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1. Introduction

In this note we provide a gentle introduction to a small selection of the concepts and
intuition behind the recent breakthrough results by Guillarmou, Kupiainen, Rhodes, and
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Vargas (2021) and Guillarmou, Kupiainen, Rhodes, and Vargas (2024), and coauthors(1)

(see in particular the review article by Guillarmou, Kupiainen, and Rhodes, 2024) on the
mathematically rigorous construction and analysis of a completely integrable non-trivial
2D conformal field theory, namely the so-called Liouville theory first introduced by
Belavin, Polyakov, and Zamolodchikov (1984), Knizhnik, Polyakov, and Zamolodchikov
(1988), and Polyakov (2008). We will spend some time on trying to understand “0-
dimensional QFT”, i.e. simply a single quantum mechanical particle, but from the
perspective of rigorous path integration. This will naturally lead us to a form of Segal’s
axioms, which we then generalise to the two-dimensional conformal case.

We will then discuss in some detail how the Gaussian free field, reweighted by some
local and coercive potential V fits into this framework and satisfies Segal’s axioms.
In the last section, we will finally introduce the case of Liouville theory. Besides the
functorial properties encoded in Segal’s axions, this theory also exhibits a form of
conformal invariance which we discuss. In particular, we will motivate the definition
of the theory’s central charge, as well as the Seiberg bounds on the weights of its
insertions. Due to a lack of both time and space, we’ll leave out most of the recent
advances in this area, in particular the proof of the DOZZ formula and the proof of the
conformal bootstrap. The hope is rather that after going through these notes the reader
is equipped with some of the background material required to read the original articles.

Most of the material of this note is based on Guillarmou, Kupiainen, and Rhodes
(2024) and Guillarmou, Kupiainen, Rhodes, and Vargas (2021), with significant inspira-
tion from Pickrell (2008).

2. The 0-dimensional case

Before we turn to quantum field theories, let us recall the path integral formulation of a
classical one-particle quantum system. This can be interpreted as a “0-dimensional QFT”
and we will take this as a starting point to “guess” what a higher-dimensional QFT
should look like. Throughout this article, we will only consider spin-less particles, which
are then necessarily bosons. Given a potential function V : Rd → R which we are going
to assume smooth and bounded from below, the quantum mechanical Hamiltonian H

describing the motion of a particle in the potential V is the operator

H = −1
2∆ + V , (1)

where ∆ denotes the usual Laplacian on Rd. We can realise H as a selfadjoint operator
on H = L2(Rd) by noting that the quadratic form

B(Φ,Ψ) =
∫ (

⟨∇Φ(x),∇Ψ(x)⟩ + V (x)Φ(x)Ψ(x)
)
dx ,

(1)David, Kupiainen, Rhodes, and Vargas, 2016; Kupiainen, Rhodes, and Vargas, 2018, 2019, 2020;
Baverez, Guillarmou, Kupiainen, Rhodes, and Vargas, 2024.
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defined on C∞
0 ⊂ H is symmetric, positive and closable. Writing D(B) for the domain

of its closure, it is a classical fact (Friedrichs, 1934; Kato, 1995) that the operator H
such that

D(H) = {Φ ∈ D(B) | ∃Φ̂ ∈ H ∀Ψ ∈ D(B) : ⟨Φ̂,Ψ⟩ = B(Φ,Ψ)} (2)

and HΦ = Φ̂ (with Φ̂ given as in (2), which is unique by the density of D(B) in H and
Riesz’s representation theorem) is indeed selfadjoint and agrees with (1) on C∞

0 .
Given such a Hamiltonian (which will in general be a selfadjoint operator that is

bounded from below), a state ψ for the corresponding quantum-mechanical system is a
ray(2) in the complexification of the Hilbert space H. The evolution of such a state is
then given by the solution to the Schrödinger equation, namely

∂tψ = −iHψ ,

where we identify ψ with one of its representatives in H (by linearity it doesn’t matter
which one). This is of course nothing but the strongly continuous group of unitary
operators generated by the anti self-adjoint operator −iH. Conversely, given such a
group, one can recover H uniquely (but it need not be bounded from below).

2.1. Path integral representation
On the other hand, given H as above, we can consider the semigroup P V

t generated
by −H and, conversely, any strongly continuous semigroup of selfadjoint operators on H
is generated by a selfadjoint operator that is bounded from below. Therefore, in order
to identify H and therefore to “construct” a quantum field theory, it is sufficient to
construct the corresponding “heat semigroup” P V

t (since this is precisely what it is
when V ≡ 0). As a consequence of the Feynman–Kac formula (Kac, 1949), one has the
following stochastic representation of P V

t :(
P V
t F

)
(x) = Ex

(
F (Φt) exp

(
−
∫ t

0
V (Φs) ds

))
. (3)

Here, under the expectation Ex, Φ is a standard Brownian motion starting from the
location x at time 0. The reason why we use this strange notation (as opposed to B
or W ) is that Φ will play the role of a field later on.

A very fruitful idea that leads to the “correct” intuition is to formally rewrite (3) as
integral against the non-existing “Lebesgue measure” on the space of functions. For
this, recall that if µ is a Gaussian measure on RN with covariance matrix C, then it
has a density with respect to Lebesgue measure given by

µ(dx) = 1√
det(2πC)

exp
(
−1

2⟨x,C−1x⟩
)
dx . (4)

In the case of Brownian motion, its covariance operator C is the integral operator on
L2([0, T ]) (say) with kernel given by C(s, t) = s ∧ t. If Φ: [0, T ] → R is a smooth

(2)Namely a linear subspace of (complex) dimension one.
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function with Φ(0) = 0 and Φ̇(T ) = 0, then an integration by parts on the first term
shows that (

CΦ̈
)
(t) =

∫ t

0
sΦ̈(s) ds+ t

∫ T

t
Φ̈(s) ds

= tΦ̇(t) −
∫ t

0
Φ̇(s) ds− tΦ̇(t) = −Φ(t) .

This shows that C−1 is nothing but the operator −∂2
t with the abovementioned boundary

conditions. In view of (4), it is then very tempting to rewrite (3) as(
P V
t F

)
(x) = Z−1

∫
F (Φt)δx(Φ0) exp

(
−
∫ t

0

(
1
2 |Φ̇s|2 + V (Φs)

)
ds
)
dΦ , (5)

for some normalisation constant Z. This is of course completely nonsensical (for starters
the constant Z involves a factor (2π)∞ and the determinant of the unbounded operator
−∂2

t ), but it is nevertheless a powerful guide for our intuition of what a QFT should be.
In particular, the semigroup property of P V

t (which we recall is crucial in order to
extract from it the Hamiltonian operator H) now appears naturally as a consequence
of the fact that the expression appearing inside the exponential is the integral of a local
expression of the field Φ. At the mathematically rigorous level, we recall that given
x, y ∈ Rd, a Brownian motion Φ starting at Φ0 = x and conditioned to have Φt = y can
be decomposed as

Φs = Φ̃s + sy + (t− s)x
t

, (6)

where Φ̃ is a Brownian bridge. We deduce from this and the fact that Φt is a Gaussian
random variable with mean x and variance t, that P V

t is an integral operator with kernel
given by

P V
t (x, y) = Pt(x, y) E exp

(
−
∫ t

0
V
(

Φ̃s + sy + (t− s)x
t

)
ds

)
, (7)

where Pt denotes the usual heat kernel. One nice feature of this representation is that,
since we know that the operator Pt with kernel Pt(x, y) ∝ exp(− |x−y|2

2t ) is selfadjoint, we
immediately see from (7) that P V

t is also selfadjoint since the Brownian bridge measure
is invariant under the change of variables s 7→ t − s which exchanges the roles of x
and y.

2.2. Half-densities
In order to study quantum field theories, one would like to generalise constructions of

the type (7) to infinite-dimensional situations. This however makes it somewhat unclear
how expressions like (7) in which x and y play symmetric roles can be extended to such
a situation. Indeed, one could “naïvely” think that the infinite-dimensional analogue of
the “heat kernel” would be the Markov transition kernel of some infinite-dimensional
Markov process (the analogue of the Brownian motion in the previous discussion). Since
however there isn’t any analogue of Lebesgue measure in infinite dimensions, a Markov
kernel cannot be represented by a function of two variables there. Instead, it is naturally
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a function in its first argument, but a measure in its second argument, thus breaking
the nice symmetry between x and y.

One solution to this problem is the use of so-called half-densities. These are based
on the simple observation that, given two positive Radon measures µ1, µ2 on a (Polish)
space X , we can canonically define a measure √

µ1µ2 by

√
µ1µ2(A) =

∫
A

√
dµ1

dν
(x)dµ2

dν
(x) ν(dx) ,

where ν is any positive Radon measure such that µi ≪ ν (for example ν = µ1 + µ2)(3).
It is not difficult to prove (and already apparent from the notation) that this expression
is indeed independent of the choice of reference measure ν.

Given a measure class [ν] on X , we then have a Hilbert space H[ν] which is formally
nothing but L2(X , ν), but we think of its elements as expressions of the type f

√
ν with

f ∈ L2(X , ν), endowed with the scalar product

⟨f
√
ν, f̃

√
ν̃⟩ =

∫
X
f(x)f̃(x)

√
νν̃(dx) ,

as well as the natural equivalence relation postulating that f1
√
ν1 ∼ f2

√
ν2 if and only

if there exists a measure µ with νi ≪ µ such that f1
√

dν1
dµ

= f2
√

dν2
dµ

. In this way, H[ν] is
defined in a canonical way that only depends on the measure class [ν] and not on its
particular choice of representative ν.

Remark 2.1. — It is not difficult to see that these spaces have the same tensorial
property as the usual L2 spaces, namely, given measure spaces (X , ν) and (Y , µ) as
above, we have H[µ⊗ν] ≃ H[µ] ⊗ H[ν], with ⊗ denoting the tensor product of Hilbert
spaces (which is again a Hilbert space). Here and below, we use the symbol ≃ to denote
that two objects are not just isomorphic but canonically isomorphic, so can be identified
for all intents and purposes.

We now remark that (7) can be written in a natural way as a half-density in the
following way. Consider the σ-finite measure P̂t on C([0, 2t],Rd) given by P̂t(dΦ) =∫

Rd

(
τ

(c)
∗ P(0)

2t

)
(dΦ) dc, where P(0)

2t denotes the law of a Brownian bridge on [0, 2t] (which
is therefore a probability measure on C([0, 2t],Rd)) and (τ (c)Φ)(s) = Φ(s) + c. We can
then consider the measure P̂V

t given by

P̂V
t (dΦ) = exp

(
−
∫ 2t

0
V
(
Φs

)
ds
)

P̂t(dΦ) . (8)

If V grows sufficiently fast at infinity (any strictly positive power of its argument will
do), then one can show that the measure P̂V

t is finite. Consider furthermore the map
π : C([0, 2t],Rd) → Rd × Rd given by

πΦ = (Φ0,Φt) .

We then claim the following.

(3)Here and below we write µ ≪ ν to mean that µ is absolutely continuous with respect to ν.
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Proposition 2.2. — With P V
t as in (7) one has P V

t

√
dx dy =

√
(4πt)−d/2π∗P̂V

t .

Proof. — given x, y ∈ Rd, write Φx,y : [0, 2t] → Rd for the function that is affine on [0, t]
and [t, 2t] and such that Φx,y(0) = Φx,y(2t) = x and Φx,y(t) = y. We then consider the
bijection

Ξ: C0([0, t],Rd) × Rd × Rd × C0([0, t],Rd) → C([0, 2t],Rd)
(Φ, x, y, Φ̂) 7→ Φx,y + (Φ ⊔ Φ̂) ,

where the concatenation Φ⊔Φ̂ equals Φ on [0, t] and Φ̂(·−t) on [t, 2t]. Here, C0([0, t],Rd)
denotes the space of continuous functions that vanish at each end of the interval.

With this notation at hand, it follows from a decomposition analogous to (6) and the
fact that the variance of Φt under P(0)

2t is t/2, that

(Ξ−1)∗P̂t = (πt)−d/2e− |x−y|2
t P(0)

t ⊗ dx⊗ dy ⊗ P(0)
t .

It follows immediately that

dπ∗P̂V
t

dx dy
= e− |x−y|2

t

(πt)d/2

∫
exp

(
−
∫ 2t

0
V
(
Ξ(Φ, x, y, Φ̄)s

)
ds
)

P(0)
t (dΦ)P(0)

t (dΦ̄)

= e− |x−y|2
t

(πt)d/2

∫
exp

(
−
∫ t

0
V
(
Φx,y(s) + Φs

)
ds
)

P(0)
t (dΦ)

×
∫

exp
(

−
∫ t

0
V
(
Φx,y(s+ t) + Φ̄s

)
ds
)

P(0)
t (dΦ̄)

=

(
Pt(x, y)

)2

(4πt)−d/2

(∫
exp

(
−
∫ t

0
V
(
Φx,y(s) + Φs

)
ds
)

P(0)
t (dΦ)

)2

,

which is the desired identity.

This is still not entirely satisfactory since it contains this strange factor (4πt)−d/4

which appears to come out of nowhere. In fact, this can be understood by realising
two things. First, (8) isn’t very natural since it normalises P̂t to be a probability
measure while the exponential weight is unnormalised. In particular, we could add a
constant multiple λ of the identity to the inverse of the covariance operator of P̂t and
simultaneously subtract λ

2 Φ2 to V . This would not change the formal expression (5)
which we took as a basis for our intuition, but it would change the normalisation of
the measure (8). In view of (4), one would expect to be able to remedy this if we
were to multiply P̂V

t by
√

det 2πCt for Ct the covariance operator of P̂t. A discussion
similar to that of Section 2.1 shows that C−1

t = −∂2
t , the second derivative operator on

L2([0, 2t],Rd) with periodic boundary conditions.
Second, the formal expression “dΦ” should represent “Lebesgue measure” in some

ambient Hilbert space Et of functions / distributions on [0, 2t]. For this to concatenate
in the “right” way, one should have the decomposition Et+s = Et⊕Es, which is indeed the
case if one takes Et = L2([0, 2t]). This however shows that, if we distribute c according
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to Lebesgue measure, then one should define τ (c) appearing in the definition of P̂t as
τ (c)Φ = Φ + c√

2t , since it is 1/
√

2t which is a unit vector in L2([0, 2t]).
Combining these two remarks and performing the change of variables c 7→

√
2tc in

the integral over c, this discussion shows that rather than considering P̂V
t , it would be

more natural to consider
PV
t =

√
2t

det(−∂2
t /2π)P̂V

t . (9)

2.3. Determinants of differential operators
Of course, taking the determinant of −∂2

t appears nonsensical at first sight. However,
this can be made sense of in the following way. For a symmetric strictly positive definite
linear map A on RN , we can define

ζA(s) =
∑

λ∈σ(A)
λ−s .

(We count eigenvalues with multiplicities here and below.) For ℜs large enough, this
expression makes sense in much greater generality, for example (by Weyl’s asymptotic)
if A is an elliptic selfadjoint differential operator on a compact manifold. Note then
that

ζ ′
A(s) = −

∑
λ∈σ(A)

λ−s log λ ,

so that
e−ζ′

A(0) = exp
( ∑
λ∈σ(A)

log λ
)

=
∏
σ(A) = detA . (10)

This suggests that one defines the ζ-regularised determinant of a self-adjoint operator A
by setting

detζ A = e−ζ′
A(0) ,

where we used the analytic continuation of ζA at the origin (provided that it exists).

Remark 2.3. — Note that (10) fails when A has some vanishing eigenvalues since in
that case detA vanishes while detζ A equals the determinant of the restriction of A to
its range.

Take for example A = −∂2
t on the circle of radius 1. In this case, one has λn = n2

with multiplicity 2 and one gets

ζA(s) = 2ζ(2s) ,

where ζ is the usual Riemann zeta function. Since ζ ′(0) = −1
2 log(2π), it follows that

one has detζ A = (2π)2. We now make use of the following simple facts.

Lemma 2.4. — One has detζ(A⊕B) = (detζ A)(detζ B) and, for a scalar λ, one has
detζ(λA) = λζA(0) detA.

Proof. — One easily verifies that ζA⊕B(s) = ζA(s)+ζB(s) whence the first claim follows.
The second claim similarly follows from the fact that ζλA(s) = λ−sζA(s).
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Remark 2.5. — This shows that ζA(0) plays the role of an effective “dimension” for the
range of A which does not however need to be positive in general! Recall in particular
that ζ(0) = −1

2 .

We now remark that if B is the operator −(2π)−1∂2
t on [0, 2t] with periodic boundary

conditions then, suitably interpreted, one has B ∼ π/(2t2)A, where ∼ denotes unitary
equivalence. It then follows from the second part of Lemma 2.4 that

detζ B =
(
π

2t2
)ζA(0)

detζ A = (2π)2
(
π

2t2
)2ζ(0)

= 8πt2 .

In view of (9) and since 2t/ detζ B = (4πt)−1, this suggests that a much more natural
definition than (8) is in fact given by

Pt = (4πt)−d/2P̂t , PV
t (dΦ) = exp

(
−
∫ 2t

0
V
(
Φs

)
ds
)

Pt(dΦ) , (11)

which leads to the following statement.

Corollary 2.6. — With P V
t as in (7) one has P V

t

√
dx dy =

√
π∗PV

t .

2.4. Cobordisms and Segal’s axioms
Let us now rewrite the semigroup property in the context of the measures PV

t in a way
that is suitable for extension to the case of QFTs. One (admittedly extremely overkill
in this situation) way of looking at it is the following categorical viewpoint. Consider
the category C(1) whose objects consists of finite sets whose elements are labelled either
“out” or “in”, let’s write these as A = Ao ⊔ Ai. Given such an A, we also write Ā for
the “opposite” object, which is such that Āo = Ai and Āi = Ao. We also define A ⊔B

in the natural way.
Given such an A, a “path above A” is a compact oriented one-dimensional Riemannian

manifold Σ with boundary ∂Σ = ∂Σo⊔∂Σi, as well as a bijection σ : ∂Σ → A respecting
the orientation. Connected components of Σ are either isometric to an interval [0, T ]
with σ(0) ∈ Ao and σ(T ) ∈ Ai or to a circle of some positive perimeter. We include the
degenerate case, so Σ is allowed to contain intervals (but not circles) of length 0 which
we view as just one “incoming” and one “outgoing” point. As a consequence, A only
admits paths over it if |Ao| = |Ai|. Pictorially, we can draw elements of Ao as and
elements of Ai as . Here is an example of a path over a set with one outgoing and
one incoming point:

A morphism F : A → B is then simply a path above A ⊔ B̄, but we impose the
restriction that degenerate segments of length 0 necessarily connect elements of A
and B̄ (as opposed to connecting two elements of A say). Two morphisms F : A → B

and G : B → C can be composed by gluing the two manifolds along the boundaries
assigned to B. (The points of B that are incoming for F are outgoing for G and vice-
versa, so this respects orientation.) The condition imposed above guarantees that we
will never create degenerate loops in this process. The identity morphism A → A is the
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one consisting solely of zero-length intervals connecting points of A to themselves in Ā.
In the following picture illustrating an example of composition of two morphisms, we
identify points of A and Ā (say), but draw the arrows corresponding to Ā in red:

F =

BA

, G =

B C

, G ◦ F =

A C

(12)

If we set A⊗B
def= A⊔B and similarly define the product F ⊗G of two morphisms as

the disjoint union of the corresponding collections of intervals, then this endows C(1) with
the structure of a monoidal category. Note that every morphism can be decomposed
into a finite product of elementary morphisms that can be of one of the following five
types:

It = , I∗
t = ,

Ct = , C∗
t = , Ot = ,

(13)

where the subscript t ≥ 0 denotes the length of the single interval (or circle) appearing
in the corresponding morphism. For example, the morphism F appearing in (12) is of
the form F = It ⊗ Cs for some t ≥ 0 and s > 0.

Write now Hil for the category whose objets are (real) Hilbert spaces with morphisms
consisting of bounded linear operators. This category is also symmetric monoidal with
⊗ denoting the usual tensor products of Hilbert spaces and linear operators.

Given any Hilbert space H and any semigroup Pt of Hilbert–Schmidt operators
on H (except of course at t = 0 since the identity is not Hilbert–Schmidt), we then
obtain a monoidal functor F : C(1) → Hil in the following way. Regarding objects,
we set F(A) = H⊗Ao ⊗ (H∗)⊗Ai (with the usual convention that H⊗∅ = R). Of
course, one has H∗ ≃ H since these are Hilbert spaces, but distinguishing the two
is natural here since a Hilbert–Schmidt operator P : H → H can be viewed as an
element P ∈ H∗ ⊗ H. We then set F(It) = Pt, F(Ct) = Pt, F(Ot) = trPt, as well as
F(I∗

t ) = F(It)∗ and F(C∗
t ) = F(Ct)∗. We extend this to all morphisms by imposing

that F(F ⊗G) = F(F ) ⊗ F(G) and that it behaves “correctly” under permutation of
factors. It is then a straightforward exercise to show that the semigroup property is
equivalent to the fact that F is indeed a functor, namely that F(F ◦G) = F(F ) ◦ F(G).

In the particular situation of interest to us, one would choose H to be the space
of half-densities associated to the class of Lebesgue measure on Rd as in Section 2.2.
Recall that if V grows fast enough at infinity, then the measures PV

t are finite, so that
Pt =

√
π∗PV

t ∈ H⊗H ≃ H∗ ⊗H. Furthermore, as a consequence of Corollary 2.6, these
operators do indeed form a semigroup, so that the above construction yields a monoidal
functor FV : C(1) → Hil.
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3. The free field as a conformal QFT

We now aim to perform a similar construction for a quantum field theory, as opposed
to just a single particle. The approach described here is essentially the one proposed
by Segal (2004) and is commonly referred to as “Segal’s approach” to CFT’s. This is
also the version that was implemented in Guillarmou, Kupiainen, Rhodes, and Vargas
(2021) in the context of Liouville CFT (which we haven’t introduced yet!).

Instead of starting straight away with Liouville CFT, we start by interpreting the
free field as a CFT. The problem with this is that, just as in the zero-dimensional case
described in the previous section, the free field has a zero mode that isn’t pinned down,
so that it is naturally described by a measure which is merely σ-finite as opposed to
be finite. This would kick us out of our framework, just like the previous construction
fails when V = 0 since the measures PV

t don’t have finite mass in that case. In order
to circumvent this problem, our approach in this section will be to simply assume that
we are given a functional V with suitable locality, coercivity, and invariance properties.
The special case of Liouville theory will then be discussed in the last section.

3.1. A general geometric setting

In this section, we always work over a compact oriented Riemann surface Σ with
boundary ∂Σ. Recall that Σ is a one-dimensional complex manifold, i.e. such that each
point in Σ \ ∂Σ admits a neighbourhood that is homeomorphic to the unit disc (viewed
as a subset of C) and such that transition maps are all holomorphic.

This determines a collection of Riemannian metrics g on Σ which are those that
are proportional to the identity when viewed as metrics on C ≃ R2 in any of the
abovementioned charts. These are in particular such that for any two admissible metrics
g, ḡ, there exists a smooth map φ : Σ → R such that ḡ = e2φg. We furthermore assume
that the boundary ∂Σ is oriented and such that, for each connected component ∂Σj

of ∂Σ, there exists a neighbourhood Nj of ∂Σj and a holomorphic map ψj : Nj → C
such that ψ(∂Σj) is the unit circle (with the orientation of ∂Σj corresponding to the
usual counterclockwise orientation) and there exists δ > 0 such that either ψj(Nj) =
{z : |z| ∈ (e−δ, 1]} or ψj(Nj) = {z : |z| ∈ [1, eδ)}. We write ∂Σo for the union of the
connected components such that the former holds and ∂Σi for those such that it is the
latter.

We will always fix a parametrisation of ∂Σ and a metric g on Σ such that the image
of the parametrisation of ∂Σj under ψj as above induces the usual parametrisation
θ 7→ eiθ of the unit circle and such that the metric g on each of the Nj agrees with
the pullback of the flat metric |dz|2

|z|2 on C∗ under ψj(4). This in particular defines
a notion of “outward normal derivative” for smooth functions F : Σ → R, namely

(4)The reason for using this metric and not simply the Euclidean one is that it is invariant under the
reflection z 7→ z̄−1. It is clearly flat since it makes C∗ isometric to S1 × R endowed with the Euclidean
metric, by taking logarithms.
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∂νF (z) = d
dt
F (ψ−1

j (ψj(z)et))
∣∣∣
t=0

for z ∈ ∂Σj∩∂Σo and ∂νF (z) = d
dt
F (ψ−1

j (ψj(z)e−t))
∣∣∣
t=0

for z ∈ ∂Σj ∩ ∂Σi. (Note that, for some small δ > 0, the function appearing on the
right of this definition is defined on (−δ, 0].)

Similarly to Section 2.4, we can now define a category C(2) of cobordisms in the
following way. An object A ∈ Ob C(2) is a finite (possibly empty) collection of circles,
viewed as oriented one-dimensional Riemannian manifolds of length 2π. A morphism
Σ: A → B is then a compact oriented Riemann surface with boundary as just described,
together with identifications Σi ≃ A and Σo ≃ B that respect both the orientations and
the metrics. We also call such a morphism a “cobordism”.

The composition Σ = Σ2 ◦ Σ1 of two cobordisms Σ1 : A1 → A2 and Σ2 : A2 → A3
is then obtained by simply “gluing” Σ1 and Σ2 along Σ1,o ≃ A2 ≃ Σ2,i. As a set, one
has Σ = (Σ1 ⊔ Σ2)/A2, which is equipped with Riemannian and complex structures
inherited from Σ1 and Σ2 away from A2. If ∂Σj is any of the connected components
of A2, then we have charts ψj,1 : Nj,1 → C and ψj,2 : Nj,2 → C as above, where the Nj,k

are some neighbourhoods of ∂Σj in Σk. We then simply concatenate them, yielding
charts ψj : Nj → C, where Nj = Nj,1 ∪ Nj,2 is a neighbourhood of ∂Σj in Σ.

As before, we allow our cobordisms to contain degenerate components which simply
consist of an identification of a connected component of their domain with a connected
component of the codomain. Again, these have to respect the orientation and Rieman-
nian structure. The identity morphism id: A → A then consists solely of degenerate
components and identifies A with itself in the canonical way. However, we also have
morphisms idθ : S1 → S1 consisting of the identification of S1 with itself, rotated by
an angle θ. In the case A2 = S1 and Σi as above, Σ2 ◦ Σ1 differs from Σ2 ◦ idθ ◦ Σ1 by
replacing ψj,2 by z 7→ eiθψj,2(z) in the above construction. In this way, C(2) is again a
symmetric monoidal category with ⊗ being the natural disjoint union.

It also comes with two additional pieces of structure. First, for any Σ: A → B,
we have a morphism Σ∗ : B → A obtained from Σ by reversing the orientation of Σ,
but not that of ∂Σ, so that in the identification ∂Σ∗ = ∂Σ, one has ∂Σ∗

o = ∂Σi and
vice-versa. More precisely, given a neighbourhood Nj of a boundary component ∂Σj of
∂Σo (say), as well as the corresponding chart ψj : Nj → {z : |z| ∈ (e−δ, 1]} of Σ, we set
ψ∗
j (z) = (ψj(z))−1, yielding a chart of Σ∗. Note that since z = z̄−1 when |z| = 1, this is

consistent with the fact that we do not want to change the way in which A and B are
identified with the boundaries of Σ and Σ∗.

Remark 3.1. — It is at this point that is is important to choose the metric g in such
a way that g(dz) = |dz|2/|z|2 in the chart ψj since the invariance of this metric under
z 7→ z̄−1 guarantees that the metric of Σ∗ still has the same form under the charts ψ∗

j .
If we had chosen g such that g(dz) = |dz|2 in charts near the boundary, then this
would not have been the case and attempting to compose Σ∗ with another morphism
would have resulted in a manifold equipped with a metric whose derivative has a jump
discontinuity.
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The second piece of structure is that, given a cobordism Σ: A → A, we obtain a
cobordism tr Σ: ∅ → ∅ by discarding the degenerate components and gluing ∂Σo to ∂Σi

along A in the same way as above, so that ∂ tr Σ = ∅.

3.2. The Dirichlet form

Given a cobordism Σ, we define a bilinear form EΣ on smooth functions F : Σ → R
by

EΣ(F,G) =
∫

Σ
gz(∇F (z),∇F (z)) Volg(dz) .

We note that this expression is independent of the choice of Riemannian metric g in our
class. Indeed, when multiplying g by e2φ, Volg gets multiplied by e2φ as well (since the
real dimension of Σ is 2) and ∇F gets multiplied by e−2φ, so that gz(∇F (z),∇F (z))
gets multiplied by e−2φ and EΣ(F,G) doesn’t change. This is specific to dimension 2; in
dimension d, such a conformal change of metric would lead to a factor e(d−2)φ(z) in the
integrand.

In particular, we note that if F and G are supported on a single chart U which we
identify with the corresponding open subset of C, one has

EΣ(F,G) = 1
2π

∫
U
⟨∇F (z),∇G(z)⟩ |dz|2 , (14)

where ⟨·, ·⟩ denotes the usual scalar product on R2 and |dz|2 denotes two-dimensional
Lebesgue measure. Here, the prefactor (2π)−1 is to harmonise conventions with the
literature and to get rid of some additional 2π’s later on.

Since the bilinear form EΣ is closable and positive, there exists for each choice of
Riemannian metric g a unique positive semidefinite selfadjoint operator ∆g such that,
for all F smooth and G ∈ D(∆g), one has

EΣ(F,G) = ⟨F,∆gG⟩g , (15)

where ⟨·, ·⟩g denotes the scalar product in L2(Σ,Volg). Integration by parts on (14) shows
that, in local coordinates and when acting on smooth functions that are supported away
from ∂Σ, one has ∆g = −(2π)−1e−2φ∆, where φ is a smooth function that depends
on g and the choice of coordinates, while ∆ is the usual Laplacian on R2. Regarding
boundary conditions, it follows from an application of the Stokes theorem that, if U is
as above but this time F and G aren’t necessarily supported in U ,∫

U

(
⟨∇F (z),∇G(z)⟩ + F (z)∆G(z)

)
|dz|2

=
∫
∂U
F (z) (∂1G(z) dz2 − ∂2G(z) dz1) .

(Here, we think of z = (z1, z2) as an element of R2 in the right-hand side.) Writing
again ∆g for the differential operator that acts as described above on all smooth functions
on Σ, one finds that this expression generalises to

EΣ(F,G) = ⟨F,∆gG⟩g + 1
2π

∮
∂Σ
F (z)∂νG(z) |dz| , (16)
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where ∂νG denotes the derivative of G in the outward direction normal to ∂Σ. We
conclude that, in order for (15) to hold, the domain of ∆g must consist of functions G
such that ∂νG = 0 on ∂Σ; in other words it is the Laplacian equipped with Neumann
boundary conditions. We will make use of the following classical facts:

Proposition 3.2. — The operator ∆g has compact resolvent and its eigenvalues λk
satisfy limk→∞

λk

k
∈ (0,∞). Furthermore, its kernel consists solely of constant functions.

Remark 3.3. — Setting g̃ = e2ψg, the map ιg,g̃ : Φ 7→ eψΦ is an isometry between
L2(Σ,Volg̃) and L2(Σ,Volg). It is then straightforward to verify that

ιg̃,g∆gιg,g̃ = eψ∆g̃e
ψ .

Define now the space H1(Σ) as the completion of the space of smooth functions,
quotiented by constants, under the seminorm ∥F∥2

1 = EΣ(F, F ). Given a metric g,
we have a canonical compact embedding H1(Σ) ⊂ L2(Σ,Volg) which maps a class F
onto the unique representative such that

∫
F (z) Volg(dz) = 0. Using this identification

and writing H−1 for the dual of H1, we interpret elements η ∈ H−1 as distributions
that vanish on constant test functions. In this way, the map F 7→ ηF with ηF (G) =∫
F (z)G(z) Volg(dz) yields a compact embedding H1 ⊂ H−1.

Remark 3.4. — This is quite different from the isomorphism H1 ≃ H−1 given by the
Riesz representation theorem! We will never make use of the latter so hopefully this
will not cause any confusion.

3.3. The free field
Let now {ek}k≥1 be an orthonormal basis of H1(Σ) consisting of eigenvectors of ∆g

(ordered by increasing value of the corresponding eigenvalues) and let e0 be the function
identically equal to one. As a consequence of (15), these functions are also orthogonal
in L2 and in H−1 and one has

∥ek∥2
L2 = λ−1

k ≈ k−1 , ∥ek∥2
H−1 = λ−2

k ≈ k−2 . (17)

Let now {ξk}k≥0 be a sequence of i.i.d. standard Gaussian random variables. We then
define the free field measure on Σ in the following way. Setting

h =
∑
k≥1

ξkek , (18)

we note that since ∑k ∥ek∥2
H−1 < ∞ by (17), this series converges in probability in H−1

to a random element h of H−1, the law of which we denote by P(0)
Σ .

The measure P(0)
Σ is Gaussian with covariance

G(z, u) = Eh(z)h(u) =
∑
k≥1

ek(z)ek(u) ,

that is well-defined for all z ̸= u. The function G is the unique symmetric function
on Σ × Σ such that G(z, ·) and G(·, u) both have normal derivative vanishing on ∂Σ,
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∫
G(z, u) Volg(du) = 0 for every z, and ∇z∇uG(z, u) = 2πδ(z − u). The latter identity

automatically holds in any (holomorphic) chart since both sides transform in the same
way under conformal transformations in dimension 2. In particular, one has

G(z, u) = log 1
|z − u|

+ O(1) , (19)

as |z − u| → 0. Note that if we make the dependence of G on g explicit, one has

Gg̃(z, u) = Gg(z, u) −
∫

Gg(z, v) Volg̃(dv) −
∫

Gg(v, u) Volg̃(dv)

+
∫∫

Gg(v, w) Volg̃(dv) Volg̃(dw) ,

thus showing that h depends on g only through a random constant. One can get rid of
this dependence by “flattening out” the constant mode in the following way. Setting
τ (c) : h 7→ h + c, we define somewhat similarly to before the free field measure P̂Σ by
P̂Σ =

∫
Rd

(
τ

(c)
∗ P(0)

Σ

)
(dΦ) dc.

Remark 3.5. — One can define negative fractional Sobolev spaces H−s by using frac-
tional powers of ∆g. One can then see similarly that h defines a random element of H−s

for every s > 0, but not of L2.

The analogue of the Brownian bridge measure P̂2t from the previous section is then
given by P̂Σ̂, where Σ̂ = tr(Σ ◦ Σ∗). An important role is being played by the restriction
of the free field measure P̂Σ to the boundary ∂Σ (or indeed to some smooth simple
curve lying in the interior of Σ). It is a classical result (Gagliardo, 1957) that there is a
(unique) bounded trace operator ΠΣ : H1(Σ) → L2(∂Σ) extending the usual restriction
of continuous functions. Since H1(Σ) is the Cameron–Martin space of the Gaussian
measure P̂Σ (ignoring here the inessential complication coming from the fact that this
measure is only σ-finite due to the constant mode), it follows from standard Gaussian
measure theory results (Hairer, 2023, Sec. 4.3) that ΠΣ extends uniquely to a linear
subspace of full P̂Σ-measure, thus yielding a Gaussian measure P̂∂Σ = (ΠΣ)∗P̂Σ on any
Hilbert space H containing L2 and such that the embedding L2 ↪→ H is Hilbert–Schmidt,
for example H = H−1(∂Σ) will do.

In order to describe the measure P̂∂Σ, we first note that any smooth function
Φ: Σ → R can be written uniquely as Φ = Φ0 + Φ∂ where Φ0 vanishes on ∂Σ while
Φ∂ is harmonic in the interior of Σ. In particular, it follows from (16) that one has
EΣ(Φ0,Φ∂) = 0, so that this yields a decomposition of H1(Σ) into orthogonal subspaces:

H1(Σ) = H1
0 (Σ) ⊕H1

∂(Σ) . (20)

One furthermore has

EΣ(Φ∂,Φ∂) = 1
2π

∮
∂Σ

Φ(z) ∂νΦ∂(z) |dz| ,

which naturally leads to the introduction of the Dirichlet to Neumann operator
DΣ : Φ 7→ ∂νΦ∂ . While Φ is defined on all of Σ, Φ∂ only depends on the restriction of Φ
to ∂Σ, so DΣ is naturally interpreted as an unbounded operator on L2(∂Σ).
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To understand this operator, consider the simplest possible case, namely that of a disk
Σ = D = {z : |z| ≤ 1}, so that ∂Σ ≃ S1. The harmonic extension of en : θ 7→ cos(nθ)
to D is then given by z 7→ ℜzn, and similarly for e∗

n(θ) = sin(nθ) which extends to ℑzn.
Along any ray r 7→ reiθ, these functions are proportional to rn, whence we conclude
that

DΣen = nen , DΣe
∗
n = ne∗

n .

In particular DΣ =
√

−∆, so that the space H1
∂(D) introduced in (20) does in fact

coincide with the fractional Sobolev space H1/2(S1).
It follows that in this particular case the restriction of the free field to ∂Σ yields a

random distribution which (ignoring the constant mode) can be written as the random
Fourier series

h =
∑
n≥1

√
2
n

(
ξnen + ξ∗

ne
∗
n

)
, (21)

where the ξn and ξ∗
n are two independent sequences of i.i.d. normal random variables.

Here, the 2 comes from the fact that en has L2 norm equal to 1/
√

2.

Remark 3.6. — While the case of general Σ does of course yield something different, it
turns out that the measure P̂∂Σ is always equivalent to the law of independent copies
of h as in (21), one for each connected component of ∂Σ.

3.4. Segal’s axioms
We now discuss how to generalise the construction of (11) to this two-dimensional

setting and in particular how to obtain the analogue of the Markov property as in
Corollary 2.6. For this we assume that, for every cobordism Σ, we are given a measurable
function VΣ : H−1(Σ) → R defined modulo P̂Σ-null sets, with the following properties:

– Locality. If Σ = Σ1 ◦ Σ2, writing Πk : H−1(Σ) → H−1(Σk) for the restriction
operator, one has the P̂Σ-almost sure identity VΣ(Φ) = VΣ1(Π1Φ)+VΣ2(Π2Φ). The
same holds if Σ = Σ1 ⊗ Σ2.

– Coercivity. For every cobordism Σ (without degenerate components), the measure
exp(−VΣ(Φ)) P̂Σ(dΦ) is finite.

Remark 3.7. — Since the cobordism Σ is already implicit in the field Φ, we will usually
simply write V (Φ) rather than VΣ(Φ).

We then define as in (11)

PΣ = (detζ ∆g)−1/2P̂Σ̂ , PV
Σ(dΦ) = exp

(
−V (Φ)

)
PΣ(dΦ) . (22)

Here, the operator ∆g is as in (15), but for the manifold without boundary Σ̂.
The analogue of the construction of Section 2.4 is then again a monoidal functor FV ,

but this time from C(2) to Hil, defined as follows. Given any A ∈ Ob C(2), we write P̂A

for the measure on H−1(A) given by the law of independent copies of h as in (21), one
for each connected component of A (which are isometric to S1). Note that the isometry
A → (S1)|A| with |A| the number of connected components of A is not canonical since
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we can rotate each of these circles. However, the law of h is invariant under such
rotations, so that the measure P̂A is well defined. We then set FV (A) = HA, the
space of half-densities on H−1(A) associated to the measure class of P̂A. One has
canonical identifications H−1(A ⊔ B) = H−1(A) × H−1(B) and P̂A⊔B ≃ P̂A ⊗ P̂B, so
that HA⊔B ≃ HA ⊗ HB, showing that FV respects the monoidal structure.

Let now Σ: A → B be a cobordism. By Remark 2.1 and the coercivity property of V
which guarantees that the measure PV

Σ is finite,

DV
Σ

def=
√

(ΠΣ)∗PV
Σ

then yields an element of H∂Σ ≃ HA ⊗ HB, similarly to what we just discussed, thus
defining a Hilbert–Schmidt operator FV (Σ) : HA → HB.

Remark 3.8. — In the case of degenerate components, note that the rotation operators
τ (θ) : H−1(S1) → H−1(S1) induce rotation operators µ 7→ τ

(θ)
∗ µ acting on measures

on H−1(S1). Since the measure P̂S1 is invariant under rotations, this in turn yields a
unitary action of the rotation group on HS1 . This allows one to naturally associate
unitary operators to degenerate components of Σ.

The following theorem is essentially a simplified version of some of the results of
Pickrell, 2008; Guillarmou, Kupiainen, Rhodes, and Vargas, 2021.

Theorem 3.9. — FV as defined above is a monoidal functor C(2) → Hil.

Sketch of proof. — We proceed at the formal level, “pretending” that the spaces H−1(Σ)
are finite-dimensional and that the ζ-regularised determinants behave like “real” deter-
minants. In this way, we hope to highlight the essence of the argument without getting
bogged down in technicalities.

We fix Σ = Σ2◦Σ1, the composition of two cobordisms Σ1 : A1 → A2 and Σ2 : A2 → A3.
We assume for simplicity that neither has a degenerate component and that every
connected component of Σ has a non-trivial boundary. Our aim is then to show that
FV (Σ) = FV (Σ2) ◦ FV (Σ1). We note that, at a formal level, one has

PV
Σ1(dΦ) = exp

(
−1

2EΣ̂1
(Φ,Φ) − VΣ̂1

(Φ)
)
dΦ ,

since the first part of (22) cancels out the determinant that would otherwise multiply
the Gaussian density. Here, even though PV

Σ1 is a measure on H−1(Σ̂1), we think of Φ
as taking values in H1(Σ̂1), at least as far as the first term in the exponent is concerned.

At this point, we note that since Σ̂1 consists of two copies of Σ1 glued together
symmetrically along their joint boundary, we have the decomposition

H1(Σ̂1) = H1
0 (Σ1) ⊕H1

0 (Σ1) ⊕H1/2(∂Σ1) . (23)

This corresponds to the decomposition of any smooth function Φ: Σ̂1 → R as

Φ = Φ(1)
0 + Φ(2)

0 + E(Φ ↾ ∂Σ1) ,
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(here ↾ denotes restriction) where EΣ̂1
: H1/2(∂Σ1) → H1(Σ̂1) is the harmonic extension

to Σ̂1 \∂Σ1, Φ(1)
0 is supported on Σ1 (and vanishes on ∂Σ1), and Φ(2)

0 is supported on Σ∗
1

(which is canonically identified with Σ1 as a set). Note that furthermore

EΣ̂1
(Φ,Φ) = E (0)

Σ1 (Φ(1)
0 ,Φ(1)

0 ) + E (0)
Σ1 (Φ(2)

0 ,Φ(2)
0 ) + 1

π

∮
∂Σ1

Φ(z)DΣ1Φ(z) |dz| .

Here, the factor 1
π

as opposed to 1
2π in the last term comes from the fact that we have

one contribution from each of the two copies of Σ1 glued along ∂Σ1. We also write E (0)
Σ1

to emphasise that this bilinear form enforces Dirichlet boundary conditions. Since
furthermore the locality property of V implies that

VΣ̂1
(Φ) = VΣ1(Φ(1)

0 + EΣ1Φ) + VΣ1(Φ(2)
0 + EΣ1Φ) ,

this strongly hints that we can write

(ΠΣ1)∗PV
Σ1(dΦ) =

(∫
(Σ1)

exp
(

−1
2E (0)

Σ1 (Ψ,Ψ) − VΣ1(Ψ + EΣ1Φ)
)
dΨ
)2

× exp
(

− 1
2π ⟨Φ, DΣ1Φ⟩∂Σ1

)
dΦ ,

where now Φ denotes an element of H1/2(∂Σ1) and ⟨·, ·⟩∂Σ1 denotes the usual scalar
product of L2(∂Σ1). We write (Σ1) as the domain of integration to remind ourselves
that we are integrating over some space of functions / distributions on Σ1, but we are
intentionally vague as to what this space is exactly. This yields

DV
Σ1(dΦ) =

∫
(Σ1)

exp
(

−1
2E (0)

Σ1 (Ψ,Ψ) − VΣ1(Ψ + EΣ1Φ)
)
dΨ

× exp
(

− 1
4π ⟨Φ, DΣ1Φ⟩∂Σ1

)√
dΦ (24)

def= DV
Σ1(Φ) exp

(
− 1

4π ⟨Φ, DΣ1Φ⟩∂Σ1

)√
dΦ .

Since ∂Σ1 ≃ A1 ⊔ A2, we can write Φ = (Φ1,Φ2) with Φk ∈ H1/2(Ak). With this
notation, our goal is to show that one has∫

DV
Σ1(dΦ1, dΦ2) DV

Σ2(dΦ2, dΦ3) = DV
Σ(dΦ1, dΦ3) , (25)

where the integration runs over the variable Φ2.
Let us now for the moment concentrate on the factor appearing on the second line

of (24); let’s call it DΣ1(dΦ). Write furthermore D(1)
j,kΦk as a shorthand for the function

on Aj given by ∂νE
(1)
j,kΦk, where E(ℓ)

j,kΦk is the harmonic function on Σℓ which agrees
with Φk on Ak and vanishes on ∂Σ1 \ Ak. With these notations, one then has

⟨Φ, DΣ1Φ⟩∂Σ1 = ⟨Φ1, D
(1)
1,1Φ1⟩A1 + ⟨Φ2, D

(1)
2,2Φ2⟩A2 + 2⟨D(1)

2,1Φ1,Φ2⟩A1 .

(Note that the adjoint of D(1)
1,2 is D(1)

2,1 by symmetry.) Writing

D2,2 = D
(1)
2,2 +D

(2)
2,2
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as well as
MΦ = D−1

2,2

(
D

(1)
2,1Φ1 +D

(2)
2,3Φ3

)
,

it follows that

DΣ1(dΦ1, dΦ2)DΣ2(dΦ2, dΦ3) (26)

= exp
(

− 1
4π ⟨Φ2 +MΦ, D2,2(Φ2 +MΦ)⟩A2

)
dΦ2

√
dΦ1dΦ3

× exp
(

− 1
4π ⟨Φ1, D

(1)
1,1Φ1⟩A1 − 1

4π ⟨Φ3, D
(2)
3,3Φ3⟩A3 + 1

4π ⟨MΦ, D2,2MΦ⟩A2

)
.

Remark 3.10. — It is not obvious a priori that D2,2 is surjective so that M is well defined.
Observe though that D2,2Φ2 is nothing but the jump in the normal derivative across A2
of the harmonic extension EΦ2 of Φ2 to Σ\A2 with Dirichlet boundary conditions on ∂Σ.
In order to have D2,2Φ2 = 0, that harmonic extension must be smooth across A2 and
therefore be harmonic on all of Σ. However, since every connected component of Σ has
a non-trivial boundary, there is no non-zero harmonic function on Σ vanishing on ∂Σ.

In fact, even if we have a connected component of Σ without boundary intersecting A2,
then D

(1)
2,1Φ1 and D

(2)
2,3Φ3 vanish there so we can still define M canonically.

Let us now examine in more detail the last line in (26). We can rewrite the bilinear
form in the exponential as

⟨Φ1, D
(1)
1,1Φ1 −D

(1)
1,2Ξ⟩A1 + ⟨Φ3, D

(2)
3,3Φ3 −D

(2)
3,2Ξ⟩A3 (27)

where Ξ = MΦ is the unique solution to

D2,2Ξ =
(
D

(1)
2,1Φ1 +D

(2)
2,3Φ3

)
. (28)

In other words, the harmonic extension EΞ of Ξ to Σ \A2 vanishing on A1 ∪A3 is such
that the jump in its normal derivative at A2 equals that of the function that agrees
with E

(1)
2,1Φ1 on Σ1 and with E

(2)
2,3Φ3 on Σ2. This implies that (27) is nothing but

⟨(Φ1,Φ3), DΣ(Φ1,Φ3)⟩A1∪A3 ,

so that (26) can be rewritten as

DΣ1(dΦ1, dΦ2)DΣ2(dΦ2, dΦ3)

= exp
(

− 1
4π ⟨Φ2 +MΦ, D2,2(Φ2 +MΦ)⟩A2

)
dΦ2 DΣ(dΦ1, dΦ3) .

In order to show the desired functorial property, it therefore remains to show that

DV
Σ (Φ1,Φ3) =

∫
(A2)

DV
Σ1(Φ1,Φ2)DV

Σ2(Φ2,Φ3) exp
(

− 1
4π ⟨Φ2 +MΦ, D2,2(Φ2 +MΦ)⟩A2

)
dΦ2

=
∫

(A2)
DV

Σ1(Φ1,Φ2 −MΦ)DV
Σ2(Φ2 −MΦ,Φ3) exp

(
− 1

4π ⟨Φ2, D2,2Φ2⟩A2

)
dΦ2 .

At this stage, as a consequence of Remark 3.10 and a reasoning very similar to the
one for (23), we realise that one has the decomposition

H1
0 (Σ) = H1

0 (Σ1) ⊕H1
0 (Σ2) ⊕H1/2(A2) ,
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with H1/2(A2) ⊂ H1
0 (Σ) via the harmonic extension E as in the remark, and that with

this identification E (0)
Σ coincides with 1

2π ⟨·, D2,2·⟩A2 on that last component.
As a consequence, we can write

DV
Σ (Φ1,Φ3) =

∫
exp

(
−1

2E (0)
Σ1 (Ψ1,Ψ1) − 1

2E (0)
Σ2 (Ψ2,Ψ2) − 1

4π ⟨Φ2, D2,2Φ2⟩A2

)
× exp

(
−VΣ1

(
Ψ1 + EΦ2 + EΣ(Φ1,Φ3)

))
× exp

(
−VΣ2

(
Ψ2 + EΦ2 + EΣ(Φ1,Φ3)

))
dΨ1dΨ2dΦ2 ,

where the arguments of VΣ1 and VΣ2 are restricted to the appropriate manifold. It
therefore remains to show that(

EΦ2 + EΣ(Φ1,Φ3)
)
↾ Σ1 = EΣ1

(
Φ1,Φ2 −MΦ

)
, (29)

and the analogous property for Σ2. Both functions are harmonic and agree with Φ1
on A1, so it remains to show that their values on A2 agree. Since EΦ2 and EΣ1(0,Φ2)
agree on Σ1, we can assume that Φ2 = 0 without loss of generality.

Write now EΣ1,Σ2(Φ1,Φ2,Φ3) for the function that is harmonic on Σ \ (A1 ∪A2 ∪A3)
and agrees with Φk on Ak. It then follows from the discussion after (28) that the normal
derivatives of EΣ1,Σ2(Φ1, 0,Φ3) and EΣ1,Σ2(0,MΦ, 0) have the same jump discontinuity
across A2. By linearity, it then follows that EΣ1,Σ2(Φ1,−MΦ,Φ3) is smooth across A2
and therefore has to agree with EΣ(Φ1,Φ3) on all of Σ. Since on the other hand
EΣ1,Σ2(Φ1,−MΦ,Φ3) = EΣ1(Φ1,−MΦ) on Σ1, we have shown that the identity (29)
holds, thus completing the proof.

4. Liouville theory

If we want V to satisfy the locality property, it is natural to consider expressions of
the form

VΣ(Φ) =
∫

Σ
V (Φ(z)) Volg(dz) . (30)

Unfortunately, this appears nonsensical since we furthermore require VΣ to be defined
for P̂Σ-almost every Φ and this measure is only supported on spaces of distributions
where point evaluations aren’t defined. It is however possible to remedy this problem
in the following way.

As already discussed in the previous section, P̂Σ-almost every Φ can be restricted to
a smooth curve. Given z ∈ Σ, we then write Γε(z) for the “circle of radius ε”, i.e. the
set of points at distance ε (with respect to the metric g) of z. We can then define

Φε(z) = |Γε(z)|−1
∫

Γε(z)
Φ(u) |du|g , (31)
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where |Γε(z)| =
∫

Γε(z) |du|g denotes the perimeter of the circle. As a consequence of (19),
one then has

E|Φε(z)|2 = |log ε| + O(1) ,
where furthermore, since the law of Φε only depends on g via its constant mode, the O(1)
term is independent of the choice of g, except possibly for a constant (i.e. independent
of z) term. See for example David, Kupiainen, Rhodes, and Vargas (2016) for more
details in the particular case when Σ is a sphere.

So while there is no hope for Φ2
ε(z) to converge to a limit, even in the sense of

distributions, as ε → 0, one can show that the “Wick square”

:Φ2
ε:(z)

def= Φ2
ε(z) − |log ε| ,

converges P̂Σ-almost surely to a limiting distribution :Φ2:. The same is true also for
higher Wick powers, defined by

:Φn
ε :(z) def= Hn(Φε(z), |log ε|) .

It is then possible to set for example V (Φ) =
∫

Σ :Φ4:(z) Volg(dz) in order to obtain a
local and coercive potential for which the construction in Section 3.4 can be carried out,
see for example Nelson (1966) and Pickrell (2008).

4.1. Conformal changes of metric
It is apparent from (31) that the distributions :Φn: obtained in this way are indepen-

dent of the chosen coordinate system. They do however transform non-trivially under
conformal changes of metric! Indeed, if g̃ = e2φg as before and writing Φε,g to make
the dependence on g explicit, one has Γε,g̃(z) ≈ Γe−φ(z)ε,g(z) for small values of ε so
that one would expect that Φε,g̃(z) ≈ Φe−φ(z)ε,g(z), yielding the almost sure identity
:Φ2

g̃: = :Φ2
g: + φ. In the case of :Φ4:, we get additional terms proportional to :Φ2:, and

so we have genuinely different theories for every choice of metric g.
Liouville theory on the other hand transforms in a much “nicer way”, and this is

what we would like to explain now. Choose µ, γ > 0 (we will see later on that we in
fact have to take γ < 2) and set

Q = γ

2 + 2
γ
.

We then set
V g
ε (Φ) =

∫
Σ

(
Q

4πRgΦε(z) + µε
γ2
2 eγΦε(z)

)
Volg(dz) , (32)

where Rg denotes the scalar curvature of the metric g. Note first that it is at least
somewhat plausible that this expression has a limit as ε → 0 since, under P̂Σ, we have
by Gaussianity

EeγΦε(z) = exp
(
γ2

2 EΦ2
ε(z)

)
= exp

(
γ2

2 |log ε| + O(1)
)

≈ ε− γ2
2 .

The reason why γ = 2 is a threshold is that one expects to have
sup
z∈Σ

Φε(z) = 2 log ε+ o(log ε) .
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This is because a relatively good “cartoon” for Φε is that of a collection of i.i.d. Gaussians
with variance |log ε| distributed on a grid of mesh size O(ε). Since the supremum of N
unit variance Gaussians is given by

√
2 logN + o(

√
logN), this suggests that one has

indeed
sup
z∈Σ

Φε(z) ≈
√

2 log(Kε−2)
√

|log ε| ≈ 2|log ε| .

We conclude that the tallest peaks of eγΦε(z) are of height about ε−2γ . Since one expects
these peaks to have a diameter of order ε, any such peak would contribute about ε γ2

2 +2−2γ

to the integral in (32). At γ = 2, this is O(1) so that one would expect a drastic change
in behaviour, which is indeed the case, see for example Duplantier, Rhodes, Sheffield,
and Vargas (2014) and Madaule, Rhodes, and Vargas (2016).

One feature of (32) is that its limit behaves in an interesting way under conformal
changes of metric. Indeed, setting g̃ = eφg as usual, we recall that the scalar curvature
transforms under conformal changes of metric like

Rg̃ = e−2φ
(
Rg − 2∆(g)φ

)
, (33)

where ∆(g) denotes the usual Laplace–Beltrami operator with respect to the metric g
(which equals −2π∆g defined in the previous section). See for example Lee and Parker
(1987, Eq. 2.6), noting that their sign convention for the Laplacian is opposite to the
one used in (33).

Writing ε̃ = e−φ(z)ε, one then has

V g̃
ε (Φ) =

∫
Σ

(
Q

4π
(
Rg + 4π∆gφ

)
Φε,g̃(z) + µε

γ2
2 eγΦε̃,g(z)+2φ(z)

)
Volg(dz) .

Note now that on one hand one has∫
Σ

∆gφ(z)Φ(z) Volg(dz) = EΣ(φ,Φ) ,

and on the other hand

ε
γ2
2 eγΦε̃,g(z)+2φ(z) = ε̃

γ2
2 eγΦε̃,g(z)+γQφ(z) .

Assuming that the limit V g = limε→0 V
g
ε exists, this shows that one has

1
2EΣ(Φ,Φ) + V g̃(Φ) = 1

2EΣ(Φ,Φ) + V g(Φ +Qφ) − Q2

4π

∫
Rg(z)φ(z) Volg(dz)

+ EΣ(Qφ,Φ)

= 1
2EΣ(Φ +Qφ,Φ +Qφ) + V g(Φ +Qφ)

− 6Q2

24π

(∫
Rg(z)φ(z) Volg(dz) + 2πEΣ(φ, φ)

)
.

In other words, modulo the Φ-independent factor appearing on the last line, a conformal
change of metric is equivalent to a simple shift of the field by Qφ, as well as a change in
normalisation of the measure by some expression that only depends on φ. The reason
for writing this last term in this way is conform to the literature where this is called the
“conformal anomaly” and the factor 6Q2 appearing there is called the “central charge”
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of the theory. In fact, the central charge of Liouville theory happens to be 1 + 6Q2 (and
not just 6Q2) as a consequence of the fact that the exponential of the same term, but
without the factor 6Q2, appears as the logarithm of the ratio of

√
detζ ∆g and

√
detζ ∆g̃,

see for example Osgood, Phillips, and Sarnak (1988).

4.2. Coercivity of Liouville theory
We now argue under what conditions one can make Liouville theory coercive, so

that it falls (almost) into the framework developed in the previous section. Assuming
that the scalar curvature R of g is constant, we see that at least formally V g is of the
form (30) with

V (u) = QR

4π u+ µeγu .

Since γ > 0 this function grows at +∞, but it only grows at −∞ when R < 0. This
suggests that Liouville theory is coercive only when g is conformally equivalent to a
metric with negative scalar curvature. By the uniformisation theorem, this is the case
precise when Σ has genus at least 2.

If the genus of Σ is less than 2, we can insert conical singularities which is achieved by
adding point masses to the scalar curvature. Let us assume that Σ is a sphere. By the
previous discussion, combined with the uniformisation theorem, we can reduce ourselves
to the case of the round sphere of area 1, so that Rg = 8π. Given values αi ∈ R and
zi ∈ Σ, we would therefore be tempted to define

V g̃
(α,z)(Φ) = V g̃(Φ) −

k∑
i=1

αiΦ(zi) .

(These are called insertions and the parameter αi is called the weight of the ith insertion.)
As already mentioned, we cannot consider point evaluations of the free field. However,
we have at least formally the identity

Φ(zi) = EΣ
(
Φ,Gzi

)
+
∫

Σ
Φ(z) Volg(dz) ,

where Gu is such that ∆gGu = δu−1. (Here we have to add the constant term to guarantee
that the right-hand side of the Poisson equation has vanishing mean, which guarantees
its solvability.) As before, the resulting term ∑

i αiEΣ
(
Φ,Gzi

)
can be eliminated by a

Girsanov shift, leading to a potential in the shifted variables given by

V g
(α,z)(Φ) = lim

ε→0

∫
Σ

((
2Q−

k∑
i=1

αi

)
Φ(z) + µε

γ2
2 eγ(Φε+

∑
i
αiGzi )(z)

)
Volg(dz) . (34)

This suggests very strongly that, in order to obtain a finite measure, one should impose
the Seiberg bounds ∑k

i=1 αi > 2Q. This is indeed the case (David, Kupiainen, Rhodes,
and Vargas, 2016) and it turns out that the resulting theory has functorial properties
similar to those verified in the previous section, except that the Riemann surfaces Σ
are furthermore equipped with marked points zi to which weights αi are attached
(Guillarmou, Kupiainen, Rhodes, and Vargas, 2021).
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