

To discuss the model theory of extensions of valued fields, we introduce to more pieces
of terminology.

Notation 1.9. — An extension (L,w)/(K,v) of valued fields is existentially closed,
denoted (K,v) <3 (L, w), if

(K7U) ):Elyla"wyn (p(ala"'aamaylw'wyn)

if and only if

(L,w) = Jya, o Yn (@1 oy Qs Y1y -5 Yn),s

for every quantifier-free £, -formula o(xy,..., 2m,y1,...,yn), and tuple (aq,...,an) €
K™. The extension is said to be elementary, denoted (K,v) < (L,w), if

(K,v) = ¢lay, ... an)

if and only if

(L,w) = e(ay, ..., an),

for every £ .-formula ¢(x1,...,2,,) and (ay,...,a,) € K™.
We now describe the relationships between a few important examples.

Example 1.10. —

1. For any field k, the henselization k(t)" is the relative algebraic closure of k(t)
in k((t), and we have (k(t)",v;) =5 (k(t)),v:), by a theorem of Ershov (2001).
This follows from the fact that k((¢))/k(t)" is separable, and that k(t)" is dense in
k((t)) with respect to the topology induced by v;.

2. For any prime number p, the henselization Q" of Q with respect to the p-adic
valuation v, is also the relative algebraic closure of Q in Q, and (Q", v]’;) =3 (Qp, vp).
This can be seen by the same density argument as in 1. In fact (Q", U;”) = (Qp, vy),
which is less easy but follows from the AKE theory for Q,.
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LEMMA 1.11 (Fundamental equality®). — Let (K,v) be a valued field of residue char-
acteristic exponent® p € PU {1} and let L/K be a finite extension. Then
[L: K] =3 e(w/v) f(w/v)p™™,
wIv
where e(w/v) = (wL : vK) is the ramification degree and f(w/v) = [Lw : Kv] is the
inertia degree of the extension.

The quantity d(w/v) is called the defect!”) | nontrivial when it is positive (con-
sidered to be zero when p = 1, though ill-defined by the above equation). Accord-
ingly, we say an extension (L,w)/(K,v) is defectless when p*/*) = 1 and (K,v) is
[separably| defectless when all of its finite [separable| extensions are defectless. A
related notion is that of an immediate extension: (L,w)/(K,v) is immediate when
e(w/v) = f(w/v) = 1. A valued field (K, v) is [[separably] algebraically] maximal
when it admits no nontrivial immediate [[separably] algebraic| extensions. There are
some basic implications between these properties:

Maximal = henselian and defectless
—> algebraically maximal
—> separably algebraically maximal
—> henselian.

In residue characteristic zero, since every extension is defectless, every henselian valued
field is algebraically maximal. Also, every field of Hahn series k((#')) is maximal.

The counterpart of the fundamental inequality for transcendental extensions is the
following lemma. In the lemma we denote by trdeg(L/K) (respectively trdeg(Lw/Kwv))
the transcendence degree of the field extension L/K (respectively Lw/Kwv). We also
denote by rrk(wL /v K) the rational rank of the abelian group wL /v K, i.e., the dimension
of Q® (wL/vK) as a Q-vector space.

LEMMA 1.12 (Abhyankhar’s inequality, Abhyankar, 1956). — Let (L,w)/(K,v) be an
extension of valued fields. Then

trdeg(L/K) > trdeg(Lw/Kv) + rrk(wL/vK),

1.3. First-order languages of valued fields

There are numerous candidates for a first-order language of valued fields. In my
view, there is no particularly canonical choice (our syntactic choices are always rather
arbitrary). Nevertheless the literature suggests three among the leading contenders:

®)This is unually expressed as [L : K] > > e(w/v)f(w/v) and called the “fundamental inequality”.
9 The characteristic exponent of a field k is the characteristic of k if this is positive, but is 1 if the
characteristic of k is zero.

(19 Sometimes the defect is defined to be the quantity p(*/*) rather than d(w/v).
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— L1 = Ling U {0}, ie., the expansion of £,,, by a unary predicate which we
interpret in a valued field (K, v) by the valuation ring O,.

— S‘z,al = Liing U {<,}, where <, is the symbol for a binary relation interpreted by
r <,y < v(r) <wv(y). This is one of the languages in which the theory ACVF
of algebraically closed valued fields admits quantifier-elimination, see for example
Robinson (1956).

— Lol = (Lhg Lhingr Lhag val, res), ie., the language with three sorts K, k, and T,
each equipped with £ying, Lring, and Loae (the language of ordered abelian groups),
Moreover, we equip £, with two function symbols val (from sort K to I') and
res (from sort K to k). Of course, the first of these is interpreted as the valuation,
and the second as the residue map, for example extended to be constantly zero

outside of the valuation ring.

For many (but not all) purposes, these languages are equivalent: the same sets are

definable in each case. There is a caveat: the value group and residue field appear

2

a1, and more-

explicitly (as sorts) in £.1, but only as definable quotients in £l and £
over the complexity of the formulas defining certain definable sets may depend on the
language.

In the rest of this text, I will view valued fields as £, -structures.

1.4. Residue characteristic zero and limits as p — oo

We begin with the £,,-theory VF of valued fields. Let H denote the £,,-theory that
extends VF and axiomatizes the class of henselian valued fields: its axioms (beyond
those of VF) demand, for each n € N, that the definition of “henselianity” (in the form
of Definition 1.7) holds for polynomials f of degree < n. We let HY denote the extension
of H by axioms

v(1_|_..._|_1):()’

p-times
for each p € P.

The original theory of Ax, Kochen, and Ershov, as introduced above, applies to all
models of the theory H?, not just to those coming from ultraproducts of local fields.
Perhaps the most classical formulation is the following, which we label by “AKE=" simply
because it relates to the binary relation of elementary equivalence, symbolically “=".
Later we will see formulations that are more general insofar as they apply to wider
classes of valued fields, they relate to other relations between structures, and they allow

certain enrichments of the languages.

THEOREM 1.13 (AKE= for H?). — Let (K,v), (L,w) = H°. Then

(K,v) = (L,w) <= vK=wL and T, =T,,.
—_——— N ,

in Lring in Loag

n Lyal
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Sketch of the proof. — The implication (=) is trivial, since the value group and
residue field are interpretable in each valued field. It remains to argue for the con-
verse implication. Passing to an ultrapower if necessary, we may assume that there
is a cross-section Y, : vK — K* i.e., a group homomorphism that is a right inverse
of v. Moreover, any model of H° admits a subfield of representatives of its residue
field, i.e., a subfield k£ C K such that the residue map res, restricts to an isomorphism
k — Kv. Identifying the image of y, with a multiplicative subgroup t"% < K>, we
have (k(t*%)h v,) C (K,v), which is an immediate extension, and the map n + " is
a cross-section for both (k(#'¥)" v;) and (K,v)). Above K, on the other hand, there
is an immediate extension (K,v) C (k(#"%)),v;), and again n ~— t" is a cross-section
for both valued fields. This latter inclusion comes from Kaplansky’s theory. Thus,
it suffices to show that any immediate extension of henselian valued fields in equal
characteristic zero is an elementary extension in the language £,,. For abstract model
theoretic reasons (specifically, back-and-forth arguments) it suffices to show the a priori
weaker statement that each such extension is existentially closed, which again follows
from Kaplansky’s theory (Kaplansky, 1942). In residue characteristic zero every simple
immediate extension of a henselian valued field is transcendental, and its isomorphism
type is determined by a suitable pseudo-Cauchy sequence. O]

Indeed, this sketch proof shows that every (K,v) = H? is existentially closed in its
unique maximal immediate extension.

The argument illustrates a pattern: we combine underlying structural principles
to describe certain valued fields (with strong hypotheses, for example maximality or
completeness) up to isomorphism. We then combine this with back-and-forth arguments
to find isomorphisms or embeddings between sufficiently rich elementary extensions of
arbitrary models of the given theory/theories. In fact, we don’t always need to work
with the strong hypotheses vK = wlL and Kv = Lw. These isomorphism arguments
are often compatible with residue field and value group extensions, meaning that there
are underlying embedding lemmas, on which I will elaborate below.

Firstly, there are many corollaries, even of this basic statement: We begin by observing
that this proves the required elementary equivalence between ultraproducts of local
fields.

COROLLARY 1.14. — Let u be a nonprincipal ultrafilter u on P. We have
[1(Qp, vp)/u = TT(E(1), ve) /.
peP peP

Combined with ¥os’s Theorem, we obtain the asymptotic resolution to Artin’s con-
jecture which began this story:

COROLLARY 1.15. — For all £,1-sentence ¢ there exists n, € N such that

(@p’ Up) IZ Y= (Fp((t))a Ut) |: ¥

for all p > n,. Moreover the function ¢ — n, may be chosen to be computable.
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Returning to the generality of HY, we may think schematically about the completions
of HY as parametrized by the pairs of completions of OAG and of F°, the theories of
ordered abelian groups and of fields of characteristic zero, respectively:

H° = OAG x F°.

This even applies to those theories extending H® that are not necessarily complete. In
other words, there is a computable function

0
Y=
from £.a-sentences to the positive Boolean combinations of £, and £,y sentences so
that

H' ¢ o ¢,
i.c., ¢ and ¢ are equivalent in every model of H°. This might be viewed as a “sentence-

by-sentence” version of the AKE principle for H°. Since this function is computable,
we have the following corollary.

COROLLARY 1.16. — Let (K,v) be a henselian valued field of equal characteristic zero.
Then the theory of (K,v) in the language L. of valued fields is decidable if and only if
the following two conditions are satisfied:

— the theory of Kv in the language L.ing of rings is decidable;
— the theory of vK in the language Loag of ordered abelian groups is decidable.

I wrote, above, of a general embedding principle; here it is:

LEMMA 1.17 (Underlying embedding lemma). — Let (K1,v1), (K, v2) = H? be com-
mon extensions of a valued field (K,v). Suppose that vi K1 /vK is torsion-free. Suppose
moreover that we are given an Lyng-embedding pi: Kiv1 — Kovy over Kv, and an Lyas-
embedding or: v1 Ky — voKs over vK. Then, there exists an elementary extension
(Ko, v2) = (K3,v3) and an embedding of ¢: (Ky,v1) — (K35, v3) over (K, v) that induces
vk and pr between the residue fields and value groups.

(Klavl) _ - (K;,U;) Klvl L) KQ/UQ UlKl L U2K2

(K,v) Kv r,

Ficure 1. Underlying embedding lemma

This kind of embedding lemma yields a richer family of resplendent AKE principles.
Let £« be any expansion of £, let £r be any expansion of £,,,. The corresponding
expansion of £,,1, obtained by expanding the sort k to have the language £y, expanding I"
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to have £r, and nothing else in addition, is denoted £..(Lxk, £r). Such an language is
a (k,T')-expansion of £,

DEFINITION 1.18. — Let T be an £-theory of valued fields, where £ = Lya1( Lk, Lr),
and let ® € {=,=3, <X, 23}. We say the class Modg(T) of £-structures that are models
of T is an AKE®-class for (£, Lk, Lr) if the following holds:

Let (K,v) and (L,w) be two models of T, and additionally suppose (K,v) C (L,w)
in case @ is either =< or <3. Then (K,v) ® (L,w) in £ if and only if the following two
conditions are satisfied:

— Kve Lw in £y;
—vKewl in Lr.

The following theorem is an expression of “resplendent” AKE principlesfor H°.

THEOREM 1.19 (AKE for HY). — Let £ = £..1(Lx, 1) be a (k,T)-expansion of Ly
and let ® € {=,=3,=<,=3}. The class Modg(H°) of £-structures that are models of
H° an AKE®-class for (£, £y, £1).

Taking @ to be =, and simplifiying to the setting £x = Lyine and Lp = Loag, We recover
the classic form of the Ax—Kochen/Ershov principle.

COROLLARY 1.20. — Let £ = £.a(Lx, L£r) be a (k,I')-expansion of L. by countable
languages £y and £p. Let (K,v) be an L£-structure expanding a model of H°. Then the
L-theory of (K,v) is Turing equivalent™ to the Turing sum of the £i-theory of Kv
and the Loag-theory of vIK. In particular the £-theory of (K, v) is decidable if and only
if the following two conditions are satisfied:

— the Lx-theory of Kv is decidable;
— the Lr-theory of vK s decidable.

We can strengthen the embedding lemma to removing the hypothesis that v; K7 is
torsion free at the expense of adding to the language an angular component map, i.e., a
multiplicative map ac: K* — k) extending the restriction of res, to O;. This enables
Pas’s quantifier-elimination result for this theory:

THEOREM 1.21 (Pas, 1989, Theorem 4.1). — The theory H° eliminates quantifiers
over K in £,., meaning every £..-formula is equivalent modulo H® (plus suitable azioms
for the angular component map) to one with quantifiers only over the sorts K and T'.

(1D Two sets of natural numbers are Turing equivalent if each is decidable given access to an oracle-
machine for the other. The Turing sum of two sets A, B may be taken to be the disjoint union of 24
and 2B + 1.
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There is an incredible range of work developed from these underpinnings, including cell
decompositions (e.g., Pas, 1989), further quantifier-elimination results (e.g., Flenner,
2011), elimination of imaginaries (e.g., Haskell, Hrushovski, and Macpherson, 2006;
Rideau-Kikuchi and Vicaria, 2023), and the recent framework of Hensel minimality
(see Cluckers, Halupczok, and Rideau-Kikuchi, 2022; Cluckers, Halupczok, Rideau-
Kikuchi, and Vermeulen, 2023; Vermeulen, 2024).

2. Two other well-understood settings: finitely ramified and tame valued
fields

There are two (or perhaps three) other rather well-understood settings for the model
theory of henselian valued fields, namely those that are finitely ramified (of mixed
characteristic) and those that are tame (or separably tame).

2.1. Finitely ramified henselian valued fields

A valued field (K, v) of mixed characteristic (0, p) is finitely ramified if the interval
[0,v(p)) in the value group is finite. The number of elements in this interval is the
initial ramification degree, often denoted by e. We say (K,v) is unramified if
e = 1. The model theoretic analysis of henselian finitely ramified valued fields (K, v) is
(as claimed above) achieved by combining the AKE principles in equal characteristic
zero with a well-developed structure theory for complete discrete valuation rings of
mixed characteristic. The latter—the structure theory—is due to Cohen (e.g. Cohen,
1946) and numerous others including Mac Lane and Witt. For a general reference, one
may consult Chapter II of Serre (1962).

The structure theory attains its cleanest form in the unramified case, with perfect
residue fields: for each prime number p, there is the map

W {perfect fields of char p} — {unram. CDVRs, mixed char. (0, p), perfect res. field}
k— Wk],

where W k] is the ring of Witt vectors over k, which gives an equivalence of categories.
When we allow imperfect residue fields, Cohen’s structure theory still gives us an
unramified complete discrete valuation ring C[k] that is unique up to isomorphism
(over k), but the isomorphism now fails to be canonical, and the categories cease to be
equivalent.

In the unramified case, the above structure theory is enough, and there is a full range
of AKE principles. For example, the theory of an unramified henselian valued field
(K,v) is axiomatized by H, together with the theory of its residue field and value group
(the latter necessarily discrete), together with an axiom

Vo (v(x) < 0Vo(p) < v(x)),

which expresses the condition “unramified”.
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Even in the finitely ramified (but not necessarily unramified) case, it is possible to find
AKE principles reducing these theories entirely to the residue fields and value groups,
at the expense of expanding those structures. More precisely, in Anscombe, Dittmann,
and Jahnke, 2024, a language £, . is identified which describes the structure induced on
the residue field by a finitely ramified henselian valued field so that the following AKE
principles hold.

THEOREM 2.1 (Anscombe, Dittmann, and Jahnke, 2024). — Let (K,v) and (L, w)
be two finitely ramified henselian valued fields of mixed characteristic (0,p) of initial
ramification e. Then, we have
(K,v) = (L,w) <= Kv = Lw and vK = wL
—— —

mn Lpe in Loag

and i Lval

(K,v) =3 (L,w) <= Kv =3+ Luw,

n 'Qval m SP,S

where =3 (respectively =3+ ) denotes equality of existential (respectively positive existen-
tial) theories. In case (K,v) C (L,w), we have
(K,v) 23 (L,w) <= Kv <3 Lw and vK 23 wK .

—————
n Lyal in 2/ring m Qoag

Briefly removing the assumption that the ramification is finite, there is the following
influential AKE-style unpublished result of van den Dries:

THEOREM 2.2 (van den Dries). — Let (K,v) and (L,w) be two henselian valued fields
of mized characteristic (0,p). Then we have
(K,v) = (L,w) < O,/p" =0O,/p" VneN,
in Lyal in Lring
and (K, v(p)) = (wL, w(p)),

in Loug(F)

where Loag(F ) is the expansion of Loag by a single constant symbol F .

There are extensions of this result by Lee and Lee (2021). Other important results
(including Basarab, 1978; Flenner, 2011; Kuhlmann, 1994) describe an AKE-theory of
henselian valued fields of mixed characteristic with respect to their RV-structures, i.e.,
the quotients K*/1 + p"m,, for n € N.

It is perhaps worth emphasising at this point the variety of structures that appear on
the “right hand side” in the various AKE principles under consideration. Sometimes (as
in the classic case) we are able to reduce the model theory of a valued field to its residue
field and value group. Other times, that simply does not hold, but instead we are able to
reduce to one or many residue rings or RV-structures. In the Jahnke-Kartas principles,
below, we will be again reducing to one special residue ring—mnamely O, /p—and the
value group.
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2.2. Tame valued fields

The theory of tame valued fields was introduced and studied in Kuhlmann (2016),
then extended to separably tame valued fields in Kuhlmann and Pal (2016) and studied
there and in Anscombe (2026).

DEFINITION 2.3. — A wvalued field (K, v) of residue characteristic exponent p is [sepa-
rably] tame if

— it is henselian and [separably] defectless,
— vK is p-divisible, and
— Kwv is perfect.

The classes of tame and separably tame valued fields are £,,-axiomatizable.

The theories TVF of tame valued fields and STVF of separably tame valued fields
have appeared in quite a range of recent work. See Anscombe and Fehm (2016),
Anscombe and Jahnke (2018, 2022, 2024), Anscombe and Kuhlmann (2016), Blaszczok
and Kuhlmann (2017), Jahnke (2024), Jahnke and Kartas (2025), Kartas (2023, 2024),
Kuhlmann and Rzepka (2023), Schaaf (2025), and Sinclair (2018).

THEOREM 2.4 (Kuhlmann, 2016). — Let £ = £, (L, Lr) be a (k,I')-expansion of Lya.

1. Let ® € {=,=3}. The class Mod(TVF) of all tame valued fields is an AKE®-
class in L.
2. Let ® € {=,=3}. The class Mod(TVF) of all tame valued fields of equal

characteristic and an AKE®-class in L.

Kuhlmann and Pal (2016) reformulated and strengthened the underlying Embedding
Lemma for tame valued fields to work as well for separably tame valued fields of
finite (and fixed) imperfection degree, and this was then generalized more recently in
Anscombe (2026) to go through for arbitrary imperfection degrees. For this purpose, we
introduced a language £y to extend £, (and corresponding expansion £, 5 of £ya1)
by including function symbols for the p-th roots of the coordinates of elements with
respect to p-bases. One then obtains a range of “separable AKE principles”.

In order to properly include the AKE principles that have been proven for separably
tame valued fields, we generalize the terminology of AKE-classes as follows. Let T be
a theory of valued fields in a language £ that is an (k,I')-expansion of £, 5. and let
& c {= =3, <, =<5}. Wesay that the class Modg(T") of models of T is an SAKE®-class
if whenever we are given two models (K, v), (L, w) = T, (where we additionally suppose
that (L,w) is a separable extension of (K,v) in case @ is either < or <3), we have
(K,v) ® (L, w) in £y, if and only if the following three conditions hold:

— Kve Lwin £y;
— vK®wlL in Lr;
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— K and L have the same elementary imperfection degree('?)
THEOREM 2.5 (Anscombe, 2026; Kuhlmann, 2016; Kuhlmann and Pal, 2016)

Let £ = L£oa(Lk, £r) be a (k,T')-expansion of Ly and let & € {=,=3, <, <35}.
The class Modg(STVF®Y) of all £-structures which expand separably tame valued fields

of equal characteristic is an SAKE®-class.

Again, taking @ to be =, and simplifying to the setting £x = L,ing and Lp = Loag, We
find the classic form of the Ax—Kochen/Ershov principle, now expressed for separably
tame valued fields of equal characteristic.

For all (K,v), (L, w) = STVF* we have (K,v) = (L,w) in L if and only if
Kv = Lw in Lng, VK = wL in Lo,e, and K and L have the same elementary
imperfection degree.

Proof idea for case e = co. — The added difficultly in this proof over that of Theo-

rem 2.4 is that when faced with an embedding problem, we must ensure that K is
separable extension of the image of ¢.

(Ky,vp) — - L (Ks,v9) by, ——— ky, r,, ——7T,,

(K,v) k. I,

After various standard reductions, one is left to prove that a single element a € K;—
which may be assumed to be the pseudo-limit of a pseudo-Cauchy sequence of transcen-
dental type over K—may be mapped into K in such a way as to preserve the function
symbols in the language £,. For this one applies Kaplansky’s theory to know that we
have a nontrivial valuative ball of possible choices, and only a proper linear subspace
to avoid. O]

As above, we have the example corollary:

COROLLARY 2.6. — Let (K,v) be a separably tame valued field of equal characteristic.
Then

— the theory of (K,v) in the language Lya of valued fields is decidable
if and only if

— the theory of Kv in the language L.ing of Tings is decidable and
— the theory of vKK in the language Loag of ordered abelian groups is decidable.

(12)The elementary imperfection degree of a field k of characteristic p is symbolically oo if k is
an infinite extension of its subfield k®) of p-th powers, or otherwise is the natural number i such
p' = [k : K®)] if this is finite. For the sake of consistency, if k is of characteristic zero, we say that the
elementary imperfection degree is zero.
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In the following example, we make use of the notion of “many-one equivalence”.
between two theories (each conflated with its image in N under a suitable Gédel coding).
Such a many-one equivalence (denoted A ~,, B for sets A, B C N) means that A
is many-one reducible to B (written A <, B), which in turn means that there is
a computable function f: N — N such that A = f~1(B), and that B is many-one
reducible to A.

FExample 2.7. — For p-divisible I', and perfect k, we have

(F
— Th(F,((t"), ve) ~m Th(I),
= Th(k,((t%), ve) ~m Th(k),
— Th(k,(t* %)), vt) ~,, Th(k), and
— Th(F,((t?)), v;) is decidable.

2.3. Singletons, pseudo-uniformizers, and the standard decomposition

DEFINITION 2.8 (Pointed valued fields). — A pointed valued field is a triple (K, v, )
where (K,v) is a valued field and m € m, \ {0}. Such an element © may also be called a
pseudo-uniformizer.

Remark 2.9. — Given a pointed valued field (K, v, 1), the standard decomposition is
the following decomposition (in the sense of composition and decomposition of places):
let A,_ be the largest convex subgroup of vK that does not contain v(7), and let A,
be the smallest convex subgroup of vK that does contain v(mw). Then the quotient
vK — vK/A,_ corresponds to a coarsening v,_ of v, and the quotient vK — vK/A 4
corresponds to a coarsening v,y of v,_. We also observe that v,_ induces a rank 1
valuation v,_ on the residue field Kv,.

K K (0") gy ——— K*(0") . ———— K*0*

K Kv

FIGURE 2. Standard decomposition at 7

Fact 2.10. — When (K*,v*,m) is Ny -saturated, (K*(v*)ry, (V*)z-) is mazimal, com-
plete, and valued in either Z or R.

Ezample 2.11. — Th(F,((t9)),v,t) is decidable: this is a result from Lisinski (2021)
that uses Kedlaya’s computable enumeration of the relative algebraic closure of F(t)
in F,((t9)).
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3. Taming perfectoid fields: the class of “almost tame” valued fields

We fix a prime number p € P. A ring R of characteristic p is semiperfect if the
Frobenius map R — R, given by x — 2P, is surjective.

DEFINITION 3.1. — A walued field (K,v) of residue characteristic p > 0 is perfectoid
if

1. it is of rank 1 and complete,

2. the value group vK 1is p-divisible, and

3. the ring O,/p is semiperfect.

We denote by CP™f the class of perfectoid fields.

DEFINITION 3.2. — The tilt (K,v)’ of a perfectoid field (K,v) is the field of fractions
of the valuation ring
= lim O, -
O, xﬁp 0, /pO

The primary source material is certainly Scholze (2012), but there are several other
important surveys and references, including Fontaine (2013) and Morrow (2019, 2020).

Tilting is certainly not injective, as a map from mixed characteristic to positive
characteristic perfectoid fields. Untilts of a given perfectoid field of positive characteristic
are parametrized by distinguished elements & € W[O,»|, up to a unit. See the exposition
in Kartas (2024).

DEFINITION 3.3 (“Almost tame fields”, Jahnke and Kartas, 2025, Definition 4.2.1)
Let C?T be the class of pointed valued fields (K, v, ) of residue characteristic p such
that:
(i) The valued field (K,v) is henselian.
(ii) The ring O,/p is semiperfect.
(iii) The valuation ring O[] is algebraically mazimal.

Elements of CpAT will naturally be construed as £y,1(@)-structures.

PROPOSITION 3.4 (Jahnke and Kartas, 2025, Proposition 4.2.2)
The class Cl‘j‘T s Lya-elementary.

Sketch of the proof. — Axioms (i,ii) are obviously elementary in the language £.,. It
remains to argue that (iii) is likewise elementary, modulo the background theory of
henselian pointed valued fields of residue characteristic p, with O, /p semiperfect. When
v is henselian and O, /p is semiperfect, the following are equivalent:

— vy is algebraically maximal

— every unramified finite extension of (K, v) is generated by a singleton a satisfiying

the inequality 0 < v(d(a)) < v(w), where d(a) is the different of a over K.

The latter is equivalent to the conjunction of an infinite family of £,.-sentences, thus
is axiomatizable. The equivalence itself may be proved directly. [
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Remark 3.5 (Jahnke and Kartas, 2025, Remark 4.2.4). —

(a) If (K, v) is perfectoid and 7 € m, \ {0} then (K,v,7) € C;". So “perfectoid implies
almost tame”.

(b) Let (K, v) be mixed characteristic (0,p) and not unramified. Then (K, v,p) € C;T
if and only if (K, v) henselian and roughly deeply ramified. Deeply ramified valued
fields have no discrete archimedean components.

(c) The semiperfectness of O, /p implies that K is perfect. Deeply ramified henselian
fields need not be perfect, but their completions necessarily are.

(d) Not every henselian deeply ramified field of positive characteristic admits = €
m, \ {0} such that O,[r~!] is algebraically maximal.

LEMMA 3.6 (Jahnke and Kartas, 2025, Lemma 4.2.5). — Let (K,v,7) € C)T. Let w
be any coarsening of v with w(w) = 0. Then (Kw,v,res,(m)) € CYT, where v is the
valuation induced on Kw by v.

4. Ax—Kochen/Ershov principles for almost tame valued fields

First we need a definition, to prepare for a special case of the main theorems.

DEFINITION 4.1 (Robinson and Zakon, 1960). — An ordered abelian group T is reg-
ularly dense if for all v1,v2 € T' with v1 < v, and all n € N, there is v € T" with

Y1 < ny < Ys.

Robinson and Zakon (1960) proved that an ordered abelian group I is regularly dense
if and only if it is elementarily equivalent to a dense Archimedean ordered abelian group.

As preparation, Jahnke and Kartas (2025) take the step of developing a range of
Ax—Kochen/Ershov results for the class of “roughly tame” valued fields, which is the
closure of the class of tame valued fields under composition. Rather than dwell on that,
we will get straight to the first AKE principle for almost tame valued fields:

THEOREM 4.2 (AKE relative subcompleteness, Jahnke and Kartas, 2025, Theo-
rem 5.1.2)

Let Ky C K, Ky be pointed henselian valued fields of mized characteristic (0,p)
such that

(a) the rings Oy/p, O1/p, and Oy /p are semiperfect,
(b) the valuation rings Og[r 1], O1[7~ ], and Oy/[7~ '] are algebraically mazimal, and
(c) one has Ty =511 in Loag.

Then
K =K, K2<:)>01/7T =00/ 02/71' and Iy =1, I's.
—_— ——

in Lyal in Lring in Loag
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Moreover, if Ty is reqularly dense, then the condition (c) can be omitted. If both 'y
and I's are reqularly dense, then

K1 =K, K2 < (91/71' =0,/ 02/71'.
—_—

in 2val in »Qring

Sketch of the proof. — If v(p) is minimal positive in T, then the result follows from
known Ax—Kochen/Ershov principles for mixed characteristic unramified henselian val-
ued fields. Otherwise, we may suppose instead that v(p) is not minimal positive. In
this case the K; are deeply ramified.

(=) Both O, /7 and T, are interpretable in (K, v, ).

(<) By the Keisler-Shelah Theorem, we may replace Ky, K, and Ky by nonprincipal
ultrapowers K, K, K with respect to the same ultrafilter u, if necessary, and thus
assume that K, is Nj-saturated and that there are isomorphisms ¢: O/ — Os/7
over Og/m and 9: 'y — T'y over I'y. For i = 0, 1,2, let w; be the coarsest coarsening
of v; such that w;(m) > 0. Then Oy = (O,,/T)rea- The isomorphism ¢ induces an
isomorphism ¢: Oy, = Oy, over Oy,. This then lifts to an £,,-isomorphism

SDI: (kw17 61) — (sza @2)
over ky,. Likewise the isomorphism 1) induces an £,,,-isomorphism
' Ty = Ty

over I'y,,. We observe that k,,/k,, is separable and I'y, /Ty, is torsion-free. The
following diagram represents the situation.

(K1, wy) = — = — + (K, wy) Ky ——— ki, [pppp——
(K(b wO) kwo Fwo
This is now an embedding problem of roughly tame valued fields. O]

This yields—fairly quickly—three AKE principles, for ® € {<,=, <3}.

THEOREM 4.3 (AKE=, Jahnke and Kartas, 2025, Theorem 5.1.4)

Let K1 C Ky be two pointed henselian valued fields of residue characteristic p.
Suppose that (a) both Oy/p and Oy/p are semiperfect, and that (b) both O[] and
Oy[r 71 are algebraically mazimal. Then

K| < K, <:>01/7Tj02/ﬂ' and Iy <TIy.
———

in Lyal in Lring in Loag
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Moreover, if both I'1 and I'y are reqularly dense, then

K| X Ky <— 01/71' = 02/7'('.

in Lyal m Ering
Proof. — Take Ky = K3 in Theorem 4.2. O

The following two theorems also follow cleanly from Theorem 4.2.

THEOREM 4.4 (AKET in positive characteristic, Jahnke and Kartas, 2025, Theo-
rem 5.1.7)

Let Ky and K be two perfect pointed henselian valued fields extending (F,(7), vx, 7).
Suppose that both O1[r~'] and Oq[n Y] are algebraically maximal. Then

Ky =Ky <= Oy/m = Oy/m and (I'1,v(m)) = (I'z,v(n)).

in Lyal in Lring in Loag(F)

THEOREM 4.5 (AKE=3, Jahnke and Kartas, 2025, Theorem 5.1.10)

Let Ky be a pointed henselian valued field of residue characteristic p. Suppose that
(a) the ring Oy /p is semiperfect and that (b) the valuation ring Oi[7~!] is algebraically
maximal. Let Ko be any pointed valued field extending Ki. Then

Ky =3 Ky <= Oy/7 2305/ and (I'1,v(7)) 23 (Fy,v(m)).
—_———

in Lyal in ’gring in »Qoag(F)

Moreover if I'y is reqularly dense then

K| %3 Ky <— Ol/ﬂ' =<3 02/71'.
—_———

i Lyal m Sring

COROLLARY 4.6 (Jahnke and Kartas, 2025, Corollary 5.2.2)
Let k be a perfect field of characteristic p > 0. We have the following new examples:

—

(i) (B(t" )" 00) = (k((t )perf D) = ()™ v0),
(i) (k)" 0) < (k)™ (2 ), vs0v), and

(iii) (lim &;((t )P vy) < (R((t ))per vy), where k; runs over the directed system of finite

extensions of k and k is the algebraic closure of k.

As a particular case of (i) we have
F, ()" < Fy((£)™,

which is the perfect-hull version of the long sought-after

QUESTION 4.7. — Is F,(t)" an elementary substructure of F,((t))?
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5. The Main Theorem of Jahnke and Kartas

DEFINITION 5.1. — We define the sharp maps #,: K> — K by #,(z;) = z,,, for each
n < w. We write § = o and 2* = #(x) for all v € K*. We define the natural map
i KP — K* by b(z;) = 2% = (x;)".

So f sends each x = (z;) to the ultralimit of a compatible system of p™-th roots of zy;
it is literally the ultralimit of the maps f,,.

K ku e
~
~
~
~
~
N
N
b
N
. AN
YI : \ L YI
/,ﬂ"_\ \\
// : N \
N
// ﬁz \\\
;oo - Bl T~ N
— [, _ ~ \\
%z/ flo T =X,
KE-— - - K k,

FiGure 3. Illustration of the proof of Theorem 5.3

LEMMA 5.2. —

(i) 5(K~) € OF
(i) 5(Ok») S Ou
(iil) g(mg) = §(Ops) Nmyu

(iv) b is multiplicative and additive modulo p

Consequently 1 == res, ol is a well-defined embedding of valued fields (K°,v°) — (ky, 0%).

This is relatively routine to verify. It yields what I would describe as the first main
theorem of Jahnke and Kartas (2025), which describes three surprising elementary
embeddings of fields and valued fields.

In the following, a distinguished uniformizer in a valued field (K, v) is an element
of m, \ {0} N K#™),

THEOREM 5.3 (First Main Theorem, Jahnke and Kartas, 2025, Theorem 6.1.3)

Let (K,v) be a perfectoid field with a distinguished uniformizer w, and let 7 € K°
be any preimage of m under the map #y. Let u be a nonprincipal ultrafilter on N. Let w
be the coarsest coarsening of v* such that w(mw) > 0. Then there are three elementary
embeddings:



(1)

(ii)

(iii)
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The map f§ induces an L,ing-elementary embedding
a: Oy /1" — Op /7"

x4+ (7°) = 2 4 ().

The map ¢ induces an Lying-elementary embedding
72 Oy )7 — O [res, "

T 4 (1) = 12 + (res, 7).

The map v: (K°,v°) — (ky,0") is itself an £.a1-elementary embedding.

Proof. —

(i)

(ii)

(iii)

By hypothesis the Frobenius map x — 2P induces a surjection
¢: 0,/m — O,/m.
For each i write ®* = ® o--- o ® for the i-fold iterate of ®, which is also surjective
and has kernel (ﬂ'?n)) < O,. Then the ultralimit
O, = ulim;_,, ®;: Opu/m — O/
is a surjection with kernel (7°%) <t Q. As usual, we get an induced isomorphism
P OUu/Wbh — O /.
Finally

Op /T —— O,)7 % O /7 ﬁ Oy /78

Here the first map is an isomorphism from the definition of tilting, and so is
arguably an equality, the second map is the diagonal embedding, which is an
elementary embedding by Log’s Theorem, and the third map is the inverse of ®.
Writing a = @;} o A we have the required elementary embedding.

The desired map ¢ is also the composition

Op /T -2 O /7" — Oy Jres,

where the second map is the canonical isomorphism given by quotienting by the
ideal m,,. Observe also that ¢ is induced by «.
We apply Theorem 4.3: since, both I', and 'z« are regularly dense and since

12 Op /7 =5 O /res,, % provides the elementary embedding, we can conclude.
[

THEOREM 5.4 (Second Main Theorem, Jahnke and Kartas, 2025, Theorem 6.2.3)

Let (K,v,7) be a pointed perfectoid field and let u be a nonprincipal ultrafilter on N
and let (K", v*) be the corresponding ultrapower. Let w be the coarsest coarsening of v*
such that w(w) > 0. Then:

(1)

FEvery finite extension of (K*,w) is unramified.
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(ii) The tilt (K°,v") elementarily embeds into (ky, ).
(iii) The equivalence of categories K"-fét = k,,-fét restricts to K -fét = K°-fét, where
F'-fét denotes the category of finite étale extensions of F.

Proof. — The first point, (i), is the “Non-standard Tate/Gabber-Ramero” Theorem:
it follows from the fact that the value group wK" is divisible, and that w itself is alge-
braically maximal by Proposition 3.4. Point (ii) comes from point (iii) of Theorem 5.3,
which proves that ¢ is elementary. O]

6. The role of deeply ramified fields

DEFINITION 6.1. — A walued field (K, v) is deeply ramified if the module of Kihler
differentials Qgsep /s trivial.

A valued field (K, v) of residue characteristic of (K,v) is p > 0, is deeply ramified
if and only if it is dense in its perfect hull. In turn, this holds if and only if the
homomorphism

Os/p = Os/p

x> P

is surjective, where O; is the valuation ring of the completion (K ,0) of (K,v), see
Kuhlmann and Rzepka (2023, Theorem 1.2). Kuhlmann and Rzepka also give the
narrower definition of a semitame valued field. A semitame valued field is deeply
ramified, it has residue characteristic exponent p, and its value group is p-divisible.

THEOREM 6.2 (cf Kuhlmann and Rzepka, 2023, Theorem 1.2)
Let (K,v) be a nontrivially valued field of residue characteristic p > 0.

(i) The following logical relations hold between the properties of (K,v):
tame = separably tame = semitame = deeply ramified.

(ii) If (K,v) is of rank 1, then it is semitame if and only if it is deeply ramified.
(iii) If the characteristic of K is p, then the following are equivalent:

(a) (K,v) is semitame,

(b) (K,v) is deeply ramified,

(c) the completion of (K,v) is perfect,

(d) (K,v) is dense in its perfect hull,

(e) K@ is dense in (K, v).
(iv) If K is perfect and of positive characteristic then it is semitame.
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7. Building on these foundations

I am aware of several fronts on which the model theory is advancing by broadening
or varying the “almost tame” framework.

Ketelsen (2025) has announced an extension of the tilting functor (staying in the
world of fields of mixed characteristic) from perfectoid fields to any model of the theory
ST of semitame fields of mixed characteristic. At the time of writing I understand this
will appear in Ketelsen’s forthcoming PhD thesis (Ketelsen, 2026).

DEFINITION 7.1. — The class of semitame valued fields of mized characteristic (0, p),
denoted by C?(fp) is the class of valued fields (K, v) that satisfy

1. the valued field (K,v) is henselian of mized characteristic (0,p),
2. the value group vK 1is p-divisible, and
3. the ring O,/p is semiperfect.

For any “sufficiently"® saturated” model (K,v) € C{{J,, we may define (K”, ") to be

(Kups)'(£)),

with valuation ©” given by the composition (vp,)" o v;. Ketelsen showed that given any
(K,v),(L,w) = STy we have the implication

(K,v) = (L,w) = (Kb,vb) = (Lb,wb),

which is a form of AKE principle. Rephrased in the framework of Anscombe and Fehm
(2026), that tilting is an interpretation for sentences of the theory of almost tame
valued fields of positive characteristic in the theory of semitame valued fields of mixed
characteristic.

THEOREM 7.2 (cf Ketelsen, 2025). — This yields a well-defined map T — T° from
theories extending AT o,y to theories extending AT, such that (K,v) T —
(K,v) T

The previous theorem has the same computable sentence-to-sentence variant that one
expects. Consequently:

COROLLARY 7.3. — Let T be any theory (not necessarily complete) extending AT qp).
Then T° <,, T. In particular, if T is decidable then T’ is also decidable.

Jahnke and van der Schaaf have also extended the Jahnke—Kartas argument to account
for “separably taming”; at the time of writing I understand this to be work in progress,
but it appears also in the Master’s thesis (Schaaf, 2025). More precisely, this replaces
the theory of tame valued fields with the theory of separably tame valued fields.

(13)Here Ny-saturated suffices.
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DEFINITION 7.4 (“Almost separably tame fields”, Schaaf, 2025)
The class C;\ST is the class of pointed valued fields (K, v, ) of equal characteristic p
such that:
(i) (K,v) is henselian and deeply ramified
(ii) The valuation ring O,[7 '] is separably algebraically mazimal.

Elements of CPAST are to be viewed as £, (w)-structures.
THEOREM 7.5 (Schaaf, 2025). — The class C*ST is an Ly.(w)-elementary class.

Idea of the proof. — If (K, v, ) is henselian and deeply ramified of equal characteristic p
then O,[r~1] is separably defectless if and only if

— for every finite separable unramified extension (L,w)/(K,v) there exists a € O,
such that L = K(a) and 0 < v(d(a)) < v(m).

This property is clearly expressible as the conjunction of infinitely many £, (w)-

sentences. O]

THEOREM 7.6 (Schaaf, 2025). — The class C*ST is an AKE-class in the same senses
as Theorems 4.2, 4.3, 4.4, and 4.5.

The proof follows the same path as the theorems for CAT, but replacing TVF by
STVF and applying Theorem 2.5.

COROLLARY 7.7. — For any perfect field k, we have k(t)"4S < k:((t))AS, where the latter
is the Artin-Schreier closure of k((t)) and the former is the relative algebraic closure
of k(t) in the latter.
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