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[after Charles Bordenave and Benoit Collins]
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1. INTRODUCTION

Consider the two following statements:

Independent random permutations, chosen uniformly among all permutations or all
matchings of n points, are strongly asymptotically free (viewed as operators on the
orthogonal of the constant vector 1).

Versus
Random n-lifts of a fized weighted base graph are close to being Ramanujan graphs.

They seem to belong to different mathematical landscapes, random matrix theory and
free probability for the first one, theory of expander graphs for the second one. They
are nevertheless two instances of the same result, due to Bordenave and Collins (2019)
and that we will present hereafter. In particular, we will try to explain the meaning of
the statement in each context and why it represents an important improvement with
respect to the previous results, starting with the motivation from graph theory and
then moving to free probability. This is not the only example of a result dealing with
strong asymptotic freeness that can be applied to a completely different context and we
will describe in detail, in the last part of these notes, some other applications of this
notion.

Je remercie Charles Bordenave pour son aide lors de la préparation de ces notes.
Elles ont été rédigées pendant mon séjour au Centre de recherches mathématiques de
Montréal (IRL CNRS 3457) que je remercie pour son hospitalité.

2. FROM RAMANUJAN GRAPHS TO THE SYMMETRIC RANDOM
PERMUTATION MODEL

The notion of Ramanujan graph was initially introduced by Lubotzky, Phillips, and
Sarnak (1988) for d-regular graphs. The terminology Ramanujan comes from the fact
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that the construction of the regular graphs considered by Lubotzky, Phillips, and Sarnak
(1988) was based on arithmetic properties of pairs of well-chosen prime numbers.

Let G = (V, E) be an undirected graph, with countable vertex set V' and edge set E.
We allow loops but no multiple edges. The degree of a vertex v € V is defined as

deg(v) = Z 1{uv}ep-

ueV

If, for any v € V,deg(v) < oo, the graph is said to be locally finite and its adjacency
operator A is defined as follows: for any v € /(.(V), which is the subset of ¢*(V') of
vectors with finite support,

Ap(u) = > P(v).

veVi{uv}leE

In the case when V' is a finite set, A can be seen as the usual adjacency matriz of G. As
we are dealing with undirected graphs, the adjacency operator and matrix are self-adjoint.
For any integer d > 2, we say that G is d-regular if all the vertices of G have degree d.
For finite d-regular graphs with n vertices, if we denote by \g > Ay > --- > \,,_; the
eigenvalues of A in non-increasing order, one can check that A\g = d and for all j < n—1,
|Aj| < d. The eigenvalue ), is always simple and if G is bipartite, then \,_; is equal
to —d and is simple. They are often called the Perron—Frobenius eigenvalues and ) is
associated to the constant eigenvector 1. On the other hand, if we denote by

A(G) := max{|\;| such that |\;| < d}

the largest eigenvalue in absolute value which is not equal to 4+d, we have the following
result, known as the Alon—Boppana bound:

THEOREM 2.1 (Alon, 1986). — Let (Gna)n>1 be any sequence of connected d-regular
graphs such that, for any n € N*, G, 4 has n vertices. Then
liminf A\(G,,4) > 2vVd — 1.

n—00

This lead to the following definition:

DEFINITION 2.2 (Ramanujan graph, d-regular case). — A d-regular, connected, finite
graph G is called Ramanujan if and only if any eigenvalue \ of its adjacency operator

is such that A € {—d,d} or |A\| <2v/d—1.

Among connected d-regular graphs, Ramanujan graphs are the graphs with maximal
spectral gap. For this reason, sequences of such graphs have very good properties as
expander graphs (we refer to Kowalski (2019) for details on the link between spectral
gap and expander properties of graphs). The question is then how to construct such
sequences of graphs. In this direction, one has to mention the remarkable result of
Friedman (2008):
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THEOREM 2.3. — Let d > 3 be an integer. For each n such that nd is even, let G,
be a random graph chosen uniformly among d-reqular graphs with n vertices. Then the
sequence (Gy)p>1 s almost-Ramanujan'™ in the sense that, for any e > 0,

lim P(\(G,) > 2Vd—1+2) =0.

The notion of random lift is also very useful to construct almost-Ramanujan graphs.
On the way of defining them, we also give a more general definition of Ramanujan graphs.
Let G and H be undirected connected® graphs, with no self-loops and no multiple
edges. A map m: H — G is called a covering map if for every vertex h € H, m gives
a bijection from the edges incident to h and those incident to w(h). When 7: H — G
is a covering map, G is called the base graph and H is called a covering graph of G. If
the base graph G is connected, then the cardinal of 7=!(g) is the same for any vertex
g of G. If this cardinal is equal to n, then H is called a n-lift of G. If H is a tree, it is
the universal cover of G. In particular, the universal cover of any non-empty, connected,
d-regular graph is the infinite d-regular tree T,. It is known that the spectrum of Ty
is contained in the interval [—~2v/d — 1,2v/d — 1]®®. Therefore, for a d-regular graph,
being a Ramanujan graph means that all eigenvalues, expect +d, are contained inside
the spectrum of its universal cover.

This led Greenberg (1995), in his thesis, to give a more general definition of a Ra-
manujan graph, not necessarily restricted to d-regular graphs.

DEFINITION 2.4 (Ramanujan graph, general case). — A finite connected graph X is
Ramanugan if the spectrum of its adjacency operator is contained in [—p, p| U{—Xo, Ao},
where \g is the largest eigenvalue of the graph and p is the spectral radius of its universal
cover.

Let us describe a standard model, due to Amit and Linial (2002) for constructing
random lifts. Given a base graph G = (Vg, Eg) and an integer n > 2, to each vertex v
of G we associate a set of n vertices (v,1),...,(v,n). For each edge e = {u,v} of G,
we choose an orientation, say (u,v), and a uniform permutation o, of [n] := {1,...,n},
independent of all other edges. Then, if the vertex set of H is {(u,i),u € Vg,i € [n|}
and the edge set is {{(u,1), (v, 0@ (7))}, {u,v} € Eg,i € [n]}, then H is a random
n-lift of G and its law is uniform over all possible n-lifts of G. Note that the choice of
the orientations of the edges made for the construction does not change the distribution
of the random lift H. Improving on Theorem 2.3, Bordenave (2020) showed that, under
very general conditions on the base graph, the sequence of random n-lifts form a sequence
of almost-Ramanujan graphs.

The model that we describe now is the main object studied by Bordenave and Collins
(2019) and can be seen as a generalization of the notion of random lift; we will call it

Wor weakly Ramanujan

(2)Covering maps can be defined in a more general framework but we only need the case of connected
graphs.

() Its spectral measure is known as the Kesten-McKay distribution.
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the symmetric random permutation model. Let X be a countable set. Let oq,...,04
be d permutations of the set X. We consider ¢?(X) the Hilbert space space spanned
by the orthonormal basis (d,).cx. The identity operator on ¢?(X) is denoted by 1. A
permutation o; acts naturally as a unitary operator S; on £(X) by S;(g)(z) = g(o;(2)),
for any g € £*(X). Let ag, ay, . .., aq be matrices of size r X 7. The main object of interest

d
in Bordenave and Collins (2019) is the operator A := ay®1+»  a;®S; acting on £*(X).

=1
When X = [n], we denote by 01, ...,04, the permutations of X, by Si ., ..., S, the
corresponding operators, 1™ the identity operator and

d
(1) An = a0®1(") +Zaz®5m
i=1
Two symmetry conditions are added, one on the matrices aq,...,as and one on the
permutations oy p,...,04n-

ASSUMPTION 2.5 (Symmetric random permutation model)

We equip [d] with the following involution: let ¢ < g be an integer; for any i € [q],
seti*=i+q, forq+1<1<2q, seti*=1—gq, and for2q+1 <1 <d, seti* =1i. We
assume that:

(Ha) ag = aj, and ¥i € {1,...,d},a; = (a;)* and oy = (o).

(Ho) The permutations {o1n,...,04n} U {02+1ms---,0an} on [n| are independent,
{O1ns- . 040} are uniformly distributed among the permutations of [n] and
{02gs1my--->Tan} are uniformly distributed among the matchings® of [n] and for

any i € [d], o = (in) "

Let us explain how it can be seen as a generalization of the model of random lift.
Assume that d is even, ¢ = d/2, ap = 0 and the matrices a4, ...,aq are of the form
a; = Fy,.,, with u;,v; € [r]. The base graph will be the graph G with vertex set [r] and
adjacency matrix A; = ¢, a;. Under Assumption (Ha), it will be undirected, with d/2
edges. The graph H with vertex set [n] x [r] and edges of the form {(x,u;), (o;(x),v;)} is
a n-lift of G. If the permutations oy ,, . .., 04, fulfill Assumption (Heo), then the random
lift we obtain has the same distribution as in the construction of Amit and Linial (2002).

Bordenave and Collins (2019) show that the A,,n > 1, are the adjacency operators
of an almost-Ramanujan sequence of weighted graphs, in a sense related to Defini-
tion 2.4 (we refer to Theorem 3.13 for a precise statement). But in parallel to this
graph-theoretical motivation, the symmetric random permutation model is linked with
asymptotic freeness properties of random permutations and we develop this point of
view in the next section.

(YA matching (or pair matching) is a permutation for which all the cycles are of length 2, that is an
involution without fixed point.
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3. FREENESS, ASYMPTOTIC FREENESS AND STRONG
ASYMPTOTIC FREENESS

In the eighties, Dan Voiculescu introduced the concept of freeness (or free indepen-
dence) in the context of operator algebras and created the field of free probability theory.
In the early nineties, he discovered that many models of random matrices were asymp-
totically free, leading to model elements in operator algebras through random matrices.
Since then, there has been a constant interplay between free probability theory and
random matriz theory (RMT). We will try to give the main lines of these fruitful interac-
tions. Among many nice references on free probability theory, we have chosen to follow
the recent book of Mingo and Speicher (2017) and the lecture notes of Speicher (2019).

3.1. The notion of freeness

Let us start with the definition of freeness.

DEFINITION 3.1 (Freeness). — Consider a unital algebra A over C, equipped with a

linear functional 7: A — C such that 7(1) = 1. (A, 7) is called a non-commutative

probability space. Unital subalgebras (A;)icr are called free (or freely independent) in

(A, 1) if, for any ay, ..., a, such that Vj € [k], 7(a;) = 0,a; € Ai;) and i(1) # i(2) #
-7 i(k),

An important example, which is particularly relevant in our context, is the following:
FExample 3.2. — Let G be a group and CG its group algebra, that is
CG = {Z agg,04 € C,Vg € G,y # 0 for finitely many g}.

geG

Then CG is a unital algebra and one can define 74: CG — C,

TG(Z OégQ) = Q,
geG
where e is the neutral element in G, so that (CG, 7¢) is a non-commutative probability
space. It is related with the notion of freeness for subgroups in the algebraic sense : a
family (G;);er of subgroups of G is free if, for any g1, .. ., gr such that Vj € [k], g; € Gy
and i(1) #i(2) # -+ #i(k), g1...gx # € whenever g; # e, ..., gr # e. The link between
free independence of subalgebras in the sense of Definition 3.1 and freeness for subgroups
in the algebraic sense is made clear by the following proposition:

PROPOSITION 3.3. — Let (G;)ier be subgroups of a group G. Then the following state-
ments are equivalent:
— The subgroups (G;)ier are free in G.
— The subalgebras (CG;);er are freely independent in the non-commutative probability
space (CG, 1q).
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It is possible to enrich the structure of a non-commutative probability space as follows:

DEFINITION 3.4. — Let (A, T) be a non-commutative probability space.

— If T is a trace, i.e. if T(ab) = 7(ba), for all a,b € A, then we call (A, T) a tracial
non-commutative probability space.

— If A is a x-algebra (resp. a C*-algebra) and 7 is positive, i.e. if T(a*a) > 0 for all
a € A, then we call T a state and (A, T) a x-probability space (resp. a C*-probability
space).

— A state T is faithful if for all a € A, T(a*a) = 0 implies a = 0.

If (A, 7) a x-probability space and (ay, ..., a,) is a family of m elements in A, then
the x-distribution (or simply the distribution) of (a,...,a,) is given by the collection
{r(P(ay,ai,...,am,a’)), P € C(Xy,..., Xom)}, where C(Xq,..., Xo,,) is the set of
non-commutative polynomials®® in 2m variables with complex coefficients. By analogy
with classical probability theory, elements of a *x-probability space are called random
variables and the random variables (a;);c; are freely independent if the subalgebras

generated respectively by (1, a;,a}) are freely independent.

3.2. The notion of asymptotic freeness

Roughly speaking, we say that a sequence of non-commutative random variables, say
random matrices, are asymptotically free if they converge in distribution to a family of
freely independent random variables. Let us give a precise meaning of this sentence.

DEFINITION 3.5. — Let ((An, Tn))n>1 be a sequence of x-probability spaces and (A, T)
a x-probability space. If, for anyn > 1, a1, ..., 0y s a k-tuple of random variables in
(A, 1) and if there exists ay, . .., a; € A such that, for any non-commutative polynomial
P in 2k variables, we have

Tn(P(a1,0,07 s - - -5 Qhems O ) — 7(P(ay,ai, ..., ax, ap)),

we say that (a1 p, ..., akn)n>1 converges in x-distribution to (a4, ..., ax). If, in addition,
(a1, ...,ax) is a family of random variables that are freely independent (with respect to
7), we say that (a1, ..., ax,) are asymptotically free (for n — o0o).

This notion appeared in Voiculescu’s work (see e.g. Voiculescu, 1991), a few years
after introducing free independence. Since random matrices are typical examples of
asymptotically free random variables, it built an important bridge between operator
space theory and random matrix theory. This was first identified on the most emblematic
ensemble of random matrices: the Gaussian Unitary Ensemble (GUE). Before stating a
precise result, let us explain how one can define an ensemble of random matrices in the
framework of x-probability spaces.

(®)in the sense that e.g. X1 X5 # X0 X,
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LEMMA 3.6. — For every n > 1, if we set (A, ) = (M, (L*- (2, P)), tr,, ® E), where
(0, P) is a classical probability space, where L=~ (Q,P) := Nj<pecoo LP(2,P) and for any
complez algebra A, M, (A) ~ M, (C)®.A denotes the n x n matrices with entries from A,
where E denotes the expectation with respect to P and tr,, := %tr the normalized trace
on M, (C), then a (A,,T,) is a *-probability space.

It means that we will consider in the sequel n x n random matrices of the form
A = (a45)i jem), with, for all i, j € [n], a;; € L>-(,P), and a state given by

n

ra(4) = tr, OE(A) = - " ().

=1

An important example is provided by Gaussian random matrices:

FEzample 3.7. — For n > 1, we say that A belongs to the Gaussian unitary ensemble of
dimension n, and write A € GUE(n), if A = (aij); e is @ random n x n matrix such
that A = A* and such that the entries form a centred complex Gaussian family with

covariance
1

COV(CLZ'J', akg) = Eéi’féj’k‘
If we consider a sequence of matrices (G, )nen such that, for any n € N*, G,, € GUE(n),
then one can show that, for any k € N,

£(569) =2 = { L) ko

m+1\ m

In a x-probability space (A, ), one can define a self-adjoint element s such that, for
any k in N, 7(s*) = C). Then s is called a semi-circular element and (G,,)nen converges
in x-distribution to s. Now, asymptotic freeness for independent matrices from the
GUE(n) can be stated as follows :

THEOREM 3.8 (Voiculescu, 1991). — Let ¢ € N* be fized and, for every n € N,
let (Aip,y...,Aen) be £ independent matrices from the GUE(n). Then the sequence

(Avny -y Aon)n>1 converges in x-distribution to a family (si,...,se) of freely inde-
pendent semi-circular elements. The random matrices (Ain, ..., Awn) are therefore
asymptotically free.

An important property of the GUE(n) is its invariance by conjugation by a unitary
matrix. This remark opened the way to asymptotic freeness for other ensembles of
matrices. We denote by U(n) := {U € M,(C),UU* = I,} the group of unitary matrices
of size n. It is a compact group and therefore there exists a unique probability measure
which is invariant by multiplication, called the Haar measure on U(n). If U, is distributed
according to the Haar measure on U(n), one can check that, for any k € Z,

E (tra(UF)) ——= dko.



1202-08

By analogy, if u is a unitary element in a s-probability space (.4, 7) which satisfies
7(u”) = 0k, for any k in Z, then u is called Haar unitary. A first asymptotic freeness
property in this context is the following:

PROPOSITION 3.9. — Let £ € N* be fized and, for everyn € N, let (Uy,,,...,Usy) be €
independent random matrices distributed according to the Haar measure on U(n). Then

the sequence (Uyp,...,Uin)n>1 converges in *-distribution to a family (uy,...,u;) of
freely independent Haar unitaries. The random matrices (Uy p, ..., Usn)n>1 are therefore
asymptotically free.

But Haar distributed random matrices can also convey asymptotic freeness to deter-
ministic matrices.

THEOREM 3.10. — For everyn € N, let U, be a Haar unitary random n X n-matriz, let
A, B, € M,(C), and suppose that (Ay,)n>1 converges in *-distribution to a and (B,)n>1
converges in x-distribution to b for random wvariables a and b in some x-probability
space, and that the sequences (A,)n>1 and (By)n>1 are deterministic or independent of
(Un)n>1- Then, (U, AU}, B,,)n>1 converges in distribution to (a,b), where a and b are
freely independent. In particular, the random matrices (U, AU )n>1 and (By)n>1 are
asymptotically free from each other.

If we now go to the group &,, of permutations of [n], then the uniform law on &,, is
the Haar measure and it is natural to ask if a result similar to Theorem 3.10 holds true
in this context. A positive answer has been brought by Nica (1993):

THEOREM 3.11. — Let ¢ € N* be fized and, for everyn > 1, let (Sip,...,S0n) be l
independent random matrices distributed uniformly over the set of permutation matrices
of size n. Then the sequence (Sip,...,Sin)n>1 converges in x-distribution to a family
(w1, ..., ug) of freely independent Haar unitaries. The random matrices (S1p, .- ., Sen)n>1
are therefore asymptotically free.

We will in fact use an extension of this result. Beyond the uniform distribution of the
set of permutations of size n, we will also be interested in the uniform distribution of the
set of matchings of n points, that is the subset of involutions without fixed point within
the permutations of size n. Obviously, if (R,,),>1 is a sequence of random variables with
this distribution, it converges in *-distribution to a free random variable r such that
7(r¥) = 1if k is even and 7(r¥) = 0 if k is odd. We say that r is a free Rademacher
variable. We have the following asymptotic freeness result:

PROPOSITION 3.12. — With the notations of Theorem 3.11 and if (Ryp, ..., Rmnn) are
m independent random matrices distributed uniformly over the set of pair-matchings of
n points, independent of (S1n,-..,S0n), the sequence (S1p,y ..., Sens Rin,-- s Rmn)n>1
converges in *-distribution to (uy,...,up, 71, .., m), where (ry,...,ry,) are freely inde-
pendent free Rademacher variables, freely independent from (uq, ..., ug).
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3.3. Limiting operator for the symmetric random permutation model

As explained above, we want to study the convergence of the sequence of operators
(Ap)n>1 defined in (1), under Assumption 2.5. The goal of this section is to construct
the limiting object it converges to. From Proposition 3.12, we know it will involve a
family of freely independent Haar unitaries and free Rademacher variables. To describe
them more concretely, we go back to our very first example 3.2 of non-commutative
probability space but we will enrich the structure of the group algebra.

On a discrete group G, we define the inner product (g, h) = d,; and extend it to a
bilinear form on CG. Then

P(G) = {Z g, Y lagl* < oo}

geG geG

is a Hilbert space. If B(¢%(G)) is the space of bounded operators on ¢*(G), then we can
define \: G — B((*(G)) as follows: if > cq |ay|? < 00,Vg € G, we define

ANg)-a=Ag) > aph:=> arg'h.

heG heG

It is called the left reqular representation and one can check that it is unitary. We then
extend the application A to CG

A0) = Y a,\(g)

geG

and the linear form 7 to A(CG) by

7a(Mg)) = 1a(g) = dgpe-

We have A\(CG) C B((*(G)) and the closure of A\(CG) with respect to the operator norm
topology is a C*-algebra called the reduced group C*-algebra of G, denoted by Cieq(G).

In the context of the work of Bordenave and Collins (2019), the discrete group G
(hereafter denoted by X,) we start with takes the form of a free product:

X, = 2%« (Z/272)"42),

where Z*? denotes the free product of ¢ copies of Z and 7x, will be simply denoted by 7
when there is no ambiguity.

More concretely, in our case, if gi,..., g4 are generators of X, such that, for i €
4] (90> givq) gemerates the ith copy of Z, then ((Mgs), A(gisq) icigh (M91))ags1<ica) s a
family of freely independent random variables. Moreover, for i € [2¢], for all k € Z,
7(Mg:)*¥) = 7(gF) = ko, so that these random variables are Haar unitaries, whereas
when 2¢ + 1 < i < d,7(g¥) = 1if k is even and 0 if k is odd so that these random
variables are free Rademacher variables. Otherwise stated, (A(g;))icjq is a concrete
realization of the limit in *-distribution of the operators (Si,,...,S¢n)n>1 satisfying
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Assumption (He) and it is a straightforward consequence of Proposition 3.12 that the
sequence of operators (A,),>1 we are interested in should converges to

d

(2) A, = a0®1+2a1®/\(g2),
i=1

acting on C" ® (*(X,). This is an element of the unital *-algebra A := M, (Creq(Xy)),
equipped with the trace tr, ® 7. This implies also the convergence of the sequence of
operators (A,)n,>1 to A, in the topology of local convergence of Benjamini and Schramm
but we don’t want to insist here on this aspect. Bordenave and Collins (2019) rather
focus on the convergence of the spectrum. We denote by o(7') the spectrum of an
operator T, that is

o(T) :={X € C,T — A is not invertible}.

The convergence in *-distribution of (A,),>1 to A, implies that, if [a, )] is an interval
that does not intersect the spectrum of the limiting operator A,, then the expected
proportion of eigenvalues of A, in [a, b] tends to zero as n grows to infinity. Therefore,
Ve > 0, for n large enough, with high probability,

(3) o(Ay) Co(A,) + [—¢,¢].

The main object of the paper of Bordenave and Collins (2019) is to establish the reverse
inclusion. This is related to the notion of strong convergence, that we introduce in the
next section.

3.4. Strong convergence, strong asymptotic freeness, linearization trick

The fact that (A,),>1 converge in *-distribution to A, does not rule out the possibility
of o(n) eigenvalues staying away from the limiting spectrum. These eigenvalues are
usually called outliers. In our context, there are obvious outliers, coming from the
Perron-Frobenius eigenvalues of the operators S;,. For example, one can check that
St + 51, + -+ + Sk + Sp,, will always have an eigenvalue equal to 2k associated
to the constant vector 1. This will produce an outlier as long as k > 2. To get rid
of these trivial eigenvalues, we will only consider the operators S;,, restricted to the
orthogonal 1+ of the constant vector 1, or equivalently the operator A, restricted to
Hy := (C" ® 1)*. Their main theorem is the following:

THEOREM 3.13. — Consider a sequence of random operators (Ay,)n>1 distributed ac-
cording to the symmetric random permutation model (1). Then the Hausdorff distance
between the spectrum o(A.) of the operator A, defined in (2) and the spectrum o((Ay)|m,)
of the operator A,, restricted to Hy converges to zero in probability as n goes to infinity.
Otherwise stated, Ve > 0,

(4) P (o((An)i,) C 0(AL) + [—2,¢]) —= 1

n—oo

(5) P (o(A4)) C o(An)im) + [=€.¢]) o= 1

n—oo
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The second point comes directly from (3) and the fact that the spectrum of A, does
not contain the Perron—Frobenius eigenvalue (as the constant vector 1 is not in £(X,)).
We will develop in detail the proof of (4). Before that, we want to relate this inclusion
with the notion of strong asymptotic freeness. With Definition 3.5 in mind, we define
strong convergence as follows:

DEFINITION 3.14. — Let ((Ay, Tn))n>1 be a sequence of C*-probability spaces and (A, T)
a C*-probability space. If, for anyn > 1, a1, ..., aky i a k-tuple of random variables
in (A, Tn) and if there exist aq,. .., a; € A such that, for any non-commutative polyno-
mial P in 2k variables, we have

Ta(P(a1,0,07 s - - -5 Qhens O ) — 7(P(ay,ai, ..., ax, ay)),

and in operator norm we have

HP(al,nu aim <oy Ak, Gz,n)H m ”P<a17 CLT, <o Ok alt)H?
we say that (ain,...,akn)n>1 converges strongly to (ai,...,ax). If (a1,...,a) is a
family of random variables that are freely independent (with respect to ), we say that
(@1, -..,aky,) are strongly asymptotically free.

The following proposition, that can be found e.g. in (Collins and Male, 2014), clarifies
the link between strong convergence and control of outliers. If A is a self-adjoint element
in a C*-probability space (A, ), its spectral measure py, is the unique probability
measure on R such that, for any & > 1, 7(h*) = [t*du,(t); we denote its support by

supp(/n)-
PROPOSITION 3.15. — Let ((An, Tw))n>1 be a sequence of x-probability spaces and (A, T)

a x-probability space. For anyn > 1, let ai,...,ar, be k-tuple of random variables in
(A, 1) and ay, ... a, € (A, 7). Then the two following statements are equivalent :

— (a1 -+ s Qpn)n>1 converges strongly to (aq, ..., ax),

— for any polynomial P such that h, = P(ain,...,ax,) is self-adjoint,
(P(aipms---»Qkn))n>1 converges in x-distribution to h = P(ay,...,a;) and
Ve > 0, for n large enough,

supp(pn,,) C supp(pin) + [—. €,

where py, and py are respectively the spectral measures of h, and h.

The strong convergence result obtained by Bordenave and Collins (2019) can be stated
as follows:

THEOREM 3.16. — Letd > 1 be fized. For everyn > 1, consider a d-uple (S1p, ..., Sqn)
of random permutations of [n] satisfying (Ho). Then, for any non-commutative polyno-
mial P, for any € > 0,

P ([I1P((S1)ittos - (Sam) i) | = IPA@), -, Mga)l| > €) —= 0,
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where || - || stands for the operator norm (on the space of matrices for the first term and
in the C*-algebra Cieq(Xy) for the second term).

Since (A(g1), ..., N(ga)) are freely independent®, we say that ((S1n)mos - - - » (San) o)
are strongly asymptotically free.

This result may look stronger than Theorem 3.13 as it implies convergence of the
norm of any polynomial P in the operators S;, whereas Theorem 3.13 only deals with
polynomials of degree one (with matrix coefficients). In fact, due to the lineariza-
tion trick, Theorem 3.16 can be seen as a corollary of Theorem 3.13. In the context
of strong convergence, the argument is due to Haagerup and Thorbjgrnsen (2005),
although the idea of linearizing polynomial problems by going to matrices is much
older and known under different names in different mathematical communities. More
precisely, for P a non-commutative polynomial in d variables and r € N*, a matrix
P = (3 CUQ) € M, (C)®C(Xy,...,X4), where Q € M,_1(C) ® C(Xy,...,Xq) and U
and V' are respectively row and column vectors of size r —1 with entries in C(X7, ..., X)),
is a linearization of P if

A

P:b0®1+b1®X1++bd®Xd,

and P = -UQ™'V.
For example, a possible linearization of a monomial P = X, ... X;, is

Xi

X, —1

2

o
I

X; -1
One can show that any polynomial P admits a linearization and if P is self-adjoint, the

linearization can be chosen self-adjoint.

From there, one can get a criterion which is crucial for proving strong convergence:

PROPOSITION 3.17 (Linearization trick). — If w := (uq,...,uq) is a d-uple of elements
of a C*-algebra A and v := (vq,...,v4) is a d-uple of elements of a C*-algebra B, then
the following are equivalent:

— for any non-commutative polynomial P in d variables and their adjoints, |P(u)|| =
1P@)],

— for any integer r, and r Xr matrices ag, . . . , ag such that ag®@1+a; QUi+ - -+ag@ugy
and ag ® 1+ a1 @ vy + -+ 4+ ag @ vg are self-adjoint, we have

lap@14+a; @ui+ -+ agQ@ugl| = |lag®@1+a; @vy+ -+ + ag @ vyl

(6)This is a slight abuse of notation: it would be more correct to say that
((Mg6), AMgivq))ielg)» (M9i))2g+1<i<a) is a family of freely independent random variables and
that the corresponding family for the S;,’s are strongly asymptotically free.
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This explains how Theorem 3.16 is a corollary of Theorem 3.13.

In the next section, we will develop the main lines of the proof of Theorem 3.13 and
introduce in particular the notion of non-backtracking operators. We will go back to
free probability, in particular strong asymptotic freeness, in the last section of these
notes, where we will describe in detail some applications of this property.

4. THE USE OF NON-BACKTRACKING OPERATORS

4.1. Thara—Bass formula and applications

For a matrix H := (H;j) jecm € M,(C) with complex entries, the non-backtracking
matriz associated to H is B := (Bej)e, fef2 defined, for e = (i,7) and f = (k,{), by

Beg = Hpppdj (1 — d;0).

The name non-backtracking comes from the following interpretation: if H is the adjacency
matrix of a graph G, then, for any ¢ € N*, (H™);; is the number of paths from ¢ to j
of length m in G, whereas, if e = (i,j) and f = (k, (), (B™).s is the number of non-
backtracking paths of length m starting with the edge e and ending with the edge f.
A non-backtracking path may have cycles but cannot immediately go back to the
vertex it comes from. Although the non-backtracking operator is non-normal even when
H is self-adjoint, it is a powerful tool for the study of spectral properties of random
graphs. The Thara—Bass formula allows to link the spectrum of H with the spectrum
of its non-backtracking counterpart. This statement and its proof can be found e.g. in
(Benaych-Georges, Bordenave, and Knowles, 2020).

PROPOSITION 4.1 (Thara-Bass formula). — Let A € C be such that \*> # H;;Hj;, fori,j €
[n], and define
)\Hl zerkz
Hi(\) = —228_ gng —1
o=, Z N2 Hy i
Then A € o(B) if and only if det(M(X\) — H(X)) = 0, where M (X) is the diagonal matriz
with non-zero entries equal to mq(N), ..., my,(N).

In the model of Bordenave and Collins (2019), A,, can be seen as the adjacency matrix
of a weighted graph where each vertex carries a loop edge with weight a¢ and for each
(x,1) € [n] x [d], we draw an edge between x and o;(x) with weight a;. The associated
non-backtracking operator can be written

Bn = Z Q; & Si,n &® EZJ
A
This means that, if e = (x,i) and f = (y, j),

(Bn)ef = aj5y’gi(m)(1 — 5j,i*)-
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Therefore, if v = (71,...,7%) is a path with v, = (z,4;), we denote by a(7) := [IF_; a,.
The path + is non-backtracking if V¢ € [k — 1], 4,11 # ij. For e, f € [n] x [d], let T'}; be
the set of non-backtracking paths of length k such that v = e and v, = f, so that

(6) (Bk)ef: Zk a(V) H(Si,n)xthl'

The Thara—Bass formula reads:

PROPOSITION 4.2 (Thara—Bass - symmetric random permutation model)
Let \ ¢ {o(a;a),i € [d]}, and define A, = ag(A) + XL, a;(\) ® S, with

CLL(A) = )\ai()\Q — ai*ai)_l,
and

=1 - Zal az*al la,-*.
Then X\ € o(B,,) if and only if 0 € U(Am)\).

To exploit this relation for the study of the spectrum of A,,, we perform some reverse
engineering: for a given p, we want to construct an operator A, , of the same form
as A, and its non-backtracking operator B, , such that

(7) p € o(A,) if and only if 1 € 0(B,, ).
This is in fact possible if p ¢ full(c(A,)). For a bounded D, full(D) = C\ U, where

U is the unique infinite component of C\ D(™. For such a p, we now explain the recipe
to construct A, , and therefore B, , satisfying (7). Let G(u) := (u — A.)~! be the
resolvent operator of A,. This is also an operator on C" ® 62(X*). It can be seen as an

infinite block matrix where each block is an r x r matrix indexed by a pair of indices
x,y € X, x X,. We let

A (1) = Gee(pt) ™" Geg, (1),

with e the neutral element in X, and g1, ..., gq the generators, and define
d
An,,u, = Z dz(,“) & Si,n and Bn,u = Z CAL](/J,) & Si,n & Ez]
i=1 Gi*

Then (7) holds.
We also denote by

Za, ® A(g;) and B, : Z a;(pn) @ Agi) ® Eij.
JF#*

For any operator T, we denote by p(T') := sup{|\|, A € o(T")} its spectral radius. One
can show that, for 1 ¢ full(o(A,)), p(Bs,) < 1. This leads to the following criterion for
comparing the spectrum of A, and A,:

(Mfull(D) “fills the holes” of D.
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THEOREM 4.3. — For any € > 0, 30 > 0, such that
if for all p € C,p(By, ) < p(By ) + 6,

then full(c(A,)) is in an e-neighborhood of a slight modification® of o(A,). Moreover,if
we define Ky := (C"®@1@CY+ = {f, 3, f(z,i) = 0,Vi € [d]}, then the same holds true
if we replace By, by (Bn)ik, and An by (Ap)|m,-

Therefore, to get (4), it is enough to show the following:

THEOREM 4.4. — For any € > 0, under Assumption 2.5,

P (Vai such that max(||a;| V [|a; |71 < 1/e, p((Bn)x,) < p(Bs) —I—s) — 1L

n—oo

4.2. A glimpse of the Fiiredi-Komlés moment method

The core of the proof to show Theorem 4.4 is to use a moment method. In RMT,
moment methods were first used to study the empirical spectral measure. This goes back
at least to the pioneering work of Wigner. For a random matrix M,,, with eigenvalues
Ay« Ann, We denote by fi, 1= %2?21 5,\1.771 the empirical measure of its eigenvalues.
The main idea is to rewrite the moments of this spectral empirical measure m,, (k) :=
[ z*dji, in terms of traces of powers of the matrix M, namely m,, (k) = tr,(MF), where
tr,, is the normalized trace on M, (C). We then expand

1
E . Z E (MiliQ T Mlkll) )

11,00k E[N]

E [tr,(Mf)] =

look at the sequence (i1, ..., 1) as a path v = (i1,42),...,7% = (i, 91) and identify the
contributions to the sum according to the geometric or combinatorial properties of the
paths. For example, in the case when M,, € GUE(n), the paths contributing to the sum
are the contours of rooted trees, leading to limiting moments given by Catalan numbers.

Later, the method has been adapted by Firedi and Komlés (1981) to study the
spectral radius or the spectral norm of the matrix M,,. The idea is the following: to
capture the behavior of the largest eigenvalue, one has to compute moments of order &,
growing with the size n of the matrix. Indeed, for p > 0, if we want to show that, for
any € > 0,

P([[Mn]] < p(1+¢€)) —= 1,

n—oo

we write
HMnszn = HMnM;Hkn < ntrn((MnM;)k"),
and we might lose a factor n in the last bound. Now, if we choose k,, > logn and show
that
E [trn((MnM;)k”)] < /)an(l + 8)%”;

(®)We do not detail it here. For more details, see the definition of full(5(A.)) in Bordenave and Collins
(2019)
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then, for any 6 > 0,
nlE |1, (M, M;)*)|
(1 +0)%n
> 1 —exp (—2ky, log(1 4 0) + logn) —— 1.

n—oo

P([[Mp]l < p(1 +)(1+6)) =1 -

This method has been very successful and has led in particular to the first universality
results for the Tracy—Widom distribution by Soshnikov (1999). However, in the sym-
metric permutation model, it is hopeless to apply directly this method to the operators
(A)|H, but one can circumvent this obstacle by applying it to the non-backtracking
operators.

4.3. High order moments of the non-backtracking operators

The moment method for the non-backtracking operator B, is very involved, it is the
main technical part and we do not intend here to give a precise account of the proof.
We rather want to explain what are the main steps and the main difficulties. In this
paragraph, we will omit the n subscript to lighten the notation a bit.

Following the method we have just explained above, to prove Theorem 4.4, we need
to bound the spectral radius by the spectral norm of powers of the operator. More
precisely, recalling that Ky = (C" ® 1 ® C?%)*, we will use that

P(Bik,) = p(Bli,)/* < sup Bl
9€Ko,llgll2=1

Restricting B to the subspace K boils down to performing an orthogonal projection of
the operators S; onto 1+. More explicitely, if for every i € [d], S; :== S; — %1 ® 1 is such
a projection, we define

B:=> a;®5;® Ej

A

and one can check that, for any ¢ € Ky, B‘g = B'y.

But the matrix B won’t be used directly. Before projecting on Ky, we will replace B*
by a matrix B® that coincide with B¢ with high probability but has better properties.
This step is known as removing the tangles, and will be described right after. We will
then project on K, that is consider BY). However, as K| is not necessarily invariant
under BY¥, there will be some remainder term. Let us describe these steps more precisely.
We first recall from (6) that, for any ¢ € N*|

4

(Be)ef: Z a(V)H(‘Si)mmHm

’YEFZ-}J t=1
e

with Fﬁ}“l the set of non-backtracking paths of length /41 such that v; = e and v,41 = f.
For a path v € Fﬁ}l, let G, be the graph with vertices V., := {x;,t € [¢ + 1]} and edges
E, = {[z, 1, x441],t € [{]}, where i, can be seen as the color of the edge [z, iy, z111].

We can now define the notion of tangle.
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DEFINITION 4.5 (Tangles). — A graph H is tangle-free if it contains at most one cycle.
For any ¢ € N*, a graph H is (-tangle-free if, for every vertex x, (H,x), contains at
most one cycle, where (H,x), is the subgraph of H restricted to the vertices at distance
at most £ from x for the graph distance. We say that a path v is tangle-free if G is.

We denote by F* (respectively F};) the subset of tangle-free paths in I'* (resp. T').
For ¢ fixed, we denote by
¢

(BD)es = > a() TS wewenr-

0+1 t=1
Fef

If the permutations oy, ..., 04 satisfy Assumption (Ho), we denote by G the graph
whose vertex set is [n] and whose edges are [z, 1, y] such that o;(z) = y and 0;+(y) = =.
For any ¢ € N*, if G is (-tangle-free, then VO < k < 2¢, B¥ = B®_ As above, if we
denote by

(B(Z))ef = Z a(’y)H(ﬁi)Ian

041 t=1
Fef

then even if G” is (-tangle-free, we have a priori that B* # B®). Let us write down
more explicitely the difference between the two quantities. If we set

B:=) a;®(1®1)® Ej;,

JF#
one can check that
1t
8 BY =pBO 4 =N pk-UBREk _ R

where R,(f) can be thought of as an error term equal to

E= Y a) (TS ) (1T (S
F€+1\F€+1 t=1 t=k+1

ef

where F{ ™! is the set of paths of length £+1 that can be decomposed in 7' € F*, " € F?
and 7" € F*~F1 and F T} = F{*' NT;". Note that the concatenation of three tangle-
free paths is not necessarily tangle-free.

Now, if G7 is (-tangle-free, then one can check that the second term in (8) cancels on
Ky, thus, for any g € K,

B'g=BYg=BYg - ZRk g,
so that if G? is (-tangle-free,

p(Bira) < (1290 + - ZIIR )"

Remember that, in the Firedi-Komlés method, we need to choose ¢ = /¢, growing
with n. The next natural question to ask is: for which values of ¢,, is the probability
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that G7 is /,,-tangle-free large enough 7 This is a nice question on random permutations
that boils down to estimating the expected number of cycles of length ¢ in G?. Through
such an estimate, Bordenave and Collins (2019) got the following:

LEMMA 4.6. — For random permutations satisfying (Ho), there exists ¢ > 0 such that
V1<(</n,
(d—1)%

P (G is (-tangled ) < cf® -

Then, for ¢ = £, large enough, we need to show that ||BY]| is close to p(B,)* and
that ||R,(f) || is negligible. The adequate controls can be stated as follows:

PROPOSITION 4.7. — Let (a;)ic|q be fived, satisfying the symmetry condition (Ha) and
assume that max(||a;|| V ||a; || 71) < 1/e. Then, 3¢, p1 > 0,V1 < £ < logn,

llogn

P (B < (logm)(p(B.) + )) 2 1~ cexp( -~ H),
llogn

P (IR < (logn)*pi) = 1 - CGXP<—Cloglogn)‘

Now, by choosing ¢, ~ 10%, with k > 1, satisfying x > log ((d —1)tv (4%)) and
using a net argument on the a;’s that we do not detail here, one can get the required
bound (4). This concludes the proof of Theorem 3.13. As explained above, through the
linearization trick, we get Theorem 3.16 as a corollary.

5. APPLICATIONS OF STRONG ASYMPTOTIC FREENESS

To summarize, the construction of a sequence of almost-Ramanujan (colored, weighted)
graphs for which (A,,),>1 plays the role of (generalized) adjacency operators is equivalent
to strong asymptotic freeness for a family of permutation matrices. We conclude
this presentation by listing a few other results involving strong convergence or strong
asymptotic freeness and their consequences in other domains.

5.1. Reminder on the link between strong asymptotic freeness and outliers
of random matrices

In Section 3.4, we have defined strong asymptotic freeness and clarified in Proposi-
tion 3.15 its relation to outliers of random matrices. To illustrate this link, we will cite
some results of Collins and Male (2014) in which they use strong asymptotic freeness
to show the absence of outliers for some ensembles of random matrices.
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PRroPOSITION 5.1. — Let U,, be a p-uple of n x n independent Haar unitary matrices
and Y, a q-uple of n X n matrices that are deterministic or random but independent
of U,. Let u be a p-uple of Haar unitaries and 'y a q-uple of random variables, freely
independent from u in a C*-algebra (A, 7). If (Y,)n>1 converges strongly to 'y, then
(Uy, Y, )n>1 converges strongly to (u,y).

As a immediate corollary, they got the following result:

COROLLARY 5.2. — Let A,, B, be two n x n independent Hermitian random matrices.
Assume that:

— the law of one of the matrices is invariant under unitary conjugacy,

— almost surely, the empirical spectral measure of A,, (respectively B, ) converges to
a compactly supported probability measure p (respectively v ),

— almost surely, for any neighborhood of the support of p (respectively v), for n large
enough, the eigenvalues of A, (respectively B, ) belong to the respective neighbor-
hood.

Then one has that almost surely, for n large enough, the eigenvalues of A, + B, belong
to a small neighborhood of the support of pu B v, where B denotes the free additive
convolution”).

If the third condition in the corollary is not fulfilled, then outliers may appear. This
phenomenon has been extensively studied in the RMT framework and most results
can be understood through free probability theory, but with different tools. In this
direction, we strongly recommend the review paper on deformed models by Capitaine
and Donati-Martin (2017).

5.2. Ext(C%4(F,)) is not a group

As mentioned at the beginning of the paper, there has been a constant interplay
between RMT and operator algebra. It is in particular striking to see that the first
result explicitely involving strong convergence and strong asymptotic freeness was a
paper by Haagerup and Thorbjornsen (2005) entitled A new application of random
matrices: Ext(Cly(Fy)) is not a group. This paper is a very important step in the
theory for several reasons. One of them is that it introduced the linearization trick
that we have presented above and that has been used since then in all the strong
convergence results we are aware of. Although it is a bit far from the motivation of
Bordenave and Collins (2019), we will describe in detail this result, mainly for historical
reasons. We start by giving a definition of Ext(C (F,)). We start from the Hilbert
space H = (*(N). Its Calkin algebra is C(H) := B(H)/K(H), which is quotient of the
space B(H) of bounded operators on H by the set K(H) of compact operators, the

(OWe don’t want to get into the detail of the definition of this operation on measures. Here, we just
need to know that u H v is the distribution of a + b, where a has distribution u, b has distribution v
and a and b are freely independent.
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quotient map being denoted by ¢: B(H) — C(H). We also denote by U(H) the unitary
group of B(H). For A a C*-algebra, if m; and 7y are two one-to-one *-homomorphisms
from A to C(H), we define the equivalence relation

m o~y <= Ju € U(H),Va € A, mo(a) = q(u)m(a)g(u)”.

Then Ext(.A) is the set of equivalence classes for this equivalence relation. As HGH ~ H,
(71, ) +— m @ T defines a natural semigroup structure on Ext(A). The question to
know under which condition on A it would be a group was controversial in operator
algebra in the nineties. Voiculescu obtained that Ext(A) was a unital semigroup for all
separable unital C*-algebras A. Anderson (1978) provided the first example for which
Ext(A) is not a group and, if F,. denotes the free group with r generators, the question
for A = C¥,(F,) remained open for a long time. Voiculescu (1993) gave the following
very useful criterion:

THEOREM 5.3. — If there exists a sequence of unitary representations m,: F, — M,(C)
such that Vhy, ... hy, € F. and ¢y, ..., cp € C,
(9) Tim |3 ejma(hy)|| = D0 A ()|,

j=1 j=1

then Ext(Cyq(F.)) is not a group.

I

Now, let us explain how strong asymptotic freeness for independent GUE matrices (
shown in (Haagerup and Thorbjgrnsen, 2005)) implies that (9) holds true. The idea is
to construct explicitely the sequence (m,,),>1 as follows: we let

-, ift < -2
, ift>2
fivVA—s2ds if —2<t<2

and ¢(t) := exp(ip(t)). If (si)icp) is a family of semicircular elements that are freely
independent and u; = 1(s;), then there is an isomorphism ®: C} 4 (F.) = C*((wi)icp)
such that ®(\(g;)) = w. If (Xy,,...,X,,) are independent GUE(n) matrices, and
Vi € [r], Upn(w) = ¥(Xin(w)), we obtain a sequence of unitary matrices and, for
any w € (, there exists m,,: F, — U(M,(C)) such that m,,(g;) = U;n(w). Then
using strong asymptotic freeness, one can check that Yw € Q, Vhy,... h,, € F, and
Cly...,Cm € C,

p(t) =

= ,
n—oo

lim HZ CiTn.w(hy)
j=1

ilcj/\(hj)

and it is enough to choose 7, = m,,,, with w in the set of probability 1 onto which this
last equality holds. Some generalizations of the results of Haagerup and Thorbjornssen
have been conjectured, in relation to the Peterson-Thom conjecture (see e.g. the recent
work of Hayes (2020)).
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5.3. Estimation of the norm of random matrices

In this last part, we explain how strong convergence results can be used to give
interesting bounds on the norm of random matrices. We will present asymptotic bounds
that are in majority consequences of Proposition 5.1, but also remarkable non-asymptotic
bounds that have been recently obtained by Bandeira, Boedihardjo, and van Handel
(2021). Indeed, strong convergence implies convergence of the norm of polynomials in
random matrices to their free counterpart and there are several examples for which the
norm of the free counterpart has been computed. In particular, Akemann and Ostrand
(1976) showed that, if us, ..., u, are Haar unitaries that are freely independent, then,
for any ay,...,a, € R, we have

p
— : 2 2
—%§{2t+;( 2+ |aj| t)}.

(10) i Wi
In particular,
P
Z u;|| = 24/p — 1.
i=1
We can therefore deduce that, if Uy ,,...,U,, are independent Haar unitary random

matrices, then almost surely,

p

Z Ui,n

=1

n—oo 2vp—1,

which is like a unitary analogue of the Alon-Boppana bound given in Theorem 2.1.
In the same vein, motivated by questions for random walks on the free group, Kesten
(1959) showed that

P

> (ui +uy)

=1

—2v%- 1,

so that

p
Z (Uim +Ufy)
=1

Note that Lehner (1999) also gave a formula for the norm of the operator A,, which
is a generalisation of (10) to the case when ay, ..., ay are matrices.

As a conclusion, we now present remarkable non-asymptotic bounds, that is concen-
tration inequalities for random matrices, recently obtained Bandeira, Boedihardjo, and
van Handel (2021). Their initial motivation is to understand the spectral norm of an
arbitrary d x d self-adjoint random matrix with centered, jointly Gaussian entries. Such
a matrix X can be written

p
(11) X =) g,
=1
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where A; are deterministic self-adjoint d x d matrices and (g;);c|y are independent real
standard Gaussian variables. It is known that, if we define ¥(X) := ||[XF_; A2||, then
we have the bound

(X)) <E||X| < CX(X)y/logd.
Their goal is to improve the upper bound. To get a free analogue of the matrix (11), a
natural idea is to replace the Gaussian variables by semi-circular elements to define

p
Xfree = ZAz ® Si,
=1

where (s;)ic[p are freely independent semicircular elements. The authors establish a
general bound of the form:

(12) B X < [ Xtree || + Co(X)*5(X)" (log d)**,

with v(X)? = ||Cov(X)|| being the spectral norm of the covariance matrix of X. As a
consequence, they got an inclusion of the spectrum which is reminiscent of (4): with
high probability,

0(X) C 0(Xtree) + [—¢, €],
where ¢ is of order v(X)'/2%(X)¥?(logd)**. The bound is particularly relevant when
e is small in comparison to || Xec||. They treat a large variety of examples for which
the bound (12) improves on known results (random matrices with independent entries,
sparse Wigner matrices etc.) or gives new concentration inequalities (patterned random
matrices, independent block matrices etc.) From these non-asymptotic bounds, they
can also deduce strong asymptotic freeness for a lot of models, showing that the latter is
much more ubiquitous than expected. The interplay between strong asymptotic freeness
and random matrix theory is certainly to be continued.
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